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PREFACE 

To make the study of theoretical physics something besides a 

purely formal mathematical exercise, it is necessary to keep 

physical things always clearly and vividly in mind. It is com- 

paratively easy to do this in the study of applied science, but it 

is extremely difficult to do it in the study of many of the un- 

familiar topics which are discussed in this book. The character 

of the treatment in this book has been determined throughout by 

the desire to keep the student's mind jammed up tight against 

physical things! The chapter on potential, for example, is 

kept within severely concrete limits, and the student who 

wishes to get an insight into the elementary mathematical 

theory of potential should read chapter IX of Franklin, Mac- 

Nutt and Charles’ Calculus, published by the authors, South 

_ Bethlehem, Pa., 1913. 

_ The authors desire to express their appreciation of the 

great assistance which Professor R. L. Charles has rendered 

in the preparation of this book. 

January 16, 1915. 

W. S. FRANKLIN 

Barry MacNvuttr. 
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ADVANCED 

ELECTRICITY AND MAGNETISM. 

CHAPTER I. 

ELEMENTARY THEORY OF MAGNETISM. 

1. Ferromagnetism and electromagnetism.—There are two 

groups of magnetic phenomena, namely, (a) the phenomena of 

ferromagnetism, that is to say, the phenomena which are asso- 

ciated with magnetized iron and steel, and (b) the phenomena 

of electromagnetism, that is to say, the magnetic phenomena 

which are exhibited by the electric current. In developing the 

theory of magnetism it is best to consider some phases of ferro- 

magnetism first, because the phenomena of ferromagnetism are 

more familiar than the phenomena of electromagnetism and 

because important magnetic measurements are based upon 

ferromagnetism. 

The phenomena of* electromagnetism are comparatively ob- 

scure, and in many cases imperceptible, except where they are 

enhanced by the presence of iron. Thus a dynamo or a trans- 

former would operate if all iron parts were removed, but the 

effects produced would be in most cases nearly imperceptible. 

Practically, the phenomena of ferromagnetism and the phenomena 

of electromagnetism are inextricably mixed up with each other. 

2. Poles of a magnet.—The familiar property of a magnet, 

namely, its attraction for iron, is possessed only by certain parts 

of the magnet. These parts of a magnet are called the poles 

of the magnet. For example, the poles of a straight bar-magnet 

are usually at the ends of the bar. 

2 I 
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When a bar-magnet is suspended in a horizontal position by a 

fine thread, it places itself approximately north and south like 

a compass needle. The north pointing end of the magnet is 

called its north pole, and the south pointing end of the magnet 

is called its south pole. 

The north poles of two magnets repel each other, the south 

poles of two magnets repel each other, and the north pole of one 

magnet attracts the south pole of another magnet; that is to 

say, like magnetic poles repel each other, and unlike magnetic poles 

attract each other. 

The mutual force action of two magnets is, in general, resolvable 

into four parts, namely, the forces with which the respective 

poles of one magnet attract or repel the respective poles of the 

other magnet. In the following discussion we consider only the 

force with which one pole of a magnet acts upon one pole of another 

magnet, not the forces with which one complete magnet acts on 

another complete magnet. 

3. Distributed poles and concentrated poles.—The poles of a 

bar magnet are always distributed over considerable portions 

of the bar. This is especially the case with short thick bars. 

In the case of a long slim bar magnet, however, the poles are 

ordinarily approximately concentrated at the ends of the bar. 

The forces of attraction and repulsion of concentrated magnet 

NN NN NN NN poles are easily formulated, there- 

fore the following discussion applies 

to ideally concentrated poles at the 

ends of ideally slim bar magnets. 

4. Definition of unit pole.—Con- 

S$ SS SS _— sider a large number of pairs of 
Fig. 1. magnets a, b, c, d, etc., as shown 

Pairs of exactly similar magnets. , i 
in Fig. 1, the two magnets of each 

pair being exactly alike.* From such a set it would be possi- 

fa a 

SS 8 

* That is, the magnets of each pair are made of identically the same kind of 

steel, sebjected to the same kind of heat treatment and magnetized by the same 

means. 
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ble to select a pair of magnets such that the north pole of one 

magnet would repel the north pole of the other with a force 

of one dyne when they (the two north poles) are one centimeter 

apart; each pole of such a pair is called a unit pole. That is, 

a unit pole is a pole which will exert a force of one dyne upon 

another unit pole at a distance of one centimeter. 

5. Strength of pole.—Let us choose a slim magnet with unit 

poles, and let us use one of these poles as a ‘‘test pole.” Any 

given pole 

strength “ee ga test pole 

one centimeter 

qm dais m ee 

Fig. 2. 

given magnet pole is said to have more or less strength according 

as it exerts more or less force on our “‘test pole’’ at a given dis- 

tance. And the force m (in dynes) with which the given pole 

attracts or repels (or is attracted or repelled by) the unit test 

pole at a distance of one centimeter is taken as the measure of 

the strength of the given pole. That is, a given pole has m units 

of strength when tt will exert a force of m dynes on a unit pole at a 

distance of one centimeter, as indicated in Fig. 2. 

6. Attraction and repulsion of magnet poles.—Unlike poles 

attract and like poles repel each other, as stated in Art. 2. When 

the two attracting or repelling poles 
6 dynes 

are unit poles their attraction or QOe=- raed 

repulsion is equal to one dyne aS 

when they are one centimeter apart, ™=2units tO: 

and the attraction or repulsion of Fig. 3. a 
two poles whose respective strengths 

are m’ and m” is equal to m’m”’ dynes when the poles are one 

centimeter apart. One may think of each unit of m’ as exerting 
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a force of one dyne on each unit of m’”’. Thusif m’ = 3 units 

and m’’ = 2 units, then the force of attraction or repulsion will 

be six dynes, as indicated in Fig. 3, where each dotted line rep- 

resents one dyne. 

7. Complete expression for the force of attraction or repulsion 

of two magnet poles.—Coulomb discovered in 1800 that the force 

of attraction or repulsion of two magnet poles is inversely pro- 

portional to the square of the distance between them (Coulomb's 

law). But the force of attraction or repulsion of two magnet 

poles when they are one centimeter apart is m’m’’ dynes as 

explained in Art. 6. Therefore, according to Coulomb’s law, 
Brrr! kg 

the force of attraction or repulsion is dynes when the poles 
7 

are 7 centimeters apart. That is: 

m’ m"” 

Fe (1) ‘ha 

in which m’ and m” are the respective strengths of two magnet 

poles, 7 is their distance apart in centimeters, and F is the force 

in dynes with which the poles attract or repel each other. 

Algebraic sign of magnet pole. It is customary to consider a 

north pole as positive and a south pole as negative. That is, 

m is positive when it expresses the strength of a north pole and 

negative when it expresses the strength of a south pole. There- 

fore, the product m’m’’ is positive when both poles are north 

poles or when both poles are south poles, and in this case the 

force F in equation (1) is a repulsion. The product m’m’’ is 

negative when one pole is a north pole and the other pole is a 

south pole, and in this case the force F in equation (1) is an 

attraction. Therefore, when F in equation (1) is positive it is 

a repulsion, and when it is negative it is an attraction. 

8. Direction and intensity of a magnetic field at a point.— 

A magnetic field may be defined as a region in which a suspended 

magnetic needle tends to point in a definite direction, and the 



ELEMENTARY THEORY OF MAGNETISM. 5 

“‘north pole” of the needle points* in what is called the direction 

of the field. Thus the entire region surrounding the earth is a 

magnetic field; the region surrounding a magnet is a magnetic 

field; and the region surround- 

ing a wire in which an electric 

current is flowing isa mag- 

netic field. Figure 4 shows a 

compass needle placed at a 

point near a large magnet. 

The dotted arrow shows the 

direction of the magnetic field 

at p. 

The poles of a magnet are 

acted upon by equal and oppo- 

J 

p\Y 

IS large magnet Ni 

F ig. 4. 

The dotted line shows the direction in 

which the small magnet at / points. 

site forces when the magnet is placed in a magnetic field. (This 

statement refers to what is ca 

Art. II.) 

lled a uniform magnetic field, see 

= C= 

LALA Vy 
ms > 

Figure 5a is a photograph of the figure obtained by dusting 

iron filings on a pane of glass which is placed over two large 

* If the needle is perfectly balanced. 
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magnet poles, a north pole and a south pole, facing each other. 

The filaments of iron filings show what are called the lines of 

force of the magnetic field; a line of force being a line drawn so as 

to be at each point in the direction of the field at that point. The 

magnetic field in the central region in Fig. 5a is approximately 

uniform. 

Figure 5) represents a small magnet held in the approximately 

uniform magnetic field between two large magnet poles, and the 

arrows represent the equal and opposite forces which are exerted 

on the small magnet by the approximately uniform field. 

N 

Nl. 7 
S; 

Fig. 50. 

The arrows show the forces which act upon the poles of the small magnet. 

The force H (in dynes) which a magnetic field exerts upon a 

unit test pole is used as a measure of the intensity or strength 
of the magnetic field, and this force-per-unit-pole is hereafter 

spoken of simply as the intensity or strength of the field. The 

unit of magnetic field intensity (one dyne per unit pole) is called 

a gauss. That is, a magnetic field has an intensity of one gauss 
when it will exert a force of one dyne upon a unit pole. 

Complete expression for the force exerted on a magnet pole 

by a magnetic field.—A magnetic field of which the intensity is 

H gausses exerts a force of H dynes upon a unit pole as above 

explained, and it exerts a force of mH dynes upon a pole of 

which the strength is m units. That is: 

F = mH (1) 

in which F is the force in dynes which is exerted on a pole of 

strength m by a field of intensity H. 
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Uniform and non-uniform fields.—A magnetic field is said to 

be uniform when it has everywhere the same direction and the 

same intensity, otherwise the field is said to be non-untform, 

The earth’s magnetic field is sensibly uniform throughout a room. 

The magnetic field surrounding a magnet is non-uniform. The 

magnetic field surrounding an electric wire is non-uniform. 

9. Direction and intensity of the magnetic field surrounding 

an ‘isolated ’’ magnet pole of strength J/.—By an “isolated” 

magnet pole is meant one pole of a very long slim magnet—the 

other pole being so far away as to be negligible in its action. 

WH WY 

Zi “AS 
Fig. 6. Fig. 7. 

The magnetic field in the neighborhood of an isolated north 

pole is everywhere directed away from the pole as shown by 

the radiating straight lines (lines of force, as they are called) in 

Fig. 6. The magnetic field in the neighborhood of an isolated 

south pole is everywhere directed towards the-pole as indicated 

in Fig. 7. 

Consider two magnet poles M and m which are ata distance 

of r centimeters apart as shown in Fig. 8. The force F with 

; : Mm 
which M repels m is equal to oe according to Art. 7; but 

the force exerted on m can also be expressed as equal to mH 

where H 1s the intensity at m of the magnetic field which is due 
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to M. Therefore mH = an whence we have: 

M : 
er} (1) 

in which H is the intensity of the magnetic field produced by 

the pole M ata place which is 7 centimeters from M. 

= - See! seme 

Fig. 8. 

to. Action of a magnetic field on iron or steel.—When an iron 

or steel rod is placed in a magnetic field, the length of the rod 

being parallel to the direction of the field, the rod becomes a 

magnet. Thus the iron rod AB in Fig. 9 is magnetized by the 

field due to the large magnet pole N, the end A becomes a 

south pole and the end B becomes a north pole. 

t N eae, 

Fig. 9. 

The effect of the magnetic field on the iron rod AB is to magnetize it, the 

end A becoming a south pole. 

11. Behavior of a magnet in a magnetic field, (a) Behavior in 

a untform field.—The equal and opposite forces which are exerted 

on the poles of a magnet by a uniform magnetic field tend only to 

turn the magnet into the direction of the field, the forces do not 

tend to produce translatory motion of the magnet. Consider a 

magnet / centimeters long placed in a uniform magnetic field 

of which the intensity is H, the angle between the axis of the 
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magnet and the direction of the field being @ as shown in Fig. Io. 

By length of magnet is meant the distance between its poles. 

The poles of the magnet are acted upon by the two opposite forces 

mH 

fe cere Tea vias 
mH direction of field 

Fig. 10. 

The equal and opposite forces which act upon the poles of the magnet consti- 

tute a torque which tends to turn the magnet into the direction of the field. 

mH as shown, and the combined torque action of these forces 

about an axis perpendicular to the plane of the paper is mlH - 

sin 0. That is: 
= — mlH sin 0 (1) 

where T isthe torque action of theforces mH in Fig. 10. The 

negative sign is chosen because the torque T tends to reduce 

6 which may be considered to be a positive angle. This equation 

expresses T in dyne-centimeters. If the angle 6 is always very 

small then the value of 6 in radians is sensibly equal to sin 8@, 

and in this case equation (1) becomes: 

T = — mlH-6 (2) 

This equation shows* that a suspended magnet when started 

will perform harmonic vibrations about its axis of suspension 

such that: 
reK 
oi = mi (3) 

inwhich K is the moment of inertia of the steel bar (the magnet) 

about the axis of suspension, and ¢ is the period of one complete 

* See Arts. 42 and 66, Franklin and MacNutt’s Mechanics and Heat. 
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vibration. This equation is true only when the amplitude of 

the vibrations is very small, that is, when the angle @ never 

becomes large. 2 

(b) Behavior in a non-uniform field.—The forces which are 

exerted upon the poles of a magnet in a non-uniform magnetic 

field are, in general, not equal 

in value and not opposite in 

direction, and therefore such 

forces tend not only to turn 

+ ae ; the magnet but also to impart 
i N ae : to it a motion of translation. 

F’. Thus Fig. 11 shows the two 

NS forces F and F’ which are ex- 

; erted upon the poles of a small 

Fig. 11. magnet by a non-uniform mag- 
Showing the unequal forces with netic field. The forces Fand F’ 

which a non-uniform field acts upon . 

’ the poles of a magnet. are not the same in value and 

not opposite in direction. 

In order that a particle of iron may be attracted by a magnet it 

is necessary for the particle of iron to be magnetized, and also 

it 1s necessary for the magnetized particle to be in a non-uniform 

magnetic field. If the particle of iron is in a uniform field, 

equal and opposite forces are exerted upon its two poles, and it 

tends only to turn and point in a certain direction. 

The magnetic field near a flat ended magnet pole is approxi- 

mately uniform (lines of force parallel straight lines) as shown in 

Fig. 12a. Near the sharp corners of the pole, however, the field 

is distinctly non-uniform (lines of force diverge strongly). 

Therefore particles of iron are not appreciably attracted by the 

flat end of the pole, whereas the sharp corners of the pole 

attract particles of iron very strongly. This is strikingly shown 

by passing a flat ended magnet pole over a table on which a very 

few iron filings have been placed. The filings are all caught 

by the corners of the pole. 

The lines of force in the neighborhood of a sharp pointed 
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magnet pole diverge very greatly indeed as shown in Fig. 12), 

that is to say, the magnetic field in the neighborhood of a pointed 

pole is non-uniform to a high degree, and such a magnet pole has 

a strong attraction for small particles of magnetic material. 

Surgeons make use of a pointed magnet in removing particles of 

Fig. 120. 

iron or steel from the eye. If it is desired to separate magnetic 

particles from non-magnetic particles in a finely crushed ore, a 

pointed magnet pole must be used to attract the magnetic 

particles. 

12. Gauss’s method for measuring the horizontal com- 

ponent H’ of the earth’s magnetic field.—From about 1860 to 

1880 the measurement of the intensity of the horizontal com- 

ponent of the earth’s magnetic field, H’, by the method of 

Gauss was of fundamental importance, because the tangent 

galvanometer was then extensively used for measuring electric 

current, and to measure an electric current by the tangent 

galvanometer, the value of H’ must be known. The tangent 

galvanometer has, however, been superseded by the electro- 

dynamometer (see description of Weber’s form of electrodyna- 

mometer in Art. 22) for the fundamental measurement of electric 

current, and therefore Gauss’s method is now important only in 

the making of magnetic surveys. The method is however of very 
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great interest in that it brings the abstract discussion of Arts. 

4 to 9 into relation with actual experiment. 

Gauss’s method involves two independent sets of observations 

with two different arrangements of apparatus, as follows: 

[ First arrangement.—A bar magnet is 

suspended, as shown in Fig. 13, at the 

place where the value of H’ is to be de- 

termined, and set vibrating through a 

(\ magnet small amplitude about the suspending fiber 

ae as an axis; and the time ¢ of one com- 

plete vibration is observed. Then from 

equation (3) of Art. 11 we have: 

silk fiber 

= mlH’ (1) 
P 

The moment of inertia K of the bar magnet is known, being 

determined from the measured dimensions and mass (in grams) 

of the bar. Therefore the quantities m,1* and H’, only, are 

unknown. 

S N 
|e -—-----+------ ++ —-——---------- 

5 \oig magnet 

top view. 

Fig. 14. 

Second arrangement.—A very small magnet, ms, Fig. 14, is 

suspended by a fine silk fiber at the place occupied by the large 

bar magnet in the first arrangement. This small magnet us, 

* Of course 1 is somewhat less than the length of the bar. 
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being free to turn, points in the direction of the magnetic field 

in which it is placed, that is, in the direction of H’. 

The large magnet (the one used in the first arrangement) is 

now placed at a measured distance d due magnetic east or west 

of ns, and the small magnet ms turns through the angle ¢ and 

points in the direction of the resultant of H’ and h, where h 

is the intensity at ms of the magnetic field due to both poles of the 

large bar magnet. The angle ¢ is observed, and we have: 

m mm m 

_@- 3? @+2)) se > : tan ¢ (2) 

in which the only unknowns are m, | and H’. 

The large bar magnet is now placed at a measured distance 

d’ due magnetic east or west of ms, and the angle ¢’ (corre- 

sponding to the angle @ in Fig. 14) is observed. Then we have 

m m 

d' —1f2 ~~ (d' + 31? 
tan ¢’ ok a) - + 3l) (3) 

in which the only unknowns are m, |] and H’. 

The three unknown quantities can be calculated with the help 

of equations (1), (2) and (3). 

Derivation of equation (2).—The intensity h of the magnetic 

field at ns due to the big magnet in Fig. 14 is the algebraic sum 

of the field intensities at mus due to the two poles of the big 

magnet. The field intensity at ms due to the north pole of the 

° pA m 
big magnet is @— iD? 

to the right in Fig. 14. Similarly, the field intensity at us due 

according to Art. 9, and this field is 

to the south pole is to the left in Fig. 14. Therefore 
m 

(d + 31)? 
h in Fig. 14 is: 

m m 

= G- G+ 
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where m is the strength of each of the poles of the big magnet. 

Furthermore, we have from Fig. 14: 

h 
tan @ = HW 

Therefore, using the above expression for h we get equation (2). 

PROBLEMS. 

1. Two permanent magnets I centimeter X 0.5 centimeter 

X 30 centimeters long are magnetized to an intensity of 700 units 

pole per square centimeter of sectional area. (a) Calculate the 

strength of each pole. (6) Calculate the force with which the 

north pole of one rod attracts the south pole of the other rod 

when the poles are at an approximate distance of 10 centimeters 

from each other. Ans. (a) 350 units pole. (0) 1,225 dynes. 

Note.—In this and the following problems, assume the poles of the magnet to 

be concentrated at the center of the ends of the bars. The intensity of magnetiza- 

tion of an iron rod is the strength of pole on one end divided by the sectional area 

of the rod. 

-t ST: 
S N Ss N 

€--—39 em. -* “30 cm. 

Fig. p2. 

2. The two magnets specified in problem I are arranged as 

shown in Fig. 2. Find the total force with which one magnet 

acts upon the other magnet. Ans. 227.39 dynes attraction. 

s N 
C 2; 

8 N e em, 

€ 30 om 

Fig. p3. 

3. The two magnets specified in problem I are arranged as 

shown in Fig. $3. Find the total force with which one magnet 

acts on the other magnet. Ans. 507.8 dynes repulsion. 
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4.. The two magnets specified in problem 1 are arranged as 

shown in Fig. 4. Find the total force with which one magnet 

acts on the other. Ans. 507.8 dynes attraction. 

y~ — — 20 cm _ _., 

. — i 

i N s 

120 cm 

= =" 
§ N 

Fig. p4. 

5. Amagnet 1.0 by 0.25 by 40 centimeters long, having 800 units 

pole per square centimeter of sectional area, is laid across one of 

the magnets specified in problem 1, as shown in Fig. 95. Find 

vc i 

Ss 

Fig. ~5. 

the total force with which one magnet acts on the other. Ans. 

5,376 dyne-centimeters of torque tending to turn magnets as 

shown by arrows in Fig. 5. 

<= a1 
Le 

NN. 

N Ss 
s 30 cm, —— Z I 

ts 
Fig. 96. 

6. The two magnets specified in problem 1 are hung from a 

balance beam as indicated in Fig. p6. Assuming that the 
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magnets exactly balance each other before they are magnetized, 

find the number of grams which must be added to one pan to 

balance the magnets after they are magnetized, and specify 

to which pan the weight must be added. Ans. 0.715 gram must 

be added to the left pan. 

7. Determine the intensity H of the magnetic field at a point 

p distant 18 centimeters from one pole and 24 centimeters from 

the other pole of one of the magnets specified in problem 1, and 

= 30 cm s 
= m7 
oe oy \ 

Se ¢ 
S@ 

\ 4% 

<o/ et 
Pp 

Fig. ~7 

determine the value of the angle @, as shown in Fig. 7. Ans. 

H = 1.24 gausses, 0 = 66° 13’.5. 

Note.—When two causes are acting together to produce a magnetic field, the 

field which is produced by both causes together is represented by the diagonal of 

the parallelogram whose sides represent the field intensities at the point due to the 

respective causes separately. 

8. The horizontal component of the earth’s magnetic field at 

a given place is 0.18 gauss, and its direction is due north. It is 

desired to produce at the given place a resultant magnetic field 

of 0.02 gauss intensity in a due easterly direction. Find the 

distance and direction from the place to the point at which an 

isolated north magnet pole of 600 units strength must be placed to 

produce the desired result. Ans. 57.6 cm., 6° 20’ west of north. 

9. The intensity of the earth’s magnetic field at Washington 

is 0.58 gauss and its dip is 62°. Find its horizontal and vertical 

components. Ans. Horizontal component = 0.272 gauss; ver- 

tical component = 0.512 gauss. 

10. Find the direction and intensity of the resultant magnetic 

field at a point 30 centimeters due magnetic north of an isolated 
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north’ pole of 600 units strength at Washington. Ans. 1.07 

gausses, north, and dipping 28° 36’ below the horizontal. 

tz. One of the magnets specified in problem I is balanced 

horizontally on a knife edge at Washington. The magnet weighs 

120 grams. Find the horizontal distance from the knife edge 

to the center of the bar. Use the data specified in Problem 9. 

Ans. 0.046 centimeter. 

12. The moment of inertia of one of the magnets specified in 

problem I is 9,000 gr.-cm.2.. Calculate the time of one complete 

oscillation of this magnet when it is suspended horizontally at 

Washington. Ans. 11.15 seconds. : 

13. A magnet makes one complete oscillation per second in a 

magnetic field of which the intensity is 0.2 gauss. Another 

magnet is twice as long, twice as wide, and twice as thick, it is 

magnetized to twice the intensity (units pole per unit sectional 

area) and it is suspended in a field of which the intensity is 0.1 

gauss. What is its period of oscillation? Ans. 2 seconds. 

Note.—The moment of inertia of a rotating body is equal to the product of the 

mass of the body into the square of its radius of gyration. Given two bodies of 

exactly the same shape, their radii of gyration are proportional to their linear 

dimensions, whereas their masses are proportional to their volumes. 

14. A suspended magnet makes 20 oscillations in 184.5 seconds 

at one place, and 20 oscillations in 215.8 seconds at another place. 

What is the ratio of the intensities of the horizontal component of 

the earth’s magnetic field at the two places, and at which place 

is it the more intense? Ans. 1.367. Field more intense at first 
place. 



CHAPTER II. 

ELEMENTARY THEORY OF ELECTROMAGNETISM. 
THE MAGNETIC MEASUREMENT OF 

CURRENT. 

13. Strength of electric current magnetically defined.—Con- 

sider a straight electric wire stretched across a uniform magnetic 

field, the wire being at right angles to the field as shown in Fig. 

15. Let us suppose, for a moment, that the field is of unit 

i 
’ 

‘ 

et H 

Hi 
i! 

. . - f 

N wire [ese ae ie 

Fig. 15. 

intensity. The force in dynes with which this unit field pushes 

sidewise on one centimeter of the electric wire has been adopted 

as the fundamental measure of the strength of the current in the 

wire. This force-per-unit-length-of-wire-per-unit-field-inten- 

sity is called simply the strength of the current in the wire, and it is 

represented by the letter J. The force pushing sidewise on / 

centimeters of the wire is JJ dynes; and if the field intensity is 

H gausses instead of one gauss, then the force is H times as 

great, or IJH dynes. That is 

F=WH (1) 

in which F is the force in dynes pushing sidewise on / centi- 

meters of wire at right angles to a uniform magnetic field of 

18 
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which the intensity is H gausses, and J is the strength of the 

current in the wire. 

Definition of the abampere.— Definition of the ampere.— 

A wire is said to carry acurrent | The ampere is defined as one 

of one abampere when one | tenth of an abampere. 

centimeter of the wire is pushed 

sidewise with a force of one 

dyne, when the wire is stretched 

across a magnetic field of which 

the intensity is one gauss, the 

wire being at right angles to the 

field. The current J in equa- 

tion (1) is expressed in ab- 

amperes when F is expressed 

in dynes, / in centimeters and 

Hin gausses. 

The c.g.s. system of electrical units——In earlier days, the 

resistance of a particular piece of wire would be used as a unit 

of resistance, the electromotive force of a particular voltaic cell 

would be used as a unit of electromotive force, and current 

values were often specified in terms of the deflections of a par- 

ticular galvanometer. The introduction of a uniform system 

of units was a great improvement on this old procedure, and it 

was brought about chiefly by Weber and Gauss in Germany and 

by Maxwell and Kelvin in England. This uniform system of 

units was based on the units already in use in mechanics, namely, 

the centimeter, the gram and the second; and the units of this 

c.g.s. system were called absolute units to distinguish them from 

the units formerly used. 

The electrical units now almost universally employed, namely, 

the ampere, the volt, the ohm, the coulomb, the farad, and so 

forth, are not the c.g.s. units but convenient multiples or sub- 

multiples of them. The c.g.s. units as a rule have no names, 

therefore it is convenient to call the c.g.s. unit of current the 
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abampere, the c.g.s. unit of resistance the abohm, the c.g.s. unit 

of electromotive force the abvolt, the c.g:s. unit of capacity the 

abfarad, and so forth. 

The c.g.s. units here referred to are the so-called “electromagnetic” c.g.s. 

units. The c.g.s. units of the “electrostatic system” are entirely ignored in this 

text. 

Definition of the abohm.— 

A wire has a resistance of one 

abohm when one erg of heat is 

generated in it in one second 

by a current of one abampere. 

Definition of the abvolt.— 

An electric generator has an 

electromotive force of one ab- 

volt when it delivers one erg 

per second of power with a 

current output of one ab- 

ampere. 

The abvolt may be defined 

on the basis of Ohm’s law as 

the electromotive force between 

the terminals of a resistance 

of one abohm when a current 

of one abampere is flowing 
through it. 

Definition of the ohm.—A 

wire has a resistance of one 

ohm when one joule of heat is 

generated in it in one second 

by a current of one ampere. 

The ohm is equal to 10° 

abohms. 

Definition of the volt.—An 

electric generator has an elec- 

tromotive force of one volt 

when it delivers one joule per 

second (one watt) of power 

with a current output of one 

ampere. The volt is equal to 

10° abvolts. 

The volt may be defined on 

the basis of Ohm’s law as the 

electromotive force between 

the terminals of a resistance of 

one ohm when a current of 

one ampere is flowing through 

it. 

14. The intensity of the magnetic field at the center of a 

circular coil of wire.—If we can calculate the force with which a 

current in a circular coil of wire acts on a magnet pole of given 

strength placed at the center of the circular coil, we can derive 

an expression for the intensity of the magnetic field at the center 

of the coil due to the current in the coil, because the force exerted 
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on the magnet pole by the coil of wire must be equal to mh where 

m is the strength of the pole and h is the intensity at the pole 

of the field due to the coil. 

Consider, therefore, a magnet pole of strength m placed at the 

center of the circular coil as shown in Fig. 16. This pole produces 

a magnetic field of which the 

e e * . m 

intensity at the wire is ay ace 

cording to Art. 9, and the 
lines of force of this field are 

at right angles to the wire. 

Therefore, according to Art. 

13, the wire is pushed sidewise 

(towards the reader in Fig. to SA 

16) ‘with a force of 2rrZ battery slim magnet 

si Fig. 16. 
xIxX 7 dynes where 2nrZ Circular coil of two turns with cur- 

is the length of the wire ( Z rent I flowing in it and with magnet 

a pole m at its center. 
being the number of turns of 

wire in the coil), and I is the strength of the current in the coil 

in abamperes. 

Now the force exerted on the coil by m is equal and opposite 

to the force exerted on m by the coil. Therefore, disregarding 

signs, we have 

mh = 20rZ XIX 
r 

or 

anrZl 

r 
h= (1) 

where h is the intensity at the center of the coil of the magnetic 
field due to a current of I abamperes in the coil, 7 is the radius 
of the coil in centimeters, and Z is the number of turns of wire 
in the coil. 
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15. The tangent galvanometer.*—The tangent galvanometer 

consists essentially of a circular coil of wire at the center of which 

- Go battery 

Fig. 17. 

Circular coil of two turns 

with small magnet suspended 

at its center. 

a small magnet is suspended as shown 

in Fig. 17. The suspended magnet 

carries a pointer which plays over a 

divided circle by means of which one 

may observe the angle ¢ through 

which the suspended magnet is turned 

when a current J is sent through 

the coil. The coil is mounted with 

its plane vertical and magnetic north 

and south as may be seen from Fig. 

18. ; 

When no current is flowing 

through the coil the suspended 

magnet ms points in the direction of H’ (the horizontal com- 

ponent of the earth’s magnetic field). When a current of J 

N 3+ section of coil 
(9 turns) 

bl-seetion of coil 

Fig. 18. 

The plane of the paper is a horizontal plane. 

Za 
abamperes flows through the coil the field h (- se according 

to Art. 14) is produced, and the suspended magnet points in the 

* See statement concerning the tangent galvanometer in Art. 12. 
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h 
direction of the resultant field R. Now tan¢= A" from Fig. 

ZI : 
18. Therefore, using aa for h and solving for J, we have: 

I in abamperes = ae -tan (1) 

or 
7 

I in amperes eS ‘tan d (2) 

16. Intensity of the magnetic field at any point in the axis of 

a circular coil.—Consider the point m, Fig. 19, in the axis of a 

R* FAS 
: ened 

| SF 
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1 | od ape 

*. d ar 
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c 

Fig. 19. 

circular coil CC of radius r centimeters; the distance of m 

from the plane of the coil being d centimeters. Imagine a 

magnet pole of strength m to be placed at m. This pole pro- 

duces at C a magnetic field of which the intensity is = 

(- <5). The component of this field which is parallel to 

the axis of the coil pushes radially outwards on each part of the 

coil, tending only to spread the coil.. But the component of 

= which lies in the plane of the coil, namely, 
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m . m r mr 

en (- P+? Ypte ie+ arr) 
pushes sidewise on the coil (to the right or left in Fig. 19), and 

the total force F with which the magnet pole at m pushes to 

the right or left on the coil in Fig. 19 is equal to the product of 

three factors, namely (a) the length of wire in the coil which is 

2nrZ, (b) the strength of the current in the coil in abamperes, 

m 
and (c) the radial component, Re sin 6, of the magnetic field 

at C dueto m. Therefore: 

Fe anr’-ZIm (1) 
(? + ds? 

But the force with which the pole pushes on the coil is equal and 

opposite to the force with which the coil acts on the pole, and 

the force with which the coil acts on the pole may be expressed 

as mh, where h is the intensity at the pole of the magnetic 

field due to.the coil. Therefore, ignoring algebraic signs, we 

have: 

arr? Zim 

mh = (? + @P (2) 

or 

amr ZI 

“G+ ayn ” 
in which h is the intensity at the point m in Fig. 19 of the 

magnetic field due to a current of J abamperes in the circular 

coil CC, Z is the number of turns of wire in the coil, 7 is the 

radius of the coil, and d is the distance of the point m from | 

the plane of the coil in centimeters. 

17. Magnetic field intensity inside of a very long coil.—It is 

desired to find the intensity at the point , Fig. 20, of the 

magnetic field due to a very long cylindrical coil having z turns 

of wire per centimeter of length, the current in the coil being J 

abamperes. Let AH be the field intensity at p due to the 

element cc of the coil, z-dx being the number of turns of wire 
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in the element cc. Then, according to equation (3) of Art. 

16, we have: 
2nr-lz-dx 

(7? + x?) /2 AH = (1) 

Every element of the long coil produces at a field which is in 

the same direction (parallel to the axis of the coil), and therefore 

the field at » due to the entire coil is found by integrating (1) 

between the limits x = — B to x = +A. Fora very long 

coil the limits of the integration arefrom x = — © tox =+ 0, 

and in this case we get: 
H = anal (2) 

where H is the strength of the magnetic field inside of a very 

Jong coil having 2 turns of wire per unit of length, and J is 

the current in the coil in abamperes. 

: j ‘ roo 

! ome ae 
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Fig. 20. | 

According to the above derivation, equation (2) gives the inten- 

sity of the magnetic field along the axis of a very long cylindrical 

coil, but as a matter of fact, the magnetic field inside of the coil 

is uniform, that is to say, it has everywhere the same intensity 

and it is everywhere in the same direction. 

18. Contribution to the magnetic field at a given point by one 

element of an electric wire.—The region surrounding an electric 

circuit is a magnetic field, and each element of the circuit (each 
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element of the wire which constitutes the circuit) may be thought 

of as contributing its share to the field intensity at each point. 

In fact we have: 
I sin 6-Al ! 

AH = “eee (1) 

in which AH is the field intensity at m in Fig. 21 due to the 

short piece of wire Al which is a part of a circuit in which a 

current of J abamperes is flowing, 7 is the distance of m from 

Al, and @ is the angle shown in the figure; rand Al are, of 

course, expressed in centimeters. 

Imagine a magnet pole of strength m placed at the point m 

in Fig. 21. If we can find an expression for the force exerted on 

direction of AI-/ 
= 
\, 

Fig. 21. 

The field at m dueto Al is at right angles to the plane of the paper. 

Al by the pole m, we will have an expression for the force 

exerted on the pole by Al; but the force exerted on’ m by Al 

is equal to the product of m-AH, where AH is the field intensity 

at m dueto Al. 
. mM 

The field intensity at Al due to m is n° The component of 

m 7 ‘ + 

this field at right angles to Al is a sin 6, and this component 

m , 
pushes sidewise on A/ with a force equal to Al XI X a ‘sin 0 

according to equation (1) of Art. 13; and the force with which 
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Al acts on m is equal and opposite* to this. Therefore, ignoring 

algebraic signs, we have: 

m-AH = AlXIX%-sin 8 

from which equation (1) follows at once. 

Proposition.—The intensity of the magnetic field at a given 

point in the neighborhood of a given coil of wire is proportional 

to the strength of the current in the coil, and the direction of the 

field at that point is fixed. That is to say, if the strength of the 

current is doubled, the intensity of the field will be everywhere 

doubled, but the direction of the field will be everywhere the 

same as before. The trend of the lines of force of the magnetic 

field due to a coil or circuit depends only on the shape and size 

of the coil or circuit, not at all on the strength of the current. 

19. Magnetic field due to a long straight wire.—The lines of 

force of the magnetic field surrounding a long straight electric 

wire are circles with their planes at right angles to the wire and 

* A curious absurdity is involved here. Figure 22 shows an edgewise view of 

Fig. 21; F is the force with which m acts on Al, and F’ is the equal and op- 

posite force with which Al acts on m; and these forces do not have the same 

line of action. This absurdity is due to the non-physical character of an element 

1F 
element of wire 

seen endwise 
z : 
magnet m 

F 

Fig. 22. 

Al of an electric circuit. In so far as magnetic effect is concerned, an electric circuit 
ts always complete. Thus the increasing electrical stress in the dielectric of a 
condenser which is being charged is equivalent magnetically to a flow of current 
through the dielectric of the condenser. 

The impossible consequences of the physical absurdity in equation (1) of Art. 18 
always disappear when the equation is integrated around a complete circuit. 

t This proposition may be established by an argument based upon equation (1) 

above, the essential point being that when equation (1) is integrated the constant 
factor I can be taken from under the integral sign. 
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with their centers on the axis of the wire. The intensity of the 

field at the point m in Fig. 23 can be determined by integrating 

r2, 
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ee" wire 4 *< T Pa) fa 4X Pa Pa 

a 
7 

D Eo” 
7 

Zo 
7 gat 

7 
"Q 

magnet 

Fig. 23. 
The field at m dueto Ax is directed towards the reader. 

equation (1) of Art. 18 as follows: Substitute Ax for Al, sub- 

nee, 
stitute (D? + x?) for 7, and substitute ———— for sin @. (D* + 2*) Pas 

-Equation (1) of Art. 18 then becomes: 

Ax 
AH = ID (D? + Pa (1) 

Therefore, by integrating between the limits x = — © to 
x= -+ © we have: ) 

aI == (2) D 

Thus at a distance of 10 centimeters (= D) from a long straight 

wire carrying acurrent of 50 abamperes (= J) the intensity of 

the magnetic field is 10 gausses (="fZ). 

20. Torque exerted on a coil which is suspended in a uniform 

magnetic field. Case I. Rectangular coil with two of its edges 

parallel to the field as shown in Fig.24.—The forces FF in Fig. 24 

are each equal to 1Z * I X H according to equation (1) of Art. 13, 

where / is the dimension shown in Fig. 24, Z is the number of 



THE MAGNETIC MEASUREMENT OF CURRENT. 29 

turns of wire in the coil, J is the current in the coil in abamperes, 

and H is the intensity of the field in gausses. Multiplying 

two fine suspending wires 

coil 
zi ~ 

: = 

; i z | ; 
-—-— b——= 

pe 

4 te 
eo 

HI > 

He | + H 
top view 

side view 
Fig. 24. 

The two sides of the coil in the side view are pushed towards and away from 

the reader respectively as indicated in the top view. 

6 
each force F by its lever arm S and adding the two results, 

we get the torque TJ which tends to turn the coil around the 

axis of suspension. That is: 

T = bIZIH (1) 

Case II. Circular coil with its plane parallel to the field as 

shown in Fig. 25.—The vertical dotted line in Figs..25 and 26 

is the axis about which the torque is to be determined. Consider 

armelement Al of the coil. The length of wire in this element is 

Z-Al where Z is the number of turns of wire in the coil. The 

resolved part of H at right angles to Al is Hsin @, and the 

side force F (perpendicular to the plane of the paper in Fig. 26) 

exerted on Al is Z-AlXIXHsin@. The perpendicular 

distance of Al from the axis in Fig. 26 is rsin 6, so that the 

torque action of F is AT = Frsin@. That is: 

AT = 7rZIH sin? 6-Al (2) 
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Fig. 25. 

Circular coil of wire suspended in a uniform magnetic field. 

et 
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Fig. 26. 

Let Aé@ be the angle in radians which is subtended by Al; then 

Al = r-A@, and equation (2) becomes: 

AT = ZIHr sin? 6-40 (3) 
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Therefore ae 

T= ZIHe | sin? 6-d6 (4) 
6é=0 

or 
T = rrZIH (5) 

Note.—When the field H is at right angles to-the axis about 

which the torque TJ is reckoned but inclined to the plane of 

Fig. 27. 

Top view of suspended coil. 

the coil as shown in Fig. 27, then Hcos@ its the component of 

the field which les in the 

plane of the coil, and substi- 

tuting H cos ¢ for H in 

equations (1) or (5) we get 

the correct expression for 

T for the case shown in 

Fig. 27. 

21. The Siemens elec- 

trodynamometer.—A_ gen- 

eral view of a Siemens elec- 

trodynamometer is shown 

in Fig. 28, and the essen- 

tial features of the instru- 

ment are shown in Fig. 29. 

A stationary coil A and 

a suspended coil B are 
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connectéd electrically in series, and the current I to be meas- 
ured flows through both coils. The suspended coil B is shown 
in both figures as a single turn of copper rod, and electrical con- 

nections are made with B through the 

mercury cups cc. Thecoil B is sus- 

pended by a fine thread #. A coiled 

spring S is attached at one end to the 

suspended coil B (at the point a), and 

the other end of S is attached (at the 

point 6) tothe head & so that by turn- 

B ing h the spring S can be twisted and 
A the angle of twist @ can be read off the 

Ie J divided circle. When the spring S is un- 
PS twisted and when no current is flowing 

‘a through A and 8B, the pointer p stands 

in a certain zero position. When the 

current I, to be measured, flows through 

A and B a torque or turning force is exerted on B by A, 

and this torque is balanced by turning hf through an observed 

angle ¢ until the pointer p again stands at its zero position. 

Then I is proportional to V ¢, that is: 

I=kVo (1) 

Fig. 29. 

in which k is a constant which is called the reduction factor of 

the instrument. 

The correctness of equation (1) may be made evident as fol- 

lows: The stationary coil A produces a magnetic field which 

pushes sidewise on the vertical legs of coil B. If the current J 

is doubled this field is doubled, and the doubled field acting on 

doubled current in coil B pushes sidewise on the legs of B 

with quadrupled force, according to equation (1) of Art. 13; but 

to balance this quadrupled force a quadrupled twist of the spring 

S is necessary. Therefore ¢ is proportional to J*, or J is 

proportional to V ¢. 
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22. The Weber electrodynamometer.—In order to measure a 

current by means of the Siemens electrodynamometer, the reduc- 

tion factor of the instrument must be determined by observing 

the value of ¢ for a known value of the current J [see equation 

(1) of Art. 21]. The Weber electrodynamometer, on the other 

hand, is so constructed that the value of Rk can be calculated 

from the dimensions of the coils A and B and their positions 

relative to each other. The Weber electrodynamometer is 

sometimes called an ‘‘absolute’’ electrodynamometer because the 

measurement of current by the Weber instrument involves only 

geometrical and mechanical measurements. 

Imagine a large circular coil of radius R, and having Z’ 

turns of wire, to be placed with its axis along pp and its plane 

along cc in Fig. 27, and let us think of the magnetic field H of 

Fig. 27 as due to a current of J abamperes in this large circular 

coil. Then | 
oe ee I (1) 

according to equation (1) of Art. 14. 

Let the coil which is shown in Fig. 27 be a comparatively small 

circular coil of radius r and having Z’ turns of wire, and sup- 

pose this small coil and the large coil to be connected in series so 

that the current J flows through both. Then the torque exerted 

on the small circular coil placed as shown in Fig. 27 will be: 

T = rPZ"TH cos $ (2) 

according to equation (5) of Art. 20 as modified by the note at the 

end of that article. Therefore, substituting the value of H 

from equation (1) in equation (2) we have: 

an Z' ZT? cos 
= R (3) 

from which the value of J in abamperes can be calculated when 

T (a mechanical quantity), r, R and ¢ have been measured, 

Z’ and Z” being known. 

4 
aee 
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Note.—Lord Rayleigh in his determination of the electrochem- 

ical equivalent of silver* used an electrodynamometer of which 

the essential features are shown in Fig. 30. A horizontal cir- 

balance 

Fig. 30. 

cular coil B is suspended from one end of a balance arm and 

pushed up or down by the electromagnetic action of two station- 

ary coils AA. All three coils are connected in series, and the 

value of the current is calculated from the observed push on B 

and the sizes and relative positions of the coils. 

PROBLEMS. 

1. A circular coil of wire of 20 centimeters radius has 15 turns 

of wire. How much current is required in the coil to produce at 

the center of the coil a field intensity of 0.57 gauss? Ans. 0.121 

abampere. 

2. A certain current gives a deflection of 42° on a tangent 

galvanometer at a place where the horizontal component of the 

earth’s magnetic field has a value of 0.18 gauss. The diameter 

of the coil of the galvanometer is 30 centimeters and the coil 

contains 5 turns of wire. Find the value of the current in 

abamperes. Ans. 0.0774 ampere. 

Note.—Assume the section of the coil itself to be very small; that is to say, 

take 30 centimeters as the mean diameter of the coil. 

3. A tangent galvanometer has two coils of wire A and B 

placed side by side as shown in Fig. 3. The needle ms of the 

* See a paper on The Electrochemical Equivalent of silver by Lord Rayleigh 

and Mrs. H. Sidgwick, Philosophical Transactions, 1884, part II, pages 411-460. 
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galvanometer is suspended midway between the coils as shown. 

The horizontal intensity H’ of the earth’s magnetic field is equal 

to 0.18 gauss. The coils A and B each consist of one turn of 

wire. Find the deflection of the needle which is produced by a 

current of 0.12 abampere flowing in each coil. Ans. 16° 40’. 
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4. A thin brass tube 2 inches in diameter and 6 feet long is 

wound with 1,400 turns of wire. Calculate the field intensity 
inside of this coil when a current of 5 amperes flows through the 

wire. Ans. 48.1 gausses. 

5. A long straight wire carrying a current of I0 amperes is 

placed horizontally and magnetic north and south at a distance 

of 40 centimeters directly above a short compass needle. Find 

the deflection of the compass needle, the horizontal intensity of the 

earth’s field at the compass needle being 0.18 gauss. Ans. 29° 3’. 

6. The two straight parallel wires of an electric light pole-line 

are 20 inches apart center to center, and a current of 500 amperes 

is flowing out in one wire and back in the other. Find: (a) 

The intensity of the magnetic field due to the wires at a point 

midway between them, and (0) the intensity of the magnetic 

field due to the two wires at a point which is 20 inches from the 

axis of one wire and 40 inches from the axis of the other wire. 

Ans. (a) 7.88 gausses. (0b) 1.97 gausses, 
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7. A rectangular frame 25 X 40 centimeters has 10 turns of 

wire wound upon it. The frame is balanced horizontally upon 

an axis pointing due magnetic east and west. -A current of 28 

amperes is sent through the wire. Required the distance from 

the axis at which a 10-gram (9,800-dyne) weight must be hung to 

balance the torque action due to the earth’s magnetic field at a 

place where its intensity is 0.57 gauss and its dip is 63°. Ans. 

0.74 centimeter. 

8. A circular coil has 100 turns of wire. The diameter of the 

mean turn is 16 centimeters,.and a current of 15 amperes flows 

through the coil. This coil is suspended with its plane lying 

vertical and magnetic north and south. (a) Calculate the torque 

in dyne-centimeters with which the horizontal component of 

the earth’s field (0.2 gauss) acts upon the coil, and specify the 

direction of the axis about which this torque is exerted. (0) 

Calculate the torque in dyne-centimeters with which the vertical 

component of the earth’s field (0.68 gauss) acts on the coil, and 

specify the direction of the axis about which this torque is 

exerted. Ans. (a) Axis, vertical; torque, 6,032 dyne-centi- 

meters. (b) Axis, north and south; torque, 20,508 dyne- 

centimeters. 

9. A circular coil 10 centimeters in diameter, having 50 turns of 

wire, is hung by a phosphor-bronze wire at the center of a large 

circular coil 120 centimeters in diameter, having 500 turns of 

wire. The suspending wire is free from twist when the planes 

of the two coils are at right angles, and a torque of 250 dyne- 

centimeters twists the wire through one radian of angle. How 

- much current must pass through the two coils in series to cause 

the suspended coil to turn 30° from its position of equilibrium? 

What happens if the current is reversed in one coil? What 

happens if the current is reversed in both coils? Ans. 0.27 

ampere, 



CHAPTER III. 

ELEMENTARY THEORY OF ELECTROMAGNETISM. 

INDUCED ELECTROMOTIVE FORCE AND INDUCTANCE. 

23. Lenz’s principle.—The wires on a dynamo armature are 

said to “‘cut’’ the magnetic lines of force as they move sidewise 

across the magnetic field in the gap space between the field poles 

and the armature core, and this “‘cutting’’ of the lines of force 

induces an electromotive force in the armature wires. 

(a) In the motor, an electric current (from a battery, say) is 

forced through wires which are allowed to move sidewise across 

a magnetic field in the direction of the side push of the field on 

the wires. This motion of the wires across the field induces in 

them an electromotive force which opposes the flow of current, 

and the work done by the battery in overcoming this opposition all 

reappears as the mechanical work done by the side push as the 

wires move sidewise. 

(b) In the generator, wires are pushed (by an engine, say) 

across a magnetic field. This motion induces an electromotive 

force in the wires, which in turn produces a current in the wires 

and in the outside circuit to which the generator is connected. 

This current causes the magnetic field to push sidewise on the moving 

wires in a direction opposite to their motion, and the work done 

by the engine in overcoming this opposition reappears as the elec- 

trical work done by the electromotive force in maintaining the 

induced current. 

The two statements (a) and (0) express a principle which was 

first definitely pointed out by Lenz in 1834, and it is called Lenz’s 

principle. 

24. Law of induced electromotive force.—Let bc, Fig. 31, 

be a wire stretched across a magnetic field as shown, the intensity 

of the field being H gausses. The side force F (in dynes) 

25 a 
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exerted on the wire by the field is equal to JJH dynes where 

1 is the length of the wire in centimeters and J is the strength of 

the current in the wire in abamperes. 
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Fig. 31. 

Dots represent magnetic lines of force which are perpendicular to the plane of 

the paper. 

Suppose the wire to be moving in the direction of the dotted 

arrow at a velocity of v centimeters per second. Then work 

will be done at the rate of Fu ergs per second in moving the wire 

in opposition to the force F; but, according to Lenz’s principle, 

all of the work thus spent reappears as the electrical work done 

by the induced electromotive force in maintaining the current J. 

Let E be the electromotive force in abvolts which is induced in 

the moving wire, then EI is the rate at which work is done by 

the induced electromotive force in maintaining the current. 

Therefore, according to Lenz’s principle we must have 

EI = Fv = lIHv 

whence we get 
E (in abvolts) = lHv (1) 

that is, the electromotive force E in abvolts which is induced in 

the moving wire in Fig. 31 is equal to the product of the length 

1 of the wire in centimeters, the intensity, H, of the magnetic 

field in gausses, and the velocity, v, of the wire in centimeters 

per second. 
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25. ‘Definition of magnetic flux.—Figure 32 represents a plane 

area of a square centimeters at right angles to a uniform mag- 

netic field of which the intensity is H gausses. The product 

aH iscalled the magnetic flux across 

the area. H 

The unit of magnetic flux is the 

flux across an area of one square Gy 

centimeter (a = 1) when the area is jf. 

at right angles to a magnetic field 

of which the intensity is one gauss Gy 

(H =1), or it is the flux across n 

square centimeters of area when the ie 

area is at right angles to a magnetic tLe 

field of which the intensity is 1/nth of a gauss. The unit of 

magnetic flux is properly called the maxwell; the common usage 

however is to call the unit of flux a line of force for the follow- 

j =x 
Fig. 33. 

Consider any magnetic field whatever, and imagine a surface 

or shell BB which is everywhere at right angles to the field 

as shown in Fig. 33. Imagine the surface BB to be divided 

up into small squares such that one unit of magnetic flux crosses 

each square, and imagine lines of force to be drawn so that one 

line of force passes through each square. Then the magnetic 

flux across any other surface or shell AA placed anywhere in the 
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field will be equal to the number of these lines of force which cross 

AA. 

26. Proposition.—The amount of magnetic flux & which 

emanates from a north magnet pole is equal to 4nM, where M 

1s the strength of the pole. Imagine a spherical surface of radius r 

drawn with its center at the pole M as shown in Fig. 34. The 

Fig. 34. 

area of this spherical surface is 477? (neglecting the small portion 

of the sphere which falls inside of the slim magnet at 6). The 

magnetic field at the spherical surface due to M is everywhere at 

right angles to the surface, and its intensity at the surface is 

H = : according to Art. 9. Therefore, the magnetic flux 

; M 
across the spherical surface is equal to 477° X p oF 4nrM, 

according to Art. 25. But the flux across the spherical surface 

is the flux that emanates from the pole. Therefore the flux that 

emanates from the pole is 47M. 

Magnetic flux through the steel bar at 06, Fig. 34.—The 

magnetic flux which emanates from the north pole M in Fig. 34, 

enters the magnet at its south pole and passes along the bar to 
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the north pole. Therefore the magnetic flux inside of the bar 

at b is 47M lines.* 

27. The electromotive force in abvolts which is induced in the 

moving wire bc in Fig. 31 is equal to the rate at which the wire 

cuts magnetic flux.—Consider the sidewise distance Ax moved 

by the wire dc in Fig. 31 during the short time interval At. Then: 

Ax = v-At (1) 

The area swept over by the wire during the time interval Az is 

l-Ax, and the amount of flux crossing this area is A® = Hl-Ax, 

or, using the value of Ax from (1), we have: 

A® = Hlv-At : (2) 

and, of course, this is the amount of flux which is “‘cut’’ by the 

wire during the time interval At. Therefore, dividing A® by 

At we have the rate at which the wire cuts flux [in lines of force 

(or maxwells) per second], and from equation (2) we have: 

= =p (3) 

That is the rate at which the wire ‘‘cuts”’ flux is equal to Hz, 

but Hlv is the electromotive force in abvolts induced in the mov- 

ing wire, according to equation (1) of Art. 24. Therefore the 

electromotive force in abvolis induced in the moving wire bc in Fig. 

31 is equal to the number of lines of force (maxwells) cut by the wire 

per second. 

28. Fundamental equation of the direct-current dynamo.— 

The electromotive force induced in the armature winding of a 

direct-current dynamo is: 

E (in abvolts) = Zn (1) 

in which @ is the magnetic flux which enters the armature core 

from the north pole of the field magnet and leaves the armature 

core to enter the south pole of the field magnet as indicated by 

* The bar magnet being very long and slim so that the small portion of the 

sphere which is inside of the bar at b may be neglected. 
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the lines of force in Fig. 35, Z is the number of wires lying length- 

wise on the outside surface of the armature, and 1 is the speed 

of the armature in revolutions per second. This equation applies 

to the direct-current dynamo having a two-pole field magnet.* 

While one of the armature wires moves from a to 0 in Fig. 35 

Fig. 35, 

it cuts all of the magnetic flux & which enters the armature core 

from the north pole of the field magnet. The time of one revolu- 

tion of the armature is 1/nth of a second, and the time required 

for a wire to move from a to 6 in Fig. 35 is 1/2mth of a second. 

Therefore, dividing ® (the amount of flux cut) by 1/2uth of a 

second gives 2u@ as the average rate of cutting of flux or the 

average electromotive force induced in an armature wire while it 

moves from a to 6b. But the average electromotive force in a 

given wire while it is moving from a to b, is the same as the 

average electromotive force in all of the armature wires between 

a and } atanyinstant. Therefore 2u®@ is the average induced 

electromotive force in the wires (3Z in number) on the half- 

armature acb; but the wires on the half-armature are all in series, 

and therefore the electromotive force available at the brushes is 

Z 
= < 2n@ from which equation (1) follows at once. 

The induced electromotive force E in equation (1) may be 

* The general form of the equation is discussed on pages 99-100 of Franklin and 

Esty’s Dynamos and Motors, The Macmillan Co., New York, 1909. 
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determined by connecting a voltmeter between the brushes of 

the dynamo and taking the reading of the voltmeter, provided 

the dynamo brushes are properly located and provided there is 

but very little current flowing through the armature. When a 

considerable current is flowing through the armature a portion 

of the total induced electromotive force is lost in overcoming the 

resistance of the armature windings. 

29. Expression of induced elect omotive force in terms of the 

rate of change of the magne‘ic flux which passes through a 

circuit.—Figure 31 shows a wire bc sliding sidewise at a velocity 

of v centimeters per second along two rails. The electromotive 

force induced in the moving wire is Hlv according to Art. 24, 

and this electromotive force acts to produce current in the circuit 

abcd; the intensity of the magnetic field in Fig. 31 being H 

gausses at right angles to the plane of the paper. 

The area of abcd is Ix square centimeters, and the magnetic 

flux ® which passes through the opening abcd is found by 

multiplying H by the area Jx; that is: 

&= Ale — (1) 

Now if x changes, ® must change HI times as fast, that is: 

d® dx 
at =H] di (2) 

d. ; : : Satay 
But, 2s is the velocity v at which the wire moves sidewise. 

Therefore equation (2) becomes:_ 

d®& 
ae Hlv (3) 

Therefore, remembering that Hlv is the electromotive force 

induced in bc, and remembering that ©® is the magnetic flux 

through the opening abcd, we have the following proposition: 

When the magnetic flux ©& through the opening of a circuit 

changes, an electromotive force is induced in the circuit, and 
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this induced electromotive force in abvolts is equal to the rate 

of change of ® in lines of force (maxwells) per second. That is: 

Fs. ie 
oe ee (4) 

Experiment shows that this equation is true not only when the 

change of magnetic flux is due to motion as in Fig. 31, but also 

when the change of magnetic flux 1s due to a varying magnetic field 

or to a varying state of magnetism of an iron core as in the trans- 

former or induction coil. ) 

The negative sign is chosen in equation (4) for the following 

reason: The flux ® is thought of as going through the opening of 

a circuit in the direction of the magnetic field. Suppose that ® 

is increasing. Then o is positive, and the induced electromotive 

force E 1s in the direction around the circuit in which a left- 

handed screw would have to be turned in order that it might travel 

in the direction of ©. If we choose the direction-through-the- 

opening-of-a-circuit which is to be considered as positive, then 

the positive direction around the circuit is considered to be the 

direction in which a right-handed screw would have to be turned 

in order that the screw might travel in the positive direction 

eats d® 
through the opening of the circuit. Therefore when a 

positive E is negative. 

Equation (4) expresses the electromotive force which is induced 

in a single turn of wire. When-a region of changing magnetic 

flux is encircled by Z turns of wire, then the induced electro- 

motive force is multiplied Z times, and equation (4) becomes: 

d® 
Emit Sige (5) 

in which ee represents the rate of change of the flux in lines of 
dt 

force (maxwells) per second, and E is the induced electromotive 

force in abvolts. 
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30." Electromotive force relations of the alternating-current 

transformer.—Figure 36 is a diagram showing one coil of a 

transformer connected to 1,100-volt alternating-current street 

mains, and the other coil of the transformer delivering current to 

house wires. A remarkable thing about a transformer is that 

the primary coil may have, say, one ohm of resistance and yet 

but very little current will flow through it when it is connected 

directly across 1,100-volt mains. Asa matter of fact the electro- 

motive force (the back electromotive force } as described below) 

which is induced in the primary coil by the magnetic reversals 

of the transformer core is at each instant opposite to and very 

nearly equal to the electromotive force across the supply mains, 

alternating-current 
supply mains sneer 

Estaotoacas fer turns 

BOOO000000 |Z turns 

house wires 

110 volts 

Fig. 36. 

It is very difficult to make an intelligible argument concerning 

an alternating electromotive force or current unless some simple 

scheme is used to represent successive instantaneous values of elec- 

tromotive force or current. Imaginetheline E’, Fig. 37, to rotate 

uniformly about O in the direction of the arrow f, the number 

of revolutions per second of the line being equal to the number 

of cycles per second of the alternating electromotive force across 

the supply mains in Fig. 36. Then the length of E’ may be 

chosen so that its projection e’ on the fixed line cd represents 

the actual electromotive force between the supply mains in Fig. 

36 at each instant. 
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The back electromotive force 6 which is induced in the primary 

coil of the transformer is very nearly equal and opposite to e’ 

at each instant. For the sake of simplicity let us think of the 

back electromotive force 0 as being exactly equal and opposite 

to e’ ateachinstant. Then 0 will be represented at each instant 

by the projection of the rotating line OB which is equal in length 

to E’ and always opposite in direction to E’. 

In the above discussion 6 is the value at any instant of the 

electromotive force induced in the primary coil. Let e” be 
the value at any instant of the electromotive force induced in the 

secondary coil. Then e” is smaller than 6 in the same ratio 

that Z” is smaller than Z’ (see Fig. 36), because a definite 

€ € 

Fig. 37. Fig. 38. 

amount of electromotive force is induced in each turn of wire that 

encircles the core. ‘Therefore the electromotive force e’’ may be 

represented at each instant by the projection of the rotating 
id 

line E’’ which is parallel to OB and oi as longas OB. That 

is, the line E’’ whose projection represents e’’ at each instant 

se Ge 
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‘t : Z see ae 
sents e’, and E” is gi as long as E’, as shown in Fig. 38. 

Figure 38 applies to a transformer in which Z’ = 22”. 

31. Magnetic flux through the opening of a circuit due to the 

current in the circuit. Definition of inductance.—Consider a 

coil consisting of a single turn of wire as shown in Fig. 39. The 

wire 
oe 

side view front view 

: Fig. 39. 

lines of force of the magnetic field due to a current in the coil are 
shown in the side view. The amount of magnetic flux ® through 

the opening of the coil is proportional to the current J in the 

coil. That is, we may write: 

@ = LI (1) 

where L isa proportionality factor which depends on the size 

and shape of the circuit. It is called the inductance of the circuit. 

Equation (1) is exactly true only when there is no iron in the 

neighborhood of the coil. Therefore, the remainder of this 

chapter applies strictly to electric coils or circuits without iron. 

It is best to use c.g.s. units (abamperes, abvolts, etc.) in any 

equation involving magnetic field intensity H or magnetic flux 

®, because the units of H and © which are generally used, 

namely, the gauss and the maxwell (or line of force), are c.g.s. 

units. The c.g.s. unit of inductance is called the abhenry, and 

Lin equation (1) is expressed in abhenrys when ® is expressed 

in maxwells (lines of force) and J in abamperes. 

When the coil has more than one turn of wire the expression 
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“flux through the opening of the coil’”’ has a somewhat compli- 

cated meaning. It is a fundamental principle in geometry that 

in considering the area of a multiple loop each part of the area 

must be counted m times, where m is the number of loops 

encircling that part. Thus the shaded area A in Fig. 40 would 

Fig. 40. Fig. 41. 

be counted twice, and the area B would be counted once. 

Similarly in considering the magnetic flux through the opening 

of a coil each part of the flux is counted times where 7 is 

the number of turns of wire encircling that part. Thus the flux 

A in Fig. 41 would be counted twice and the flux B would be 

counted once. If the flux A is one million lines (maxwells) and 

if B is half a million lines, then the flux ® through the opening 

of the coil would be thought of as (2A + B) or 2,500,000 lines. 

With this explanation of the meaning of 4, equation (1) becomes 

entirely general, and the definition of inductance as above given 

becomes entirely general. 

Another point of view. Mean flux per turn.—In many cases 

it is convenient to consider the average or mean flux per turn of 

wire in a coil, and to multiply this by the number of turns to get 

the quantity ® as above defined. Let ©’ be the average or 

mean flux per turn, then the quantity ©, as above defined, is 

equal to Z&’ where Z is the number of turns of wire in the 

coil. Therefore equation (1) may be written: 

Ze’ = LI (2) 
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Example.—A coil is made by winding a layer of insulated wire 

on a very long wooden or paper cylinder. The length of the coil 

is 1 centimeters, its radius is 7 centimeters and the number of 

turns of wire is Z. What is its inductance in abhenrys? The 

niet & : 
number of turns of wire per centimeter is T [=z of equation 

(2) of Art. 17]. Therefore, according to Art. 17, the intensity of 

Z 
7 mike 

Therefore the amount of magnetic flux passing through the middle 

the magnetic field inside of the long coil is H = 47 X 

vA 
part of the coil is m/’H or 4n°r? X T xX JI. But this flux is 

encircled by Z turns of wire. Therefore Z®’ is equal to 
22 Z2 

oe xX I, and this is equal to LI according to equation (2) 

above. Therefore we have: 
An? Z? 

Sear (3) 

which expresses the value of L in abhenrys. This equation is 

only approximate because the flux ar?H which passes through 

the middle part of the coil spreads out and does not all pass 

through the turns near the ends of the coil as shown in Fig. 42. 

Fig. 42, 

32. Self-induced electromotive force.—When the current in 
a circuit increases, the flux through the opening of the circuit 
also increases, according to equation (1) of Art. 31. Let us base 
our discussion, however, on equation (2) of Art. 31, where Z 

5 
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is the number of turns of wire in a coil and ©’ is the average flux 

per turn. Differentiating* this equation, we have: 

Z—= Lb (1) 

Now ®’ has here exactly the same meaning that ©® has in 
, 

equation (5) of Art. 29. Therefore — a is the electromotive 

/ 

force which is induced in each turn of wire, and — Z a is the 

electromotive force e which is induced in the entire coil by the 

changing current. Therefore from equation (1) we have: 

e=-L— | (2) 

. en Ae a ‘+3 ar 
When the current in a circuit is increasing, then qi 8 positive 

and the negative sign indicates that e is opposed to the current. 

That is, an increasing current induces in a circuit an opposing 

electromotive force which is equal to L times the rate of increase 

of the current. A decreasing current induces in a circuit a 

helping electromotive force which is equal to ZL times the rate of 

decrease of the current. 

33. Electromotive force required to make a current increase. 

Imagine a boat to move 

without frictional opposition; 

then the propelling force would 

be used wholly to cause the 

velocity to increase (to produce 

acceleration), and we would 

have: 

E=L— (1) 

Imagine a circuit having no 

resistance; then an _ electro- 

motive force acting on the 

circuit would be used wholly 

to cause the current to increase, 

and we would have: 

dI 
E= La (2) 

* This simple case of differentiation occurs so frequently in physical arguments 

that it is very important that the student understand it as a proposition in arith- 

metic. If ® is always ; times as large as J, then it must change Z times as 

eet Oe! d®’ dI 
i secgies, teal” pone eos cbt i— fast as I, That is we must have di Za Z 7 
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where EE is the propelling | where £ isthe electromotive 

force, LZ is the mass of the | force acting on the circuit (of 

3} lesa ; zero resistance), JZ is the in- 
boat, and a the rate of in- ) 

. . d 

ductance of the circuit, and = | Bath e f the velocity. If > crease 0 y dt | is the rate of increase of the 
is negative it signifies decreas- 

If aI . + it 

ing velocity. current. is negative 1 
dt 

signifies decreasing current. 

The units of force, mass and acceleration which are used in 

equation (1) are familiar to the student of elementary mechanies. 

When the rate of increase of current in equation (2) is expressed 

in abamperes per second and E in abvolts, then L 1s expressed in 

abhenrys. That is to say, a circuit has an inductance of one 

‘abhenry when an electromotive force of one abvolt (in excess of 

the electromotive force RJ required to overcome the resistance 

of the circuit) will cause the current in the circuit to increase at 

the rate of one abampere per second. 

When the rate of increase of current 1s expressed in amperes per 

second and E in volts, then L 1s expressed in henrys.. That is 

to say, a circuit has an inductance of one henry when an electro- 

motive force of one volt (in excess of the electromotive force RI 

required to overcome the resistance of the circuit) will: cause the 

current in the circuit to increase at the rate of one ampere per 

second. One henry is equal to 10° abhenrys. 

34. Further discussion of self-induced electromotive force.— 

. . , r : dI J 

According to Art. 32 an electromotive force equal to —L as 

induced in a circuit by a changing current, and according to Art. 

. dI reer 
33 an electromotive force equal to +L it must act on a circuit 

(in addition to the electromotive force RI required to overcome 

resistance) to cause the current to increase. This matter may be 

made clear as follows: 
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When a boat moves at veloc- 

ity J, the drag of the water 

opposes the motion of the boat, 

and this frictional opposition is 

approximately proportional to 

JI.* Therefore the propelling 

force E must be equal to RI 

to maintain the motion of the 

boat, R being a constant. 

When the velocity of a boat 

ste : dl 
is increasing at the rate Te 

then the propelling force must 

exceed RI (the backward drag 

of the water) by an amount 

dI 
which is equal to La where 

L is the mass of the boat and 

is the rate at which the ve- 

locity of the boat is increasing. 

The backward drag of the 

water on a canal boat shows 

itself as a backward pull by the 

boat on the mule which draws 

the boat. This backward pull 

of a boat due to friction may be 

called the resistance reaction of 

the boat and it is equal to RI. 

When the speed of a canal 

boat is increasing at the rate 

When a current J _ flows 

through a circuit, something 

analogous to a frictional re- 

sistance opposes the flow of 

current, and to maintain the 

current an electromotive force 

equal to RI must act on the 

circuit according to Ohm’s law. 

When a current in a circuit 

dI 
dt’ 

then the electromotive force 

which acts on the circuit must 

exceed RI by an amount 

is increasing at the rate 

dI 
which is equal to Lo where 

L is the inductance of the cir- 

cuit and a is the rate at which 

the current is increasing. 

When a current is pushed 

through a circuit, the resistance 

of the circuit shows itself as a 

resistance reaction which is 

equal to RI. 

When the value of the cur- 

rent in a circuit is increasing at 

* The backward drag of the water on the moving boat is by no means propor- 

tional to the velocity of the boat except when the velocity is quite small. The 

exact proportional relationship is here assumed for the sake of the analogy. 
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a4 the pull of the mule must 

; . dl 
exceed RI by an amount La 

as stated above, and the boat 

pulls back on the mule with a 

force which exceeds RI by an 

amount Le. This additional 

backward pull of the boat on 

the mule (z 7) is called the 

inertia reaction of the boat. 

the rate the propelling 
dl 
dt’ 

electromotive force must ex- 

ceed RI by an amount Lo 

as stated above, because the 

propelling electromotive force 

must overcome not only the 

resistance reaction RJ of the 

circuit, but it must also over- 

come the self-induced electro- 

motive force due to the in- 

creasing current. 

Self-induced electromotive force in a circuit is exactly analo- 

gous to the inertia reaction of a boat. 

35. Kinetic energy of a current in a circuit. 

Work done on a body which 

moves without friction would 

all go to increase the kinetic 

energy stored in the body. 

If W is the amount of ki- 

netic energy stored ina body, 

dw 
then ar (the rate of increase 

of W) is the rate at which work 

is done on the body to cause its 

speed to increase. 

The rate at which work is 

done by a propelling force E 

is EI, where I is the velocity 

of the body. Therefore, using 

the value of E from equation 

(1) of Art. 33, and remember- 

ing that the rate at which work 

Work done on a circuit which 

has zero resistance would all go 

to increase the kinetic energy 

stored in the circuit. 

If W is the amount of ki- 

netic energy stored in a circuit, 

dw 
then 7 (the rate of increase 

of W) isthe rate at which work 

is done on the circuit to cause 

the current to increase. 

The. rate at which work is 

done by a “propelling” electro- 

motive force E is EI, where 

I is the current flowing in the 

circuit. Therefore, using the 

value of E from equation (2) 

of Art. 33, and remembering 
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is done on a _ body is equal to 

dw | 
‘di’ 

have: 

as above explained, we 

>. = Lis (1) 

The kinetic energy of a bedy 

which is moving at velocity I 

is: . 
W = 1/2LP (3) 

where L_ is the mass of the 
body. This equation may be 

established as follows: 

Integrating equation (1), we 
have: | : 

- W=1/2EP+ a constant (5) 

but we are here concerned with 

the energy which depends upon 

JI, and which is zero when J is 

zero. The constant term in 

equation (5) therefore disap- 

pears and equation (5) reduces 

to equation (3). 

36. The starting of a boat. 
At a certain instant a con- 

stant force E begins to act on 

a boat, and it is required to find 

an algebraic expression for the 

increasing velocity 7 of the 

boat, on the assumption that 

the frictional drag of the water 

is .exactly proportional to 4, 

or equal to Ri. 

that the rate at which work is 

done on a circuit is equal to 

aw 
dt’ 

have: 

as above explained, we 

Fives LI di (2) 

The kinetic energy of acircuit 

in whichacurrent J is flowing 

is: 
W = 1/2LP (4) 

where JL is the inductance of 

the circuit. This equation may 

be established as follows: 

Integrating equation (2), we 

have: 

W=1/2LI*+a constant (6) 

but we are here concerned with 

the energy which depends on 

I, and which is zero when J is 

zero. The constant term in 

equation (6) therefore disap- 

pears and equation (6) reduces 

to equation (4). 

Growth of current in a circuit. 

At a certain instant a con- 

stant electromotive force E 

begins to act on a circuit, and 

it is required to find an alge- 

braic expression for the grow- 

ing current 7. 
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_If*we subtract the force 
which is required to overcome 

the backward drag of the water 

(namely, Ri) from the total 

propelling force E we get the 

portion of the propelling force 

which is used to cause the 

velocity of the boat to increase. 

Therefore, according to Art. 33, 

we have: 
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If we subtract the voltage 

which is required to overcome 

the resistance of the circuit 

(namely, Ri) from the total 

propelling electromotive force 

E we get the portion of the 

propelling electromotive force 

which is used to cause the cur- 

rent to increase. Therefore, 

according to Art. 33, we have: 

; di 4 di 
E-Ri= a (1) E-R=L7 (2) 

ce a 2 a a Ne 
25 . _—— 

| 

30 aod 

25 l. 
e 7 , BS 
5 growing current | '£ 
S15 R=3 ohms | 

| / L=0.04 henry | | 
/ E= 110 volts | 

a0 Z 

: | 
3 ae 8 2 ee Sh er 

hundredths of _a second 

Fig. 43a. 

The general solution of this 

differential equation,* subject 

to the condition that the veloc- 

ity of the boat is zero at the 

beginning (¢ = 0 when ¢ = 0), 

1s: 

The general solution of this 

differential equation,* subject 

to the condition that the cur- 

rent in the circuit is zero at the 

beginning (¢ = o when ¢ = 0), 

is: 

* See Franklin, MacNutt and Charles’s Calculus, pages 168-181 (published by 

the authors, South Bethlehem, Pa., 1913). 
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FIN (3) 
where R is the proportionality 

factor in equation (1), LZ is the 

mass of the boat, £E is the 

constant propelling force, and 

7 is the velocity of the boat #¢ 

seconds after E begins to act. 

Jig ea nee: | 

where R is the resistance of 

the circuit, LZ is the inductance 

of the circuit, E is the con- 

stant propelling electromotive 

force, and 7 is the current in 

the circuit ¢ seconds after E 

begins to act. 

Equation (4) is plotted as a curve in Fig. 43a, in which abscissas 

represent elapsed times ¢ and ordinates represent the increasing 

values of the current 17. 

37. The stopping of a boat. 

A boat is moving at given 

velocity J, and the propelling 

force suddenly ceases to act. 

It is required to find an alge- 

braic expression for the de- 

creasing velocity 7 of the boat, 

on the assumption that the 

frictional drag of the water is 

exactly proportional to 7, or 

equal to Ri. 

The frictional drag of the 

water is a force Ri which op- 

poses 7 Therefore the force 

Ri is to be considered as nega- 

tive, and, according to Art. 33, 

we have: 

; di 
—-Ri= Li (1) 

It is evident from this equation 

Decay of current in a circuit. 

A current J is flowing in a 

circuit, and the propelling elec- 

tromotive force suddenly ceases 

to act. It is required to find 

an algebraic expression for the 

decreasing current 7 in the 

circuit. 

The flow of current is op- 

posed by a kind of frictional 

drag (an electromotive force) 

which is equal to Ri. There- 

fore the electromotive force Ri 

is to be considered as negative, 

and, according to Art. 33, we 

have: 
; dt 

It is evident from this equation 



ELEMENTARY THEORY OF ELECTROMAGNETISM. 

da ; 
that 7 must be negative, that 

da, 
is T is the rate of decrease of 

the velocity of the boat. 
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di F 
that a must be negative, that 

a 
is a is the rate of decrease of 

the current in the circuit. 

ach 
Vv ‘ 

30 

\ 
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i fe oN 

PS 
_ 
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Fig. 430. 

The general solution of equa- 

tion (1) which satisfies the 

necessary condition that the 

jvelocity of the boat is equal to 

I at the beginning (@ =I 

when ¢ = 0), is: 

i = [e-PDt 
(3) 

where R is the proportionality 

factor in equation (1), L is 

the mass of the boat, J is the 

velocity of the boat when the 

propelling force ceases to act, 

and 7 is the velocity of the 

boat ¢ seconds after the pro- 

pelling force ceases to act. 

The general solution of equa- 

tion (2) which satisfies the 

necessary condition that the 

current in the circuit is equal to 

I at the beginning (@ =J] 

when ¢ = 0), is: 

4 = [FID (4) 

where R is the resistance of 

the circuit, L is the inductance 

of the circuit, I is the current 

in the circuit when the pro- 

pelling electromotive force 

ceases to act, and 7 is the value 

of the current ¢ seconds after 

the propelling electromotive 

force ceases to act. 
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Equation (4) is plotted as a curve in Fig. 43). 

Note.—Something should be said as to how the propelling 
electromotive force may be made to cease as assumed in the 

above discussion of equations (2) and (4). It is not by breaking 

the circuit, because to do this would increase the resistance R 

indefinitely. In order that the current in a circuit may die away 

according to equation (4) the battery must first be short-circuited 

by a metal connector; and after being short-circuited in this 

way the battery itself may be disconnected. 

38. The ratio of the inductances of two entirely similar coils 

is equal to the ratio of their corresponding dimensions.—To 

illustrate the meaning of this proposition consider two exactly 

> 

Fig. 44. Fig. 45. 

similar coils as shown in Figs. 44 and 45. The coil in Fig. 45 
is twice as long and twice as deep, and wound with wire twice as 

large in diameter as the coil in Fig. 44, and the inductance of the 

coil in Fig. 45 is twice as great as the inductance of the coil in 

Fig. 44. ; 

Of course the two coils in Figs. 44 and 45 have the same 

number of turns of wire. 

The above proposition may be proven on the basis of equation 

(1) in Art. 18, by showing that the field intensity at any point in 

Fig. 45 is half as great as at the corresponding point in Fig. 44 
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for the same strength of current in the wire; from which it follows 

that the magnetic flux through each turn of wire in Fig. 45 is 

twice as great as the magnetic flux through the corresponding 

turn of wire in Fig. 44 for the same current in the wires. There- 

fore the value of Z®’ (= LI according to Art. 31) in Fig. 45 

is twice as great as in Fig. 44 for the same strength of current 

in the wire. Therefore L in Fig. 45 is twice as greatas L in 

Fig. 44. | 

The inductance of a coil of given size and shape is proportional 

to the square of the number of turns of wire—To understand 

this proposition consider Figs. 46 and 47. These figures represent 

a: oc of 

O 1299909}, 
Sg ig 9000 3} Geer rs 

DOOO00) 

B39, a 
IOOO0CO} 

Oo 90000) 

Fig. 46. Fig. 47. 

a spool of given size and shape wound full of coarse wire and of 
fine wire respectively. In fact, the diameter of the wire in Fig. 

47 is half as great as the diameter of the wire in Fig. 46. There- 

fore there are twice as many turns in each layer of wire, and 

twice as many layers; and consequently four times as many 

turns of wire in Fig. 47. Therefore, according to the above 

proposition, the coil in Fig. 47 has sixteen times as much induc- 

tance as the coil in Fig. 46. 

The above proposition may be established as follows: Let the 

coil in Fig. 47 contain times as many turns of wire as the coil 

in Fig. 46. Then each particular turn of wire in Fig. 46 corre- 

sponds to a bundle of » wires in Fig. 47, and io have a current 
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of I amperes in the coil of Fig. 47 1s exactly the same as to have nI 

amperes in the coil of Fig. 46. Now with a current of mJ in 

Fig. 46 the total kinetic energy is $Z’(nJ)*, and with a current 

of J amperes in Fig. 47 the total kinetic energy is 4L’’I?; and 

these two amounts of energy are equal according to the above 

statement. Therefore we have: 

gL’ (nl)? = 3L"P 
or 

wl! = L" (1) 

where L’ is the inductance of the coil in Fig. 46 and L’” is the 

inductance of the coil in Fig. 47. Therefore according to equa- 

tion (1) the inductance of the coil in Fig. 47 is n? times as great 

as the inductance of the coil in Fig. 46. 

39. The inductance of a transmission line.—The inductance 

of a two-wire transmission line in henrys per mile is: 

L = 0.001483 log ( >) (1) 

where D is the distance of the wires apart center to center, 

and R is the radius of each wire; D and R must both be 

expressed in the same unit. This equation is only approximately 

true, as will appear in the following discussion. 

Figure 48 is a sectional view of the two wires W’ and W” of 

a transmission line with an outflowing current of J abamperes 

in one wire and an equal inflowing current in the other wire. 

In order to determine the inductance in abhenrys of one mile of 

the line it is sufficient to calculate the magnetic flux ® which 

passes between* the wires for the given current IJ; Then @= LI 

® ’ 
or L= T according to Art. 31. 

Now the magnetic flux between the wires is the flux which 

crosses the plane which is represented by the dotted line PP 

* The flux which crosses through the material of the wires is neglected in this 

discussion, and therefore equation (1) is only approximately true. 
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in Fig. 48, and to calculate this flux let us consider an element of 

this plane Ax centimeters wide and 161,000 centimeters long 

(= one mile), the distance of the element from the axes of the 

aa TS rkaaig apes eee Sager = "e 
2-6; —<-. DR 

ee a ee ae eee on ua oe a 

Fig. 48 

wires being x and D-—x _ centimeters respectively. The 

magnetic field intensity at the element Ax due to the wire W’ 

is: 

H’ =— (2) 

and the magnetic field intensity at the element Ax due to the 

wire W” is: 
aI 

SS a Sage (3) 

according to Art. 19. The total magnetic field intensity at the 

element is H’+H”, and the flux across the element is 

(H’+ H") multiplied by the area of the element, namely 

161,000 Ax square centimeters. Therefore: 

S +575) (4) A = 322,000 1( “4 5 aes 

Integrating this expression from x = R to x = D — R, we get: 

& = 644,000 Flog. (2 =*) (s) 
Therefore, since ; = L according to Art. 31, we have: 

L = 644,000 log. > (6) 

BS EE SEP ERE RE ET EY i si si in ie 

PROPERTY OF ELECTRICAL LABORATORY, 

FACULTY G& APPLIED SCIENCE. } 
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This gives the inductance of one mile of the line in abhenrys. 

To reduce to henrys divide by 10°, and then reduce the Naperian 

logarithm to a common logarithm and we get equation (1). » 

40. Mechanical analog of the transformer.—The use of the 

lever for the multiplication of mechanical force is familiar to 

everyone, and the alternating-current transformer 1s mathematically 

analogous to the lever; not however to a lever with an immovable 

fulcrum, but to a lever of which the fulcrum is a very massive body 

entirely free to move as shown in Fig. 49 

heavy body 

of mass M 

O O 

r 

A(oy a 

Vv 

lever-» 

°? 
7” 

ig 

Fig. 49. 

A steady force would even- 

tually produce an indefinitely 

large velocity of the body M 

(wheels supposed to be friction- 

less). Therefore the lever 

shown in Fig. 49 can be used 

only for multiplying a rapidly 

alternating force (applied to 

end A). 

Imagine a very rapidly alter- 

nating force applied to end A 

of the lever in Fig. 49. The 

A steady electromotive force 

would eventually produce an 

indefinitely ~ current 

through the primary coil of a 

transformer (resistance of coil 

assumed to be very small). 

Therefore the transformer can 

be used only for multiplying a 

rapidly alternating electromo- 

tive force (applied to the 

primary coil). 

large 

An alternating electromotive 

force is applied to the primary 

coil A _ of a step-up trans- 
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end -A_ will move with large 

back and forth velocity, and 

the end B_ will move with 

small back and forth velocity; 

but end B will exert a large 

force. 

In fact, if we ignore the slight 

movement of the heavy body, we 

will have: 

e’ ed 

| 7 ) 
and 

ti F 

my 3) 
where, at any instant, e’ is 

the force exerted on end A, 

t is the velocity of end A, 

e is the force exerted by 

end B, and 7” is the velocity 

of end B. 

dt 

OF ELECTROMAGNETISM. 63 

former. Then a large current 

flows back and forth through 

the primary coil and a small 

current flows back and forth 

through the secondary coil; but 

the secondary coil acts. upon 

the receiving circuit with a 

large electromotive force. 

In fact, af we ignore the small 

current through the primary col 

which magnetizes the tron core, 

we will have: 
e’ Z' 

= Zr @) 
and 

4’ Fig 

ZF 4) 
as explained in part in Art. 30: 

where, at any instant, e’ is the 

electromotive force acting on 

the primary coil, 2’ is the cur- 

rent flowing through the pri- 

mary coil, e” is the electro- 

motive force induced in the 

secondary coil, and 72” is the 

current flowing through the 

secondary coil. 

The analogy above outlined is complete, but it is not worth while to develop 

it in full. Thus the movement of the massive body M is exactly analogous to the 

magnetizing current in a transformer, and the mass of the lever itself leads to 

behavior which is exactly analogous to magnetic leakage in a transformer. This 

latter is indeed developed in Art. 43; but from a point of view somewhat different 

from the usual discussion* of magnetic leakage in transformer theory. 

* See Chapter XI, Elements of Electrical Engineering, Vol. I1., Franklin and Esty, 

The Macmillan Co., 1908. 
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41. Definition of mutual inductance.—Consider two adjacent 

circuits, and let one circuit be called the primary circuit and the 

other the secondary circuit to distinguish them. Let 7, be the 

current in the primary circuit, and let i be the current in the 

secondary circuit. 

Let 2 be the magnetic flux* through the secondary circuit 

due to acurrent of 7, abamperes in the primary circuit. It is 

evident from Art. 18 that ®2 is proportional to 1,. Therefore 

we may write: 
&, = Mi, (1) 

in which the proportionality factor M is called the coefficient 

of mutual induction or simply the mutual inductance of the two 

circuits. 

Similarly, we have: 

$, = Miz (2) 

It is shown in the next article that the coefficient M has iden- 

tically the same value in equations (1) and (2). 

If 2; changes it is evident that #2 will change M times as 

fast as 1,, because itis always M timesas large as 2; according 

; dP, di; dP, 
to equation (1). Therefore 4a =~“: But e= — dt 

according to Arts. 29 and 31. Therefore we have: 

di 
a=-M7z (3) 

where é is the electromotive force induced in the secondary 

circuit by the changing value of the current in the primary circuit. 

Similarly we may show that: 

a= -M— (4) 

42. Kinetic energy of two circuits.—The kinetic energy of 

two circuits is given by the equation: 

W = §Lyie + Mizis + $Loi2? (1) 
* Each part of the flux being counted » times, where is the number of turns 

of wire encircling that part of the flux, 
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in whicn LZ; is the inductance of the primary circuit and Lz 

is the inductance of the secondary circuit as defined in Art. 31, 

4; is the current in the primary circuit, 72 is the current in the 

secondary circuit, and M is the mutual inductance of the two 

circuits. 

To establish equation (1) let us assume both circuits to have 

zero resistance for the sake of simplicity of statement, and let us 

consider (a) the amount of work required to increase the primary 

current from zero to a given value 7;, with the secondary circuit 

open; (b) the amount of work (done on the primary circuit) to 

keep the primary current 7; constant while the secondary current 

is being increased uniformly from zero to a given value 42 in ¢ 

seconds; and (c) the amount of work (done on the secondary 

circuit) to increase the secondary current from zero to the given 

value 7%:. 

The amount of work (a) is equal to3L,i2 according to Art. 35. 
To find the amount of work (6) assume that the secondary 

ee 19 
current is increased at the constant rate — so that an electro- 

t 
; di Mie .. , : 

motive force equal to — M on =— ae is induced in the pri- 

mary coil, according to equation (4) of Art. 41. Therefore to 

A : ' Mie 
keep 1, constant, an electromotive force equal to > -must act 

on the primary coil for ¢ seconds doing work at the rate ue X th. 

Therefore the amount of work done will be ( x i) Xt 

which is equal to Miyie. 

The amount of work (c) is equal to $Zet.? according to Art. 35. 

The argument of Art. 35 applies to the calculation of the amount 

of work done on the secondary coil while the secondary current 

is increased from zero to 7% and while the primary current is 

kept at a constant value, because the only electromotive force 

induced in the secondary coil is the self-induced electromotive 
force due to the increasing secondary circuit, 

6 
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The total work done to establish the two currents 7, and 7% 

is therefore equal to $Ly1i;2 + Miyig + $Loie*, and the kinetic 

energy of the two circuits is equal to the total work done. 

Note.—Imagine the current i: to be established first and 4; 

afterwards, then another expression for the kinetic energy would 

be obtained. The only difference being that in one case the 

expression for W contains the M in equation (4) of Art. 41 

whereas in the other case the expression for W contains the M 

in equation (3) of Art. 41. But the two expressions for W must 

be the same, therefore the two M’s are identical. 

43. Mechanical analog of the transformer again considered.— 

The mass of the lever AB in Fig. 49 was neglected in the dis- 

cussion of Art. 40, but Fig. 50 shows a lever with heavy balls at — 

its two ends and an attached mass C at its center, the two lever 

arms / and J being assumed to be equal for the sake of sim- 

plicity. The velocity of A is i,, the velocity of B is i2, and 

‘or i the velocity of C is we, and 

the kinetic energy of the system is: 
| 

! 

| 
: W = 3Lyi2? + Mizig + $Lei2? (1) 
| 
| where, as may be easily shown: 

 & 
| In=Ac+-— | 1 + 4 

i GC 
" In = Ba— 2 + 4 

} 

Qi. Mim Gu: 
Fig. 50. 4+ 

Equation (1) is identical to equation (1) of Art. 42, and the 

mechanism of Fig. 50 is completely analogous to two inductively 

related or ‘‘coupled”’ circuits. 

44. Coupled circuits containing capacity.—A common arrange- 

ment of apparatus at the sending station for wireless telegraphy 
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is shown in Fig. 51. The condenser C is charged from a high 

voltage supply, ad, until the spark gap breaks down. Then the 

charge on the condenser surges back and forth through the cir- 

cuit CP. Thecoil P is the primary of a transformer of which 

the secondary is the coil S; the back and forth surging of current 

through the primary circuit CP induces an alternating electro- 

motive force in the secondary coil S; and this induced electro- 

motive force causes current to surge up and down in the antena. 

The energy is then largely radiated from the antena in the form 

of electric waves. Figure 52 shows a similar arrangement in 

antena 

a a 
i 

: 3 & 4 

c¢ pges c¢ Pa eS € 
= mo OS 
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spark gap spark gap 

ground |. 

Fig. 51. Fig. 52. 

which there is no appreciable radiation from the secondary 

circuit SC’. The two circuits CP and SC’ are said to be 

coupled through the transformer PS. 

A mechanical arrangement which is completely analogous to 

Fig. 52 is shown in Fig. 53 in which the lever, J/’, and the weight 

W correspond to the transformer in Fig. 52; and the springs 

C and C”’ correspond to the condensers in Fig. 52. 

The details of behavior of the coupled circuits in Fig. 52 can 

be strikingly demonstrated with the help of the arrangement in 

Fig. 53 as follows. The primary system PC _ has a definite 

frequency of oscillation when the car S is held fast, and the 

secondary system SC’ hasa definite frequency of oscillation 
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when the car P is held fast. When these two frequencies are 

adjusted to equality, the primary and secondary systems are 

said to be tuned to each other. | 

The ratio of transformation of the transformer in Fig. 52 is 

represented by the ratio of the two lever arms / and I’. 
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Fig. 53. 

When the weight W is very large or when the weights of the 

cars P and S are small, we have what is called close coupling. 

When the weights of the cars P and S are large, or when the 

weight W is small, we have what is called loose coupling. 

(a) When the primary system PC is set oscillating, a series 

of force impulses is transmitted to the secondary system SC’ 

by the lever, and the secondary system is quickly set into oscilla- 

tion. 

(b) When the primary and secondary systems are in tune with 

each other, the whole of the energy of the oscillating primary 

system is transformed into the secondary system, and the primary 

system comes momentarily to rest. Then the energy is trans- 

formed back from secondary to primary and so on repeatedly. 

(c) When the primary and secondary systems are not in tune 

with each other, a definite fractional part only of the energy of 

the primary system is transformed to the secondary, This 
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fraction depends upon the closeness of coupling and upon the 

closeness of tuning of the primary and secondary systems. * 

PROBLEMS. 

1. A room 6 meters long by 5 meters wide by 3 meters high 

has its longest dimension magnetic north and south. The inten- 

sity of the earth’s field in the room is 0.62 gauss and the dip is 

72°. Find the number of lines of magnetic flux across each of 

the walls, the ceiling, and floor of the room, and specify in each 

case whether the flux is passing out of the room or into the room. 

Ans. East and west walls, zero; north wall, 28,740 maxwells 

out; south wall, 28,740 maxwells in; ceiling, 176,900 maxwells 

in; floor, 176,900 maxwells out. 

2. The pole face of the field magnet of a dynamo has an area 

20 centimeters by 30 centimeters. The magnetic field between 

the pole face and the armature core is perpendicular to the pole 

face at each point and its intensity is 6,000 gausses. Calculate 

the number of lines of force which pass from the pole face into 

the armature core. Ans. 3,600,000 maxwells. 

3. A slim magnet 0.25 centimeter thick and 0.5 centimeter 

wide is magnetized to an intensity of 1,000 units pole per square 

centimeter of sectional area. Find the number of lines of magnetic 

flux which emanate from the north pole of this magnet. Ans. 

1571 maxwells or lines. 

4. A very long steel ribbon of which the thickness is 0.1 centi- 

meter is magnetized so that one edge becomes a long north pole 

and the other edge becomes a long south pole, as shown in Fig. 

p4, the intensity of magnetization being 800 units pole for each 

square centimeter of section of the steel (80 units pole for each 

centimeter length of edge). Find the intensity of the magnetic 

* The mathematical theory of the electrical system in Fig. 52 and of the me- 

chanical system in Fig. 53 is identical. This theory is developed in a paper by 

Louis Cohen, Bulletin of Bureau of Standards, Vol. 5, pages 511-541. 
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field due to the north polar edge of the strip at a point distant 

18 centimeters from the edge, and specifyi ts direction. Ans. 

8.89 gausses directed away from the edge. 
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Fig. 4. 

Note.—The magnetic field intensity at the point » due to the north polar edge 

of the ribbon magnet may be found as follows: Imagine a cylinder 18 centimeters 

in radius with its axis along the north polar edge. Let h be the field intensity 

at the surface of this cylinder due to the north polar edge of the ribbon magnet. 

Then h is at right angles to the cylindrical surface, and the magnetic flux through 

one centimeter of length of the cylindrical surface can be easily found in terms of 

h; and this flux must be equal to 47 times the number of units pole on one centi- 

meter of length of the north polar edge of the magnet. 

5. A vertical wire 3 meters long is moved sidewise, towards 

magnetic east or west, at a velocity of 25 meters per second. 

Find the electromotive force induced in the wire in volts, the 

horizontal component of the earth’s field being 0.18 gauss. Ans. 

0.00135 volt. 

6. The pole face of a dynamo is 30 centimeters long in the 

direction parallel to the axis of the armature, and the field inten- 

sity in the gap space between the pole face and the armature 

core is 6,000 gausses. ‘The wires on the armature are I2 centi- 

meters from the axis of the armature, and the speed of the 

armature is 1,800 revolutions per minute. Find the electro- 

motive force in volts induced in each armature wire (30 centi- 

meters in length) as it passes across the pole face. Ans. 4.07 

volts. 
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7. The core of an induction coil carries 100,000 lines of mag- 

netic flux when current is flowing through the primary coil. 

When the primary circuit is broken the flux in the core drops to 

10,000 lines in 0.003 second. How many turns of wire are 

required in the secondary coil in order that an average electro- 

motive force of 25,000 volts may be induced in this coil during 

the 0.003 second? Ans. 83,333 turns. 

8. The ring armature of a direct-current bipolar dynamo has 

260 turns of wire upon it, the armature is driven at a speed of 

1,200 revolutions per minute, and the magnetic flux from a pole 

face into the armature core is 2,200,000 lines. Calculate the 

electromotive force of the dynamo-in volts. Ans. 114.4 volts. 

9. Acircular metal disk DD is 10 centimeters in radius and is 

mounted on an axle in a long hollow coil SS having 5 turns of 

wire per centimeter of length as shown in Fig. 9. Two brushes 

maintain contact with center and edge of the disk, and the 

galvanometer gives no deflection when the disk runs at a speed 

of 75.2 revolutions per second. What is the resistance of the 

coil R? Ans. 1,485,000 abohms. 

ri $% 

Fig. po. 

Note.—Find intensity of the magnetic field in the very long coil SS for an 

assumed current J inthe coil. Then find the magnetic flux through thedisk DD. 

This amount of flux is cut per revolution by every radius of the disk, and multi- 

plying by the revolutions per second gives the electromotive force between the 

brushes; and this electromotive force balances the electromotive force across the 

resistance R. 

The arrangement shown in Fig. ~9 was devised by L. Lorenz in 1873 for the 

“absolute’’ measurement of resistance; that is, for the measurement of resistance 

directly in mechanical terms. 

to. A transformer takes alternating current from supply mains 

at 1,100 volts and delivers current to service mains at IIO volts, 
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The primary coil of the transformer has 560 turns of wire. How 

many turns of wire are there in the secondary coil? The trans- 

former delivers 250 amperes to the service mains. How much 

current does it take from the supply mains? A usual allowance 

in transformer coils is 1,000 circular mils sectional area of wire 

for each ampere. Find size of wire used in primary coil and in 

secondary coil of the transformer. Ans. 56 turns, 25 amperes, 

25,000 circular mils, 250,000 circular mils. 

11. Let it be assumed that the force required to propel a canal 

boat is proportional to the velocity of the boat. A force of 50 

pounds is required to maintain a steady velocity of 5 feet per 

second. (a) Find the value of the coefficient by which the 

velocity of the boat must be multiplied to give the frictional 

drag, and specify the unit in terms of which this coefficient is 

expressed. (b) Find the velocity at which the boat would be 

propelled by a force of 36 pounds. (c) Find the rate at which 

work is done by a force of 36 pounds in propelling the boat. 

Ans. (a) 10 pounds per foot-per-second. (0) 3.6 feet per 

second. (c) 129.6 foot-pounds per second. 

12. When a force of 50 pounds is applied to the above canal 

boat, the boat starts from rest and after some time reaches its full 

speed of 5 feet persecond. Ata given instant the velocity of the 

boat is 3 feet per second. At this instant: (a) Find the rate at 

which work is done on the boat by the propelling force. (6) Find 

the dragging force which is acting on the boat due to the friction 

of the water. (c) Find the rate at which work is dissipated in over- 

coming the friction of the water. (d) Explain what is becoming 

of the difference between (a) and (c). Ans. (a) 150 foot-pounds 

per second. (6) 30 pounds. (c) 90 foot-pounds per second. 

(d) It is being stored as increasing kinetic energy of the boat. 

13. An electromotive force of 50 volts acts on a circuit of which 

the resistance is 10 ohms. At a certain instant during the time 

that the current is growing from zero to its full value, the current 

has an actual value of 3 amperes. At this instant: (a) Find the 
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rate at which the generator delivers work to the circuit. (0) 

Find the dragging force in volts which is opposing the flow of the 

current through the circuit due to the resistance of the circuit. 

(c) Find the rate at which work is dissipated in overcoming the 

resistance of the circuit. (d) Explain what is becoming of the 

difference between (a) and (c). Ans. (a) 150 watts. (b) 30 

volts. (c) 90 watts. (d) It is being stored as increasing kinetic 

energy of the circuit. 

14. The field winding of a dynamo has 50 ohms resistance 

and, approximately, 7.5 henrys of inductance. Assuming that the 

current grows in the coil in accordance with equation (4) of Art. 36 

calculate the time required for the current in the winding to 

reach 2 amperes, when the winding is connected to a generator of 

which the electromotive force is 110 volts. Ans. 0.359 second. 

15. A current has been left to die away in a circuit of 0.6 ohm 

resistance and 0.05 henry inductance. Find the rate of change 

of the current as it passes the values 100 amperes, 10 amperes, 

and one ampere. Ans. — 1,200 amperes per second, — 120 

amperes per second, — 12 amperes per second. 3 

16. Find the approximate inductance in henrys of a cylindrical 

coil 25 centimeters long, 5 centimeters mean diameter, wound 

with one layer of wire containing 150 turns. Ans. 0.000222 

henry. 

17. The choke coil of a lightning arrester consists of 50 turns 

of wire wound in one layer on a cylinder of which the diameter is 

15 centimeters and the length is 50 centimeters. (a) Calculate 

the approximate inductance of this coil. (6) Calculate the ap- 

proximate rate of increase of current in the coil at the instant 

that a lightning discharge jumps across two centimeters of air 

in preference to going through the coil. Ans. (a) 0.000111 

henry, (0) 360,000,000 amperes per second. 

Note.—The electromotive force required to strike across 2 centimeters of air 

is approximately 40,000 volts. 

18. The field coil of a dynamo has 5,000 turns of wire and, 

when a current of one ampere flows through the field winding, 
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1,500,000 lines of force are produced through the field core. 

Assuming that the flux is proportional to the exciting current, 

find the inductance of the field coil in henrys. Ans. 75 henrys. 

19. A battery having an electromotive force of 10 volts and a 

resistance of one ohm is connected to a coil of wire wound on an 

iron core. The coil has 1,000 turns of wire and its resistance is 

4 ohms. What is the current in the coil when the magnetic 

flux in the core is increasing at a rate of 500,000 lines per second? 

Ans. I ampere. 

20. A certain spool wound full of wire 0.1 centimeter in 

diameter has an inductance of 0.08 henry.- The same spool is 

wound full of wire 0.32 centimeter in diameter? What is its 

inductance? Ans. 0.000762 henry. 

21. A spool 5 times as large as the spool mentioned in problem 

20 but similar in shape, is wound with wire 6 millimeters in diam- 

eter. What is its inductance? Ans. 0.193 henry. 

22. A transmission line consists of two No. 1 B. & S. wires at 

a distance of 2 feet apart center to center. Find the inductance 

in henrys of ten miles of this line. Ans. 0.0329 henry. 



iad Seer All quantities in this chapter are expressed in ‘‘electromag- 

netic’’ c.g.s. units: magnetic field intensity in gausses, magnetic 

flux in lines (maxwells), current in abamperes, length in centi- 

meters, area in square centimeters, etc. 

CHAPTER IV. 

ELECTROMAGNETS. MAGNETISM OF IRON. 

45. Bunched windings and distributed windings.—The electro- 

magnet, such as is used for the field magnet of a dynamo, consists 

of a rod of iron surrounded by a winding of insulated copper 

wire, through which an electric current flows. The iron rod is 

called the core of the electromagnet, and the electric current 

which flows through the winding of wire is called the exciting 

current. The exciting current produces a magnetic field in the 

region occupied by the iron core, and the effect of this magnetizing 

field, as it is called, is to magnetize the core and cause a certain 

amount of magnetic flux to “flow”’ through it. The iron rod or 

core usually forms a complete or nearly complete circuit, called 

a magnetic circuit, through which the magnetic flux “flows.” 

Two distinct cases occur in the arrangement of the windings 

of wire upon the iron core as follows: 

(a) Uniformly distributed winding.—The winding of wire may 

be distributed uniformly along the entire length of the iron rod 

or core. In this case the magnetic field which the winding 

produces in the region occupied by the iron core has sensibly the 

same value at every point in the rod and is sensibly parallel to 

the rod at each point. The magnetizing action of such a field 

upon an iron rod depends simply upon the intensity of the field.- 

Electromagnets having uniformly distributed windings are seldom 

used in practice except in the magnetic testing of iron, for which 

purpose the iron to be tested is usually made into a test ring,* 

which is wound uniformly with wire. 

* This applies to the ballistic method of testing iron, which is due to Rowland. 

In Ewing’s method the test piece of iron is in the form of a long slim rod. 

75 
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(b) Bunched winding.—The winding of wire may be bunched 

at one or more places along the iron core. In this case the mag- 

netic field which the winding produces in the region occupied by 

the iron core varies greatly in intensity from point to point in the 

core, and the direction of this field is not parallel to the rod at 

each point. The magnetizing action of such a field upon an 

iron rod is discussed in the next article. 

Electromagnets usually have bunched windings. 

46. The magnetizing action of a bunched winding. Defini- 

tion of magnetomotive force.—The magnetizing action upon an 

iron rod of a non-uniform magnetic field, such as the magnetic 

field produced by a bunched winding, depends upon the average 

value (along the rod) of the component* of the magnetizing field 

parallel to the rod. The product of this average value and the 

length of the rod is called the magnetomotive force along the rod. 

That is: F ed 1A (1) 

in which ¥ is the magnetomotive force along a rod in c.g.s. 

units, 1 is the length of the rod in centimeters, and A is the 

average value, along the rod, of the component of the magnetizing 

field parallel to the rod. The rod may be straight or curved. 

A rod passing through a magnetic field determines a certain 

line or path through the field, and we speak of the magnetomotive 

force along this path, whether the rod is there or not. 

47. Proposition.— The magnetomotive force along a path in a 

magnetic field is equal to the work per unit pole done by the magnetic 

field upon a magnet pole while the pole is made to travel along the 

path; that is, the magnetomotive force along a path is equal to 

W/m, where W is the work done by the field upon a pole of 

strength m while the pole is made to travel along the path. 

That is: 

F = dh (1) 
m 

in which ¥ is the magnetomotive force along the path. 

* At each point. 
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Procf.—The product mA is the average value along the path 

of the component parallel to the path of the force f(= mc) 

with which the field acts on the pole, the meaning of A being 

explained in Art. 46. Therefore JmA is the work done on the 

pole by the field as the pole travels from one end of the path 

to the other. That is: 
W =ImA (2) 

Dividing both members of this equation by m, and remember- 

ing that 1A = ¥ according to equation (1), Art. 46, we have 

equation (1) of this article. 

The above proposition is usually taken as the definition of 

magnetomotive force along a path, and from this definition it 

may be shown that the magnetomo- 

tive force along a path is equal to 

what is called the line integral* of the 

magnetic field along the path, as fol- 

lows: Consider an element Al of a 

path pp’, Fig. 54. Let H# represent 
the intensity of the magnetic field at x 

this element and ¢« the angle between “sp! 

H and Al. Then the component of # Fig. 54. 
parallel to Al is H-cose. 

Let a magnet test pole of strength m be moved along Al. 

The force with which the magnetic field acts upon this pole is 

me#H, and the component of this force parallel to Al is me cose, 

so that mH cose X Al is the work AW done by the field on the 

pole as the pole moves along Al. That is: 

AW = m# cos e-Al 

from which, by integration, we have: 

~W 
m= F= { Hoos edt m 

* A very simple and complete discussion of line and surface integrals such as 

are used in electromagnetic theory is given in Chapter IX of Franklin, MacNutt 

and Charles’s Calculus, South Bethlehem, Pa, 1913. 
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48. Magnetomotive force of a coil.—The most important case 

of magnetization of an iron rod or core by a bunched winding 

is the case in which the core is in the form 

of an endless rod which passes through, or 

links with, the coil as shown in Fig. 55. 

The magnetomotive force along the rod in this 

case 1s entirely independent of the shape and 

length of the rod and of the shape and size of 

the coil. It depends only upon the num- 

ber of turns of wire in the coil and upon | 

the strength of the current in the wire. 

This definite magnetomotive force along 

an endless rod which links with a coil of 

wire in which an electric current is flowing, is called the mag- 

netomotive force of the coil. 

Fig. 55. 

Examples.—Fig. 56 shows a two-pole dynamo with two field 

coils ZZ. The field-magnet iron of this dynamo and the iron 

of the armature together constitute a 

nearly endless rod or core of iron which 

links with both field coils, and which 

constitutes what is called the magnetic 

circuit of the dynamo. 

Figure 57 is a sketch of a four-pole 

dynamo with four field coils ZZZZ. 

The iron of the field magnet and arma- Fig. 56. 

ture presents in this case four distinct 

magnetic circuits, as indicated by the dotted lines. Through 

each of these magnetic circuits, flux is forced by the combined 

magnetomotive forces of the two field coils through which the 

magnetic circuit passes, that is, with which it links. 

The total magnetomotive force acting on any magnetic circuit 

is equal to the sum of the magnetomotive forces of the coils 

with which the circuit links. 

49. Proposition.—The magnetomotive force of a coil is given 

by the equation: 
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F = 4nZi (1) 

in which Z is the number of turns of wire in the coil, and 7 

is the strength of the current in the wire in abamperes. When 

the current is expressed in amperes we have: 
yage 

=-- Z1 2 a (2) 

Fig. 57. 

Proof of equation (1) above.—Before proceeding to the deriva- 

tion of equation (1), it is necessary to find an expression for the 

total work W done in keeping the current 7 ina coil constant 

while the magnetic flux through the opening of the coil is in- 

creased by a specified amount ®; W being expressed in ergs, 

4 in abamperes, and ® in maxwells or lines. Now, while the 

es . . . db 

flux is increasing, a back electromotive force equal to Z 

abvolts is induced in the coil, and therefore (assuming the coil 

to have zero resistance for the sake of simplicity of statement) 

: d® , : 
an electromotive force e = Z a will have to act on the coil to 

keep the back electromotive force from decreasing the current. 

Consequently work will have to be done on the coil at the rate 
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dm, : : ; 
et, or Z a X14, to keep the current from increasing. That is: 

dw . d& 
Tie ade (3) 

But Z7 is a constant, because 7 is being kept from changing. 

Therefore by integrating (3) from W-=o0 and @=0 we get: 

W = Zi® (4) 

in which W is the work in ergs done to keep a current of 7 

abamperes constant in a coil (of zero resistance) while the mag- 

Fig. 58. 

netic flux through the opening of the coil increases by the amount 

of ® maxwells, and Z is the number of turns of wire in the coil. 

We shall now proceed to the proof of equation (1). Let ZZ, 

Fig. 58, represent a coil of Z turns of wire. Imagine NS to 

be a flexible magnet. Let the north pole of this flexible magnet 

sq N 

Fig. 59, 

be carried through the coil and around to its initial position along 

the dotted path. The flexible magnet will then link with the 
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coil of wire as shown in Fig. 59. Let F¥ be the magnetomo- 

tive force along the dotted path, and let m be the strength of 

the pole N which has been carried around the path. Then, 

according to Art. 47, Fm is the work done on the pole by the 

magnetic field of the coil. This work done on the moving pole 

by the magnetic field of the coil 1s the work which is spent in keep- 

ing the current constant im spite of the electromotive force induced 

in the coil by the moving pole. ‘This is evident when we consider 

that work done on the pole by the field must be made good, that 

is, energy must be supplied from somewhere; and when we con- 

sider that the energy stored in the system is the same in Figs. 58 

and 59. Therefore, the only possible source of the energy for 

doing work on the moving pole is the work that is done to keep 

the current in the coil constant. 

Now the two poles of the flexible magnet are in the same 

positions before and after the movement; therefore, of the total 

number of lines of force which radiate from these poles, the same 

number pass through the coil before and after the movement. 

On the other hand, the flux 42m (see Art. 26), which passes 

along the magnet from pole to pole, passes through the coil after 

the movement, so that the flux through the opening of the coil 

is increased by the amount 47m by the movement of the pole. 

Therefore, according to equation (4), Zi xX 42m is the work 

spent in keeping the current constant during the movement of 

the pole and, since this is equal to the work #m done upon the 

pole by the magnetic field of the coil, we have 

Fm = 4niZm 
or 

F = AnZi 

50. Units of magnetomotive force.—The product J (length 
of path in centimeters multiplied by intensity of magnetic field 
in gausses) gives the magnetomotive force along the path (when 
1 and & are parallel, of course) in c.g.s. units. The name gilbert. 
has been adopted by the American Institute of Electrical Engi- 
neers for the c.g.s. unit of magnetomotive force. 

7 
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The magnetomotive force along a path which links with one 

turn of wire carrying one ampere of current is called one ampere- 

turn. The magnetomotive force of any coil, in ampere-turns, 

is equal to the product of the current flowing in the coil in am- 

peres and the number of turns of wire in the coil. In magnetic 

calculations it is usually convenient to reduce ampere-turns of 

magnetomotive force to c.g.s. units (gilberts), which is done by 

multiplying ampere-turns by 47/10, according to equation (2) 

of Art. 49. 

The product, field intensity multiplied by length of path, 

gives magnetomotive force, so that the quotient obtained by 

dividing magnetomotive force by length of path is field intensity. 

When a magnetomotive force which is expressed in ampere-turns 

is divided by length of path, we have a magnetic field intensity 

expressed in ampere-turns-per-centimeter, or in ampere-turns-per- 

inch, as the case may be. 

51. Magnetizing force in iron.—When an iron rod is placed 

in a magnetic field and is magnetized thereby, the actual magnetic 

field along the rod depends not only upon the original cause of 

the field but also upon the newly created magnetic poles of the 

rod itself. Thus when an iron rod is placed in a coil of wire 

through which an electric current is flowing, the field along the 

rod is due to the combined action of the coil and the poles of the 

rod. 

The magnetizing force at a given point in an iron rod is defined 

as the net resultant field intensity # at the point due to the com- 

bined action of the external original cause and the newly created 

magnetic poles of the rod. The influence of the poles of a 

magnetized rod is always such as to reduce the intensity of the 

original field along the rod. 

When the iron rod is slim, its poles are weak, and if the rod is 

long, its poles are at considerable distances from the middle 

portions of the rod. In this case, therefore, the poles of the rod 

do not produce any appreciable weakening of the original field 

along the middle portions of the rod. When the iron rod is in 
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the form of a ring which is magnetized by a winding of wire 

distributed around the ring, then the rod has no poles and con- 

sequently no demagnetizing action on itself. In the case of a 

closed iron ring and in the case of a very long slim rod, the 

magnetic field produced by the winding of wire is the net actual 

field which magnetizes the rod. 

Example.—An iron rod 20 centimeters long is placed in a 

magnetic field, which, but for the presence of the rod, would be 

a uniform magnetic field of 60 units intensity, the rod being 

parallel to the direction of this field. Let us suppose that the 

rod becomes magnetized to such a degree that the strengths of 

the poles at the ends of the rod are + 2,700 units, and — 2,700 

units respectively. In this case a point near the middle of the 

rod is approximately 10 centimeters distant from each of the 

poles, and the actual field A# near the middle of the rod may 

be thought of as made up of three parts, namely, (a) the original 

field of 60 units intensity which is directed towards the N pole 

of the rod, (0) the field of 2700/10? units intensity due to the NV 

pole of the rod and directed towards the S pole, and (c) the field 

of 2,700/10? units intensity due to the S pole of the rod and 

directed towards the S pole.* Therefore the net result is a 

field of which the intensity near the middle of the rod is 60 minus 

27 minus 27 units, or 6 units. 

Coil 

“7, Pp 

S H< + >H! N 
Iron rod 

Coil 

Fig. 60. 

A clear idea of the significance of magnetizing force at a point 

in iron, as above defined, may be obtained as follows: Figure 60 

shows an iron rod inside of a long coil of wire. The magnetizing 

field at the point # is defined as the resultant field which would 

* See Art. 9. 
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be produced at’ by the combined action of the coil and of the 

poles N and S of the rod. The field which would be produced 

at p by the coil alone is represented by the arrow ’, the field 

which would be produced at p by the poles N and S alone 

is represented by the arrow #’’, and the net magnetizing field 

at p isthe resultant of #’ and HH”. 

Coil 

S n 8 N 

Sp Iron rod 

Coil 

Fig. 61. 

The fundamental definition of the intensity of a magnetic field 

at a point as the force in dynes which would act upon a unit test 

pole placed at the point, has no meaning unless it is possible to 

place the test pole at the point, that is to say, the point must 

bein air. But if a cavity is made around the point » as shown 

by the dotted circle in Fig. 61, the walls of this cavity will be 

Coil 

Fig. 62. 

magnet poles as indicated by the letters and s, and the field 

intensity in this cavity will not be that which is due merely to 

the combined action of the coil and poles N and S at the ends 

of the rod. If, however, the cavity around p is very long and 

narrow, as shown in Fig. 62, then the poles m and s at theends _ 

of this cavity are weak and far away from #, so that these poles 

n and s donot produce at p any perceptible field, and therefore 

the field intensity in the narrow longitudinal cavity shown in 

Fig. 62 is the resultant of #”’ and H” of Fig. 60. That is, the 
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field intensity in a narrow longitudinal* cavity is the actual 

value of the magnetizing field in the iron. 

In the magnetic testing of iron, the iron sample is always a 

very long slim rod or a closed ring so that the sample when 

magnetized does not have any demagnetizing action upon itself. 

That is to say, the magnetic field due to the magnetizing coil is 

the net magnetizing field. 

Also, in transformers, the magnetic circuit is nearly all of iron 

(without any free magnet poles), and therefore the magnetizing 

action of the windings is not to any perceptible extent compli- 

cated by demagnetizing action of the iron core upon itself. 

The above discussion (see Figs. 60, 61 and 62) is intended only 

to lead to a clear understanding of the term net magnetizing field; 

no attempt is made in this text to take account of demagnetizing 

action in numerical calculations.+ 

52. Intensity of magnetization.—Let m be the strength of 

each of the magnetic poles at the ends of a magnetized iron rod 

of which the sectional area is s square centimeters. The pole- 

strength-per-unit-sectional-area, namely m/s, is called the 

intensity of magnetization, J, of the rod. That is 

J= (1) 

53- Magnetic flux through a magnetized rod.—Consider a 

very long slim iron rod, s square centimeters in sectional area, 

placed in and parallel to a magnetic field, which, but for the pres- 

ence of the rod, would be a uniform magnetic field of intensity 

#H, Then the actual intensity of the magnetizing force along 

the middle portions of the rod is &#, as explained in Art. 51. 

The magnetic field in the neighborhood of each end of the rod 

is a composite field which is the resultant of two distinct parts, 

a@ and 6; and the magnetic flux which comes up to one end of 

* Parallel to the direction of magnetization of the iron. 

7 Except in a very simple way in allowing for the effect of the air gaps in the 

magnetic circuit of adynamo. See Art. 57. 
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the rod, flows through the rod, and passes out from the other end 

of the rod, consists of two distinct parts which correspond to the 

respective parts, a@ and 3b, of the field near the ends of the rod. 

(a) The part a@ of the field is the original uniform field &. 

The lines of force of this field are shown by the parallel straight 

lines in Fig. 63. The amount of magnetic flux which comes in 

to one end of the rod and passes out from the other end of the 

rod because of this uniform field Hf, is Hs lines. 
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Fig. 63. 

(b) The part 06 of the field is the magnetic field due to the 

pole m of the rod. The lines of force of this field are shown by 

the radiating straight lines in Fig. 63. The amount of magnetic 

flux which comes in to one end of the rod and passes out from 

the other end of the rod, because of this field, is 4mm lines, as 

explained in Art. 26. 

The total magnetic flux ® coming in to one end of the rod and 

passing out from the other end is equal to the sum of the two 

parts, @ and 0, so that we have: 

& = 4rm+ Hs (1) 

and this flux passes through the rod. If # is zero we have 

hb = 4rm. 

Now m=ds from equation (1) of Art. 52, and therefore 

equation (1) may be written: 
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& = 4rIs + Hs (2) 
The part 47m or 47s of the flux through an iron rod is 

due to the magnetized condition of the rod, and the part As 

is due to the magnetizing force directly. This part, Hs, is the 

amount of flux which would pass through the region occupied 

by the rod if the rod were removed. 

54. Flux density in iron.*—The magnetic flux per unit sec- 

tional area of an iron rod, namely ©/s, is called the flux density 

in the rod, and it is represented by the letter #. That is: 

B=" | (1) 
Substituting @s for & in equation (2) of Art. 53, we have: 

B=4rdI+ H (2) 

The flux density in an iron rod is equal to the intensity of the 

magnetic field in a thin crevasse cut across the rod. This is 

evident when we consider in the first place that flux density in 

air is identically the same thing as field intensity according to 

Art. 25, and in the second place, that a very thin crevasse does 

not sensibly disarrange the flux through a rod, so that the flux 

density in the crevasse is the same as in the rod. If the crevasse 

is not very narrow, a portion of the flux passes out of the rod, 

around the crevasse, and back into the rod again. In this case 

the flux density, or field intensity in the crevasse, is less than the 

flux density in the part of the rod which is remote from the 

crevasse. 

55. Residual magnetism. Permanent magnets.—An iron rod 

retains a portion of its magnetism when it is removed from the 

magnetic field in which it has been magnetized, or, in case of an 

electromagnet, when the magnetizing current is reduced to zero. 

The magnetism thus left in a bar of iron (in the core of an electro- 

magnet) is called residual magnetism. The poles of a short 

thick bar produce a strong demagnetizing field along the bar, and 

* Frequently called magnetic induction or simply induction. 
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therefore a short thick bar does not retain as much residual 

magnetism as a long slim bar, or as a bar which forms a closed 

or nearly closed magnetic circuit. 

A long slim bar or a closed ring of soft annealed wrought iron 

or mild steel may retain as much as go per cent of its initial 

magnetism. But a very weak demagnetizing field or a slight 

mechanical shock is sufficient to cause the soft iron or steel to 

lose nearly all of its residual magnetism; cast iron and hard- 

drawn iron wire retain a smaller portion of their magnetism, 

but with greater persistence; and hardened steel retains a por- 

tion of its magnetism very persistently, even when roughly 

handled. Magnetized bars of hardened steel are called permanent 

magnets. 

The more persistently a sample of iron or steel retains its 

residual magnetism, the greater the intensity of the magnetizing 

force required to magnetize it. Thus hardened bars of steel are 

magnetized by placing them between the poles of a strong electro- 

magnet or by placing them in a coil of wire through which a strong 

electric current is caused to flow. 

56. Magnetization curves.—When an iron rod is acted upon 

by a given magnetizing force, the intensity of magnetization of 

the rod (and also the flux density in the rod) may have any value 

whatever (between certain limits), on account of the tendency of 

the iron to retain its previous magnetic state. Thus the intensity 

of magnetization of an iron rod is much greater for a given value 

of #, if the given value of # is reached by a decrease from a 

higher value, than if the given value of # is reached by an 

increase from a lower value. 

If, however, an iron rod is subjected to mechanical shocks, 

or if the magnetizing field pulsates slightly before it settles to a 

steady value, then the rod tends to settle to a state which depends 

only on the value of #, that is, to a state which is independent 

of the previous magnetic condition of the rod. Under these 

conditions, therefore, definite values of @ and 29 are produced 
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by a given value of &#. These values are called the normal 

values of #H and J corresponding to the given value of AH. For 

example, a dynamo having a given exciting current in its field 

coils tends to settle to a state in which the magnetization of its 

field magnet is the normal value corresponding to the given 

value of its field current, because of the mechanical vibrations 

of the machine and because of slight variations of magnetizing 

action due to slight changes of field current and of armature 

current. 

The normal # and &# curve.*—The curve of which the 
abscissas represent values of magnetizing force # and of which 

the ordinates represent the corresponding normal values of J 

for a given sample of iron or steel is called the normal ¢ and 

# curve of the sample of iron or steel. Figure 64 shows the 

normal Y and eH curves for annealed wrought iron and for 

ordinary cast iron. 
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Fig. 64. 

J and H curves for wrought iron and cast iron. 

* Methods for determining these curves experimentally are explained in labora- 

tory manuals. See especially Franklin, Crawford and MacNutt’s Practical 

Physics, Vol. II, pages 113-124, The Macmillan Co., New York, 1908. 
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The intensity of magnetization J approaches a definite lim- 

iting value for a given kind of iron when & is increased in- 

definitely. This limiting or saturation value of 9 is about 

1,730 units pole per square centimeter for annealed wrought iron, 

and about 1,250 units pole per square centimeter for ordinary 

cast iron. 

The value of J for a good permanent magnet made of a 

straight bar of hardened tungsten steel, the length of the bar 

being about I5 times its diameter, is about 700 or 800 units pole 

per square centimeter. 
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& and HA curves for wrought iron and cast iron. 

The normal & and &# curve. The curve of which the 

abscissas represent values of magnetizing force # and of which 

the ordinates represent the corresponding normal values of & 

for a given kind of iron or steel is called the normal B&B and H 

curve of the iron or steel. Figure 65 shows the normal # and 
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# curves for annealed wrought iron and for ordinary cast iron. 

The value of & increases indefinitely in a given sample of iron 

when e# is increased indefinitely. 

The sharp bend in the @ and # curve is called the ‘‘knee” 

of the curve. The iron is approximately saturated when # has 

been increased beyond the knee of the curve, and any further 

increase of e# produces only slight increase of &. Thus a 

magnetizing force of Io units produces a flux density of 12,400 

lines per square centimeter in a certain sample of annealed 

wrought iron, and a magnetizing force of double this intensity 

produces only 14,330 lines per square centimeter; that is, doub- 

ling the value of &# (from 10 to 20 units) produces only about 15 

per cent increase of #&. Wrought iron has been subjected to a 

magnetizing field of about 20,000 units by Ewing who found the 

corresponding value of & to be about 40,000 lines per square 

centimeter, and the corresponding value of 9 to be 1,730 units 

pole per square centimeter. 

The accompanying table gives the corresponding values of & 

and # for wrought iron, for cast iron and for soft cast steel. 

TABLE. 

Magnetic Properties of Iron and Steel. 

Wrought Iron (Hopkinson). (M. A tee * Soft Cast Steel. 

H B Bb H B B H B be 

10 12,400 1,240 Io 5,000 500 10 9,700 970 
20 14,330 716 20 6,600 330 20 13,380 669 

30 15,100 503 30 ~ 7,290 246 30 14,500 483 
40 15,550 389 40 7,850 195 40 15,250 | 381 
50 15,950 319 50 9,360 169 50 15,840 317 
60 16,280 271 60 8,800 146 60 16,300 272 
70 16,500 235 70 9,200 131 70 16,750 239 

57- Magnetic permeability——A long coil of wire produces a 

| magnetic field of intensity # in its (air-filled) interior, and this 

field intensity is of course equal to the magnetic flux per unit 

* Thompson, Knight, and Bacon, Transactions American Institute of Electrical 

Engineers, Vol. IX, 1892. 
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sectional area (the flux density) in the air-filled interior of the 

coil. If the region inside of the coil is filled with iron, the flux 

density is many times as greatas oH, as is evident from an inspec- 

tion of the ® and H curves of Fig. 65. From this fact there 

arises the idea of the multiplying effect of an iron core, in so far 

as the production of magnetic flux is concerned. In conformity 

with this idea we may write: 

B= pot (1) 

This quantity, py, is called the permeability of the iron. It is 

of course not a constant for a given kind of iron (if it were con- 

stant the @ and # curve would bea straight line), but its value 

varies with the flux density &, as is clearly shown in the tabu- 

lated values of AH, B&B, and mH in Art. 56. 
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Fig. 66. 

p and & curves for wrought iron and cast iron. 

The ordinates of the curves in Fig. 66 show the values of the 

permeability jy of wrought iron and of cast iron for various 

values of the flux density &. 

The permeability of air and of all non-magnetic materials 

such as copper, cotton, wood, etc., is unity. 
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58. Magnetic circuit calculations.—When an iron rod of uni- 

form size and quality forms a closed magnetic circuit and is 

subjected to a uniform magnetizing force # along its entire 

length, the value of the flux density @ in the rod may be found 

from the @ and # curve, and the total flux through the rod 

may be found by multiplying this flux density by the sectional 

area of the rod. Or, the uniform value of # required to give 

a specified total flux through the rod may be taken from the @ 

and &# curve, after the value of # has been found, by dividing 

the specified flux by the sectional area of the rod. 

When, however, the iron rod varies in size from point to point, 

or when different parts of the rod are of different kinds of iron, or 

when there is an air gap in the magnetic circuit, then some kind 

of an averaging process must be used to calculate the magneto- 

motive force required to produce a specified flux through the 

rod, or, conversely, to calculate the flux produced by a specified 

magnetomotive force. 

This calculation is carried out’as follows: 

(a) To find the magnetomotive force required to produce a 

specified flux.—Divide the prescribed flux by the sectional area 

in square centimeters of each part of the circuit, wrought iron, 

cast iron, or air, as the case may be. ‘This gives the flux density 

&® in each part of the magnetic circuit.* Knowing & for each 

part of the circuit, take from the ® and &# tables or curves 

for the different kinds of iron, the value of # required to produce 

the known value of # in each part of the circuit, and multiply 

the value of &# for each part of the circuit by the length in centi- 

meters of that part. This gives the magnetomotive force re- 

quired for each part; and the sum of these magnetomotive forces 

is the total magnetomotive force required. This total magneto- 

motive force may then be reduced to ampere-turns by multiplying 

it by 10/47. | 
* It is here assumed that the whole of the magnetic flux passes through each 

portion of the iron circuit. This is not always the case, for a portion of the mag- 

netic flux may stray through the air. This portion is called the leakage flux. 

Magnetic leakage is discussed in treatises on dynamo design. 



94 ADVANCED ELECTRICITY AND MAGNETISM. 

In this kind of a calculation it is to be remembered that flux 

density in air is #, so that the flux density in the air gap is to 

be multiplied by the length in centimeters across the gap to 

give the magnetomotive force required for the gap. 

(b) To find the flux produced by a specified magnetomotive 

force.—In the case of a rod of uniform size and quality this 

problem (0) is simply the reverse of problem (a). When, how- 

ever, the parts of a magnetic circuit are of different sizes or of 

different materials, the flux produced by a specified magneto- 

motive force is best determined as follows: Calculate, as ex- 

plained under (a), the magnetomotive force required to produce 

a series of arbitrarily assumed values of flux. Arrange these 

results in tabular form, plot them as a curve, and from this plot 

find the flux corresponding to the prescribed magnetomotive 

force. 

59. Analogy between the magnetic circuit and the electric 

circuit. Definition of magnetic reluctance.—The statements 

given in Art. 58 (a) and (b) are complete statements of the funda- 

mental principles and methods of calculation of the magnetic 

circuit. A slight modification of the fundamental methods out- 

lined in Art. 58 is, however, extensively used. This modified 

method is based upon an analogy between the magnetic circuit 

and the electric circuit, but it contains no physical or mathe- 

matical principles in addition to those involved in the funda- 

mental method outlined in Art. 58,.and its only advantage is 

that the fundamental equation is rearranged so as to correspond 

exactly in form to the familiar equation for Ohm’s law. 

The fundamental equation 

B= pot (1) 

as applied to an iron rod which forms a magnetic circuit may be 

transformed as follows: The magnetic flux & through the rod 

is equal to #&s, whence equation (1) may be written: 

= pH (2) 
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Now the magnetomotive force F¥ along the rod is equal to Al 
F 

where / is the length of the rod. Substituting, therefore, T 

for H# in equation (2) we have: 

usF 
ea ie ‘ (3) 

This equation may be rewritten thus: 

_€F 
2 >> (4) 

; ; : ; 1 1 
in which & is written for mee That is, 

rl 
R=--- ae (5) 

The quantity & is called the reluctance of the magnetic circuit, 
and the reciprocal of the permeability of the iron, I/y, is called 

its specific reluctance or reluctivity. 

A portion of a magnetic circuit one centimeter in length 

(J = 1), and one square centimeter in sectional area (s = 1), 

made of a material having a permeability of unity (u = 1, which 

is the value of wu for air), has unit reluctance. The name 

oersted has been adopted for this unit of reluctance by the 

American Institute of Electrical Engineers. 

Equation (4) is exactly similar in form to the equation express- 

ing Ohm’s law, namely, J = E/R; and equation (5) is similar in 

form to the equation for calculating the resistance of a wire, 

having given its length and section and the specific resistance or 

resistivity of its material. This analogy between the magnetic 

circuit and the electric circuit is, however, physically incomplete. 

To find the magnetomotive force required to produce a specified 

magnetic flux, using equations (4) and (5), proceed as follows: 

Divide the total flux by the sectional area of each portion of the 

magnetic circuit thus finding the flux density for each portion. 

Knowing the flux density & for each portion of the circuit, 
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take the corresponding values of yw from the table in Art. 56. 

Knowing the value of yw, the length /, and the sectional area s 

of each portion of the circuit, calculate the magnetic reluctance 

& of each portion. Add these separate reluctances together 

to get the total reluctance of the entire circuit, and multiply the 

total flux ® by this total reluctance to get the required magneto- 

motive force &, according to equation (4). 

60. Work required to magnetize iron.—When an iron rod is 

magnetized by sending an electric current through a coil of wire 

surrounding the rod, an opposing electromotive force is induced 

in the coil by the growing magnetism of the rod, and the work 

done in forcing the current against this opposing electromotive 

force 1s the work expended in magnetizing the rod. 

The work W, in ergs, which is done in magnetizing V cubic 

centimeters of iron from a given initial flux density &’ toa 

given final flux density #’’, is given by the equation: 

= — H-dB (1) 
T RB 

Proof.—In order to avoid the complications which arise on 

account of the perceptible demagnetizing action of the poles 

of a short iron rod, let us consider a very long slim rod / centi- 

meters in length and s square centimeters in sectional area. 

Suppose this rod to be placed in a long coil having z turns of 

wire per centimeter of length or Jz total turns. When the coil 

of wire is first connected to the battery or other source of current, 

the current in the coil (beginning at zero) rises in value during 

the time that the rod is being magnetized, and during this time 

the magnetic flux through the rod is growing in value. Let 

d&/dt be the rate at which the flux is increasing at a given instant, 

and let i be the vaiue of the current at this instant. Then 

Iz X d®/dt is the induced electromotive force in the coil which 

at the given instant is opposing the current 7, so that lz X d®/dt 

<7 isthe rate, dW/dt, at which work is being done at the given 

instant in magnetizing the rod. That is: 
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dW _};.9 
di tact Tae 

so that: | 
dW = Izi-d® (2) 

in which dW is the amount of work done during the time that 

the flux has increased by the amount d® and while the current 

has the mean value 1. 

Now ®= &s or db =s-d& from equation (1) of Art. 54, 

and zt = H/4z from equation (1) of Art. 17, so that the equation 

(2), above, becomes: 

dW = IS 5.48 
47 

or, since ls = V, we have: 

dW = Y 3.48 
4a 

or 
Bl’ ~¥ (as 

Tv B 

In magnetizing a short iron rod, more work is done than is 

accounted for by equation (1) above. The additional work 

goes to establish the magnetic field in the neighborhood of the 

magnetic poles of the rod. Equation (1), above, expresses the 

work which is spent within the iron. 

61. Graphical representation of work done in magnetizing 

iron.—Let the curve opp’, Fig. 67, be drawh so that the co- 

ordinates represent corresponding values of # and # fora given 

sample of iron. The branch op represents the values of @& 

and # when the iron is being magnetized for the first time, and 

the branch pp’ represents the values of & and # when, after 

the iron has been magnetized up to the point , the value 

of # is slowly reduced to zero. The curve of B and H for 

decreasing values of H does not coincide with the curve for increasing 

values of #. Now, as explained later, the total area opa repre- 

sents the work done upon the tron in magnetizing it up to the point 

p, and the area pp’a represents the work which is regained from 

8 
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the iron when the magnetizing field drops slowly to zero. The 

work regained is less than the work required to magnetize the iron. 

The work which is lost is repre- 

B sented by the shaded area in Fig. 

ad haar tee Nama P 67. 

te That area in Fig. 67 represents 

; work may be shown as follows: Ab- 

P / scissas represent values of H to 

scale, so that we may write: 

H = ax (1) 

Ordinates represent values of B to 

St scale, so that we may write: 

B = by (2) 
or 

Fig. 67. dB = b-dy 

Substituting these values of # and d& in equation (1) of 

Art. 60 we have 

We ce ee (3) 

in which a is the number of units of # represented by one unit 

of abscissa, and 6 is the number of units of & represented by 

one unit of ordinate in Fig.67. Now f x-dy is the area between 

any portion of the ® and # curve and the y-axis. Therefore, 

abV/4r is the nutber of ergs of work represented by each unit 

of area between the ® and AH curve and the y-axis. 

62. Magnetic hysteresis. The magnetic cycle.—The diver- 

gence of the @ and # curve for increasing values of # from 

the & and # curve for decreasing values of # is called magnetic 

hysteresis; or, rather, the tendency of iron to retain a previous 

magnetic state which is the cause of this divergence is called 

magnetic hysteresis. One effect of magnetic hysteresis is that 

the work regained when iron is demagnetized is less than the 

work which must be spent to magnetize the iron, as pointed out 

in Art. 61. | 
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The magnetization of a given portion of the iron core of a 

transformer is reversed with each reversal of the alternating 

current which flows through the primary coil, the iron is thus 

repeatedly carried from a certain degree of magnetization in one 

direction (a certain positive value of &) to the same degree of 

magnetization in the opposite direction (the same negative value 

of &) and back to the original degree of magnetization. Such 

a magnetic double-reversal is called a magnetic cycle. At the 

end of a cycle the iron comes to precisely the same condition that 

it had at the beginning of the cycle. The importance of the 

magnetic cycle in the determination of the amount of heat 

produced by magnetization will be appreciated from the following 

two statements: 

(a) When a mass of iron is magnetized along the @ and #H 

curve op of Fig. 67 and then partially demagnetized along the 

curve pp’, a portion of the work | 

done upon the iron during the B ? 

first stage op is regained dur- 

ing the stage pp’, a portion is 

lost as heat, and a portion re- 

mains in the iron as energy of 

magnetization; and no experi- 

mental method has been devised | s i SH 

for determining the second and ] 5 lo 

third portions of work separ- | 

ately. 

(b) When, however, a mass of 

iron is carried through a mag- 

netic cycle, the algebraic sum 2 

of the work spent upon the iron. p 

during the cycle is lost as heat, 

inasmuch as the magnetic energy Fig. 68. 

in the iron is exactly the same 

at the beginning and at the end of the cycle. 

Figure 68 shows the relation between @ and &# during a 
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complete magnetic cycle. The total work spent on the iron is 

given by the value of the integral 

abV 
= x-dy | (1) 

extended over the whole cycle; but the value of iF x-dy extended 

over the whole cycle is the area enclosed by the & and # curve. 

Therefore, the total energy, in ergs, lost in V cubic centimeters 

of iron per magnetic cycle, is equal to abV/4m X area enclosed 

by the & and # curve. This energy loss is called the hysteresis 

loss, and it is all converted into heat. The meanings of a and } 

are explained in Art. 61. 

The hysteresis loss per cycle increases with the range of flux 

density, and it may be expressed with sufficient accuracy for 

most practical purposes by the empirical equation: 

W = 4V8 (2) 

which is due to Steinmetz. In this equation W is the loss of 

energy in ergs per cycle, V is the volume of the iron in cubic 

centimeters, + & is the range of flux density during the cycle, 
and 7 isa coefficient which is nearly constant for a given kind 

of ironorsteel. The following table gives the approximate values 

of » for different kinds of iron and steel. 

TABLE. 

Values of hysteretic coefficient 7. 

Best quality of sheet iron for transformer cores, annealed........ 0.0015 

Sheet iron for armature cores, annealed. .........cccceeccacces 0.003 

Ordinary sheet iron, annéaled so... oi cic can sel e¥ ba Oe waieues 0.004 

Soft: annealed cast iron. 62 6..'s i )s:e.s.5 sw bie ls ap ole ale bee pee 0.008 

Soft. machirre et@el.:. oo. otc-osc ss nw anda be Seikak aiee ad te eee 0.0095 

Cast stee) fic iid is cog ialvina deve babe boats saltiness ae 0.12 

Hardened ateed o's .c.0-c.0 hee ctndav cs cas 00 us sip an asia ease anne 0.25 

PROBLEMS. 

1. The intensity of the magnetic field in the air gap between 

the pole face and the armature core of a dynamo is 3,500 gausses 

and the field is at right angles to pole face and armature surface. 
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The distance across the air gap is 3/8 inch. Find the magneto- 

motive force across the air gap in gilberts and in ampere-turns. 

Ans. 3,333.5 gilberts or 2,650 ampere-turns. 

2. Find the magnetomotive force in gilberts and in ampere- 

turns along a vertical line 10 meters long at a place where the 

intensity of the earth’s magnetic field is 0.56 gauss and its dip 

is 72°. Ans. 533 gilberts or 424 ampere-turns. 

3. A slim rod 25 centimeters long is made into a link whith 

passes through a coil of 50 turns of wire in which a current of 

15 amperes is flowing. Find the average value along the rod 

of the component parallel to the rod of the magnetic field due 

to the coil. Express the result in gausses. Ans. 37.7 gausses. 

4. An iron ring is wound with 1,000 turns of wire, and the wire 

has a current of 2 amperes flowing in it. The ring has an air 

gap in it and the distance across the gap space is 0.75 centimeter. 

Find the magnetic field intensity in the gap space assuming that 

the magnetomotive force of the winding is all concentrated on 

the gap space. Ans. 3,350 gausses. 

5. An iron rod 2 centimeters square and 20 centimeters long 

is magnetized to an intensity of 1,000 units pole per square 

centimeter section when it is placed in a region which, but for 

the action of the poles of the rod, would be a uniform field parallel 

to the rod and of an intensity of 102 gausses. Assuming the 

poles of the rod to be concentrated at its ends, calculate the net 

magnetizing field at the center of the rod. Ans. 22 gausses. 

6. Find the total magnetic flux through the middle part of the 

rod specified in problem 5. Ans. 50,353.6 maxwells or lines. 

Note.—One part of the fluxis 47 m and the other partis Hs, where # is the 

het magnetizing field at the middle of the rod and s is the sectional area of the 

rod. 

7. A bar magnet of hard steel is 2 centimeters square and 20 

centimeters long, and the strength of each pole of the magnet is 

2,000 units. The magnet is placed in a region which, but for 

the presence of the magnet, would not be a magnetic field. 
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Find the total magnetic flux through the middle part of the 

magnet. Ans. 24,972.8 maxwells. 

Note.—In this case the net magnetizing force, H, at the middle of the bar is a 

demagnetizing force, and the flux due to # is subtracted from 4mm. 

8. A transformer has a sheet iron core of which the uniform 

sectional area is 120 square centimeters. The mean length of 

the magnetic circuit formed by the core is 100 centimeters. How 

much current must be passed through a winding of 500 turns of 

wire to produce a magnetic flux of 1,767,000 lines through the 

core? Ans. 3.88 amperes. 

9. How much flux will be produced through the wrought iron 

core, specified in problem 8, by a current of 8.2 amperes through 

the 500 turns of wire? Ans. 1,920,000 lines. 

10. The magnetic circuit of a dynamo consists of wrought 

iron (in armature core and in field cores), cast iron (in field yoke 

and pole pieces), and air gap. The wrought iron portion is 50 

centimeters long and 120 square centimeters in sectional area, 

the cast iron portion is 40 centimeters long and 220 square centi- 

meters in sectional area, and the air portion is 2.5 centimeters 

long and 300 square centimeters in sectional area. How many 

ampere-turns are required to force 1,600,000 lines of flux through 

this circuit, ignoring magnetic leakage? Ans. 12,100 ampere- 

turns. 

Note.—On account of magnetic leakage the magnetic flux through field yoke, 

field cores and pole pieces is larger, sometimes very much larger, than the flux which 

flows across the air gaps and through the armature core. Therefore a slightly 

greater magnetomotive force is required to overcome the magnetic reluctance of 

field yoke, field cores and pole pieces than would be required if the magnetic leakage 

were zero. 

11. How much magnetic flux would be forced through the 

magnetic circuit specified in problem 10 by a magnetomotive 

force of 13,500 ampere-turns? Ans. 1,723,000 lines. 

Note.—This problem is to be solved by calculating a series of values of ampere- 

turns for various assigned values of flux. These results are to be plotted. The 

flux corresponding to 13,500 ampere-turns may then be taken from this curve. 
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12. (a) Find the work in ergs spent in magnetizing a wrought 

iron bar 3 inches square and 20 inches long from a neutral condi- 

tion to & = 16,000 lines per square centimeter, using the 

tabular values of @ and &# givenin Art.56. (6) Find the work 

in ergs required to magnetize a cast-iron rod of the same size from 

a neutral condition to & = 9,000 lines per square centimeter. 

Ans. (a) 32.6 X 10° ergs. (0) 33.9 X 10° ergs. 

Note.—Plot the & and &# curves from the tabular values given in Art. 56. 

Divide the areas between the curves and the & axis into a number of narrow 

strips, and calculate the area of each strip. Add these areas to get the total area. 

13. A transformer core contains 96 cubic inches of the best 

quality of transformer iron. The core is carried through 133 

magnetic cycles per second between the limits & = + 3,500 

gausses, by means of an alternating current. Find the hysteresis 

loss in the core in watts. Ans. 14.7 watts. 



CHAPTER V. 

SHIP'S MAGNETISM AND THE COMPENSATION OF THE COMPASS* 

63. The ship’s compass.—The style of ship’s compass which 

is now almost universally used is that which is due to Lord 

Kelvin. The card of this compass is shown in Fig. 69. The 

, 

—_o 
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Fig. 69. 

points of the compass and the circle divisions are printed on 

a paper ring to which is attached a light rim of aluminum which 

keeps it in shape. Radial threads connect the paper ring to 

a central disk which contains a sapphire cap by which the com- 

pass is supported on an iridium point. Eight small magnets of 

glass-hard steel are tied to the radial threads four on either side 

* A good discussion of this subject is given in Gray’s Treatise on Magnetism and 

Electricity, Vol. 1, pages 85—1roo, Macmillan and Company, 1898. For full details, 

the reader is referred to Lord Kelvin’s Instructions for Adjusting the Compass, to 

be obtained from James White, of Glasgow. The practice in the United States 

Navy concerning the matter of compass errors and compass adjustments is given in 

several small pamphlets which are published by the United States Navy Depart- 

ment, and in a book entitled A Treatise on Navigation, by Commander W. C. P. 

Muir, U. S. Navy, Annapolis, 1906. The practice in the British Navy is given 

in the Admiralty Manual of Deviations of the Compass. 

104 
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of the jewel cap, as shown in the figure. The entire weight of 

the card, including the magnetic needles, is about 170 grains, 

and this extreme lightness combined with the relatively large 

moment of inertia due to the distribution of the mass, insures a 

long period of free vibration and therefore great steadiness. The 

lightness of the card also gives a very small frictional resistance 

at the supporting point. The compass card with its attached 

needles is supported in a copper bowl which is supported on 

gimbals, so that the compass remains horizontal in spite of the 

rolling motion of the ship. The complete instrument is sup- 

ported on a column which contains or supports the compensating 

devices which are explained later, and the entire arrangement 

is called the binnacle. 

When a ship contains no iron or steel the compass points in the 

direction of the magnetic meridian.* When, however, the ship 

is made of iron or steel, or, when it carries a cargo of iron or steel, 

the compass is usually deflected by the magnetism of the ship 

orofitscargo. Inorder that a compass may be used for purposes 

of navigation under such conditions, the errors of the compass 

may be determined by a careful set of observations, or the in- 

fluence of the ship’s magnetism may be compensated so as to 

reduce the compass errors approximately to zero. The latter 

method is the one which is usually employed, and in some cases 

_ the residual errors which remain on account of incomplete 

compensation are determined by a careful set of observations 

and allowed for in the use of the compass. 

64. Ship’s magnetism.—A ball of iron which is. devoid of 

permanent magnetism is weakly magnetized by the earth’s 

field. This magnetism is not in a fixed direction in the ball, but 

is always in the direction of the earth’s field however the ball 

may be held or turned. It is called the temporary magnetism of 

the ball, and it is proportional to the intensity of the earth’s 

field. If the ball is elongated like an ellipsoid its temporary 

* Magnetic north. 
+ 
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magnetism is not in general parallel to the earth’s field, and in 

the case of a long slim iron rod its temporary magnetism is 

always in the direction of its length and proportional to the 

component of the earth’s field which is. parallel to it, inasmuch 

as that component of the earth’s field which is at right angles to 

a very slim rod produces no perceptible magnetism. 

When a ball or rod of iron has a certain amount of permanent 

magnetism, the effect of the earth’s magnetic field upon it is to 

produce an additional temporary magnetism, that is to say, 

the magnetism of the ball or rod is the sum of two distinct parts, 

a permanent magnetism and a temporary magnetism. Of course 

the permanent magnetism of a rod may be changed by severe 

mechanical shocks; the word permanent here refers to that part 

of the magnetism which does not change as the ball or rod is 

slowly moved around in the earth’s field. 

Similarly, an iron ship has a certain amount of permanent 

magnetism which does not change as the ship moves around in 

the earth’s magnetic field, and a certain amount of temporary 

magnetism which is due to the magnetizing action of the earth’s 

magnetic field. 

65. Compass error due to permanent magnetism of a ship.— 

The permanent magnetism of a ship produces at the compass 

box a magnetic field which is constant in value 

and fixed in direction with reference to the ship. 

The horizontal component of this field com- 

bines with the horizontal component of the 

earth’s field to give a resultant field, and the 

compass needle points in the direction of this 

resultant. Thus, H’ in Fig. 70 represents the 

horizontal component of the earth’s field, P 

represents the horizontal part of the magnetic 

Fig. 70. field at the compass which is due to the perma- 

nent magnetism of the ship, R represents the re- 

sultant horizontal field at the compass, and @ represents the 

compass error due to the ship’s permanent magnetism. The 
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field P turns around with the ship, and therefore the compass 

error 6 has a series of positive values (to the east) throughout a 

half revolution of the ship, and a series of negative values (to 

the west) throughout a half revolution of the ship. Therefore 

the compass error due to the ship’s permanent magnetism is 

called the semicircular error.* 

66. The semi-circular correctors.—The ideal compensation 

for the compass errors due to a ship’s permanent magnetism 

would be to place a permanent steel magnet in such a position 

that it would produce, at the compass box, a magnetic field 

equal and opposite to the field produced at the compass box 

by the ship’s permanent magnetism. As long as the ship remains 

on an even keel, however, it is only the horizontal part P, Fig. 

70, of the field which is produced at the compass box by the 

permanent magnetism of the ship, which causes the deflection 

of the compass. Therefore it is sufficient to neutralize this 

horizontal field P if the ship remains on an even keel. For this 

purpose, one or more horizontal magnets are placed in a tray in 

the pedestal of the binnacle and adjusted until they produce a 

field at the compass box which is equal and opposite to P. 

Usually, two such trays are employed, in one of which magnets 

are placed parallel to the line of the keel of the ship so as to annul - 

the bow component of P, and in the other of which magnets 

are placed at right angles to the line of the keel so as to annul 

the athwartship component of P. These two trays with their 

permanent magnets are called the semicircular correctors. 

67. Compass errors due to temporary magnetism of a ship.— 

An idea of the character of the compass errors which are due. 

to the temporary magnetism of a ship may be obtained by 

imagining the ship to be a long slim bar AB, Fig. 71, with a 

compass box at the point C. The earth’s horizontal field H’ 

may be resolved into two components, one parallel to AB and 

* The permanent magnetism of the ship contributes also to the heeling error 

which is discussed in Art. 71; and the so-called semicircular error is due partly to 

the temporary magnetism of the ship as explained in Art. 70. 
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the other at right angles to AB. The component which is at 
right angles to AB has no perceptible magnetizing action on 

AB, the component which is parallel to AB causes the end B 

to become a north pole and the end A to become a south pole, 

and the magnetic field at C due to these magnet poles is parallel 

Fig. 71. Fig. 72. 

to BA and towards A. The magnetic field at the compass 

box which is due to the temporary magnetism of the bar AB 

in Fig. 71 is represented by the arrow T in Fig. 72, the earth’s 

field at the compass box is represented by H’, and the arrow R 

represents the resultant field at the compass box in the direction 

of which the compass needle points; therefore the angle ¢ is 

the compass error. Imagine B, Fig. 71, to represent the bow 

of the ship, and suppose the ship to start with its bow due north 

and swing around to the east so as to increase the angle a from 

zero to 360°. A careful consideration of Figs. 71 and 72 will 

show that the angle ¢ has a series of westerly values throughout 

the first quadrant (a between zero and 90°), a series of easterly 

values throughout the second quadrant (a@ between 90° and 180°), 

a second series of westerly values throughout the third quadrant 

(a between 180° and 270°), and a second series of easterly values 

throughout the fourth quadrant. The compass error due to the 

temporary magnetism of a ship is therefore called the guadrantal 

error. 

When the ship’s compass is located on the center line of the 
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ship so that the iron of the ship is symmetrically placed on the 

two sides of the compass, then the compass error due to the ship’s 

temporary magnetism is zero when the ship heads north, east, 

south, or west, as may be shown as follows: When the ship heads 

magnetic north or south, its temporary magnetism is symmetrical 

as shown in Fig. 73; the magnetic field at the compass due to the 

Fig. 73. 

temporary magnetism of the ship is therefore due south, and 

- consequently the compass is not deflected. Figure 74 shows a 

compass box C placed on the center line of a ship of which the 

dissimilarity of bow and stern is greatly exaggerated. Imagine 

the vessel to be made of solid iron and consider the transverse 

slice of iron which lies between the dotted lines in Fig. 74. 

When the bow points east or west (magnetic) the transverse slice 

is magnetized as indicated by the letters Nand S; and the 

curved line ff, which represents a line of force due to the poles 

N and _ S, shows that the field, produced at C by the 

magnetism of the transverse slice, is towards the south. What 
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is here said concerning the given transverse slice of the ship is 

true of every transverse slice, and therefore the field at C due 

Ni 4 | f M 

stern|-- ' i —— — bow 

Fig. 74. 
a 

to the transverse magnetization of the entire ship when its bow 

points east or west (magnetic) is towards the south, and con- 

sequently the compass is not deflected. 

68. Peculiarities of quadrantal error.—From Figs. 73 and 74 

it is evident that the temporary magnetism of the ship weakens 

the field at the compass (IT opposite to H’ in direction, so that 

the resultant of ZT and H’ islessthan H’) when the ship heads 

H’ 

bow 

>. A-bar : = 

De | 
|r > B-bar 

mi 77 B-bar _4A-bar CS ss 

Fig. 75. Fig. 76. 
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north, east, south or west. Jf the value of T is the same in Figs. 

73, and 74, it can be shown that the temporary magnetism of the 

ship does not tend to deflect the compass, whatever the direction of 

the bow of the vessel. 

To prove this proposition, we will assume that the iron of the 

ship is equivalent to two long slim horizontal bars of iron, one 

parallel to the ship’s keel (the A-bar) and the other at right angles 

thereto (the B-bar). When the ship is headed north, as shown 

in Fig. 75, the full value of H’ acts to magnetize the A-bar, and 

the magnetic field 7,, which is produced at the compass box 

by the magnetization of the A-bar, is proportional* to H’ or 

equal to k,H’. When the ship is headed east, as shown in Fig. 

76, the full value of H’ acts 

to magnetize the B-bar, and 

the magnetic field J», which 

is produced at the compass 

box by the magnetization of 

the B-bar, is proportional to 

H’ or equal to k.H’. There- 

fore, if T,=T>, then k,=h:. 

The letter k will be used in 

what follows for k, and hk». 

Consider the ship when it is headed a degrees east of north 
as shown in Fig. 77. The component of H’ which magnetizes 
the A-bar is H’ cosa, and the magnetic field 7, which is pro- 
‘duced at C by the magnetization of the A-baris k X H’ cosa. 
The component of H’ which magnetizes the B-bar is H’ sina, 
and the magnetic field 7, which is produced at C by the 
magnetization of the B-bar is k X H’sina. The resultant of 
tq¢ and T,: is 

V T2 + T,? = kRH’V cos? a + sin?a = RH’ “<C8) 

Fig. 77. 

Therefore the resultant of T, and Ty is constant in value, and, 

* Because the magnetization of the A-bar is proportional to H’, and the field 
Ii is proportional to the magnetization of the A-bar. 
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since IT, = kH’ X cosa and JT, = kH’ X sina, it is evident 

that the resultant of ZT, and TJ, is always opposite to H’ in 

direction, so that the actual field at the compass box is constant 

in value and always parallel and opposite to H’, or, in other 

words, the compass error due to the temporary magnetism of the 

ship is zero on all headings of the ship when T, in Fig. 75 is 

equal to 7, in Fig. 76. 

69. Compensation of quadrantal error. The quadrantal cor- 

rectors.—The quadrantal error of the ship’s compass is eliminated 

(that is to say, compensated) 

by means of two iron spheres 

SS which are usually* placed 

on the two sides of the com- 

pass, as shown to an exagger- 

ated scale in Fig. 78. These 

spheres are called the guadranial correctors, and the practical 

method of adjusting them is explained in Art. 73. The action of the 

quadrantal correctors may be understood with the help of Figs. 

79a and 790 as follows: When the line joining the centers of the 

two spheres SS is parallel to H’ as shown in Fig. 79a, the 

magnetic field at the point p is more intense than H’; and when - 

the line joining the centers of the spheres is at right angles to 

H’ as shown in Fig. 79), the magnetic field at is less intense 

than H’. Now the weakening of the magnetic field at the com- 

pass box by the temporary magnetism of the ship is usually — 

greater when the ship heads east or west than when the ship 

heads north or south. That is to say, YT is usually greater 

in Fig. 76 than it is in Fig. 75, or the coefficient k. is usually 

greater than the coefficient k; (see Art. 68). Therefore by plac- 

ing the quadrantal correctors in the positions shown in Fig. 78 

and moving them closer to, or farther away from the compass, 

the weakening of the magnetic field at the compass by the 

Fig. 78. 

* When the coefficient ki in Art. 68 is greater than ke the quadrantal correctors 

must be placed fore and aft of the compass box. This condition is, however, seldom 

realized in practice. 
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combired temporary magnetism of ship and correctors may be 

made the same with the ship’s head north (or south) as with 

—* 

7) CS) wR 

Fig. 79a. Fig. 790. 

ship’s head east (or west), and when this condition is reached the 

quadrantal error of the compass is eliminated as explained in 

Art. 68. 

70. Compass error due to the magnetizing action of the ver- 

tical component of the earth’s magnetic field.—The vertical 

component V of the earth’s field produces a temporary magne- 

tism of all the vertical iron in the ship; this ‘‘temporary” 

magnetism remains unaltered as long as V remains unchanged, 

the ship being supposed to stand on even keel; and therefore 

the ‘‘temporary” magnetism due to V merges with the per- 

manent magnetism of the ship in the production of the semi- 

circular compass error. 

The temporary magnetism due to V is distinguishable from 

the permanent magnetism of the ship, however, because it changes 

when the ship goes from one port to another where the value of 

Vis different. Thus, if the semicircular error is completely 

compensated at the home port by means of the semicircular 

9 
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correctors (permanent magnets), then a perceptible amount of 

semicircular error will appear when the ship sails to a distant 

port where the value of V is different. In order to overcome 

this difficulty, that is, in order to compensate the semicircular 

error so that the compensation may hold good throughout a 

wide range of latitude, it is necessary to compensate, by means 

of the semicircular correctors, only that part of the semicircular 

| 
bed 

¥. 

2 

—— =| 

NN 

Fig. 80a. Fig. 800. 

error which is due to permanent magnetism, the remainder of 

the semicircular error (which is due to vertical temporary mag- 

netism) being compensated by means of a vertical soft iron rod 

properly placed near the compass box. The use of this rod was 

proposed originally by Captain Flinders and it is usually called 

Flinders’ bar. The action of Flinders’ bar may be explained as 

follows: When V changes in value, the magnetism of Flinders’ 

bar and the vertical temporary magnetism of the ship change 

together. Flinders’ bar being once for all adjusted to compensate 

the effect of the vertical temporary magnetism of the ship, the 
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compensation holds whatever the value of V may be. Flinders’ 

bar is usually about three inches in diameter and from 6 to 24 

inches long, according to the amount of iron in the vessel, and 

it is usually placed forward or aft of the binnacle. 

Figure 80a shows the north polarity NNNWN, etc., on the deck of an iron 

vessel due to the vertical component of the earth’s field. This north polarity is 

distributed symmetrically with respect to the ship’s keel (ship’s iron being sym- 

metrical with respect to the ship’s keel), and it produces, at the compass, a magnetic 

field of which the horizontal component is represented by the arrow a which is 

parallel to the keel. Flinders’ bar is placed in the position shown, and its north 

pole N’ (upper end of bar), which is on a level with the compass box, produces at 

the compass box a field 6 which is equal and opposite to a. Figure 805 shows a 

side view of Flinders’ bar F (the compass box is supposed to be placed at the 

point ~). Flinders’ bar is magnetized by the vertical component V of the earth’s 

magnetic field, @ is the horizontal part of the field which is produced at the com- 

pass box by the vertical temporary magnetism of the ship's iron, and 0 is the field 

produced at the compass box by Flinders’ bar. 

The method of adjusting Flinders’ bar is explained in Art. 73. 

71. The heeling error.—Let us suppose that the semicircular 

and quadrantal errors have been completely compensated by 

means of the semicircular correctors and quadrantal correctors, 

the ship being all the time on an even keel. Under these condi- 

tions a deflection of the compass is produced when the ship 

rolls, or heels over, at sea. This deflection of the compass is 

called the heeling error, and it is due in part to the variation of 

the temporary magnetism of the ship which accompanies the 

change of direction of the earth’s magnetic field with reference 

to the ship’s iron as the ship rolls, and in part to the permanent 

magnetism of the ship. The dependance of heeling error upon 

the ship’s permanent magnetism may be explained as follows: 

The horizontal field P, Fig. 70, is annulled by the semicircular 

correctors, but the vertical component of the field produced at 

the compass box by the permanent magnetism of the ship is left 

unaltered by the semicircular correctors. By vertical com- 

ponent is here meant that component which is perpendicular to 

the ship’s deck; as the ship rolls this component turns out of 

the true vertical and has a horizontal component at the compass, 

which deflects the compass. In the following discussion of the 
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heeling corrector, the heeling error is assumed to be due entirely 

to the permanent magnetism of the ship. 

Assuming the heeling error to be due entirely to the permanent 

magnetism of the ship, that is, to be due to the component P’ 

(perpendicular to the deck) of the field which is produced at the 

compass box by the permanent magnetism of the ship, it is 

evident that the heeling error is a maximum when the ship heads 

north or south, and zero when the ship heads east or west; for, 

when the ship heels over with its head to the east or west, the 

part of P’ which is projected upon a horizontal plane is directed 

towards the north or south and does not deflect the compass, 

whereas, when the ship heels over with its head north or south, 

‘the part of P’ which comes into a horizontal plane is directed 

towards the east or west and it deflects the compass. 

The heeling corrector is a vertical steel magnet placed directly 

beneath the compass box, and adjusted up or down until it pro- 

duces at the compass box a vertical field which is equal and 

opposite to P’. The practical method of adjusting the heeling 

corrector is explained in Art. 73. 

72. Compass errors due to magnetic lag.—The temporary 

magnetism of the ship’s iron tends to lag behind the magnetic 

field which produces it. Thus, after a ship has been standing 

for some time in one direction the magnetism which is produced 

by the earth’s field does not at once disappear when the ship 

turns around, but tends to persist. This magnetic lag produces 

a compass error which is known as Gaussin’s error. This error 

is never compensated in practice. 

73. Directions for adjusting the correctors of a ship’s compass. 

(a) Adjustment of semicircular correctors—The quadrantal 

error is zero with ship’s head north, east, south, or west. There- 

fore any deviation of the compass which exists on these headings 

is due to the semicircular error. With the ship’s head north 

(magnetic), place one or more athwartship magnets in one of the 

semicircular-corrector trays and move them up or down until 



SHIP’S COMPASS. - II7 

the compass points north. Then head the ship east (magnetic) 

and place fore and aft magnets in the other semicircular-corrector 

tray and move them up or down until the compass points north. 

(b) Adjustment of quadrantal correctors.—Having corrected the 

semicircular deviation of the compass, head the vessel northeast 

(magnetic) or southeast, southwest, or northwest, and if any 

deviation of the compass exists, place the quadrantal spheres on 

the side brackets of the binnacle and move them in or out until 

the compass reading is correct. 

(c) Adjustment of the heeling corrector.—With the ship headed 

north or south in a heavy sea, place the heeling-corrector magnet 

in its tube with its proper end upwards, and raise or lower it 

until the slow motion of the compass due to the rolling motion 

of the ship is nearly eliminated. The proper end up of the 

heeling-corrector magnet may be inferred as follows: Suppose 

that the north end of the compass needle is deflected to the east 

when the ship rolls to the west. Then it is evident that the 

perpendicular-to-the-deck component P’ of the field-which-is- 

produced -at-the-compass-box-by-the-permanent-magnetism-of- 

the-ship is downwards, because the part of it which is projected 

into a horizontal plane is to the east when the ship’s masts roll 

to the west. In this case the north end of the heeling-corrector 

magnet is to be placed upwards so as to produce an upward 

field at the compass box. 

(d) Adjustment of Flinders’ bar.—Having carefully adjusted 

the semicircular correctors at the home port so as to annul 

completely the semicircular error, the ship is taken to a distant 

port and the semicircular error is observed with the ship’s head 

east or west (magnetic). Let this error be represented by 4¢; 

let V and H’ be the vertical and horizontal components of the 

earth’s magnetic field at the home port and let Vi and Hy’ be 

the vertical and horizontal components of the earth’s field at the 

distant port as determined by observation, or as taken from 

magnetic charts. The forward (or aft) component of the mag- 

netic field which is produced at the compass box by the vertical 
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temporary magnetism of the ship is proportional to the vertical 

component of the earth’s field and it is therefore equal to aV 

at the home port and equal to aV; at the distant port. The 

deviation of the compass (ship’s head east or west) which is 

produced by this field is proportional to its intensity and inversely 

‘proportional to the horizontal intensity of the earth’s field. 

Therefore this deviation is equal to bV/H’ at the home port and 

equal to 6V,/H;,’ at the distant port, where a and 6 are propor- 

tionality factors. Therefore the observed compass deviation 

is equal to 6(V/H’ — V;/H;’), and the compass deviation ¢; 

which is due to the vertical temporary magnetism of the ship at 
| ee 

re Hy’ X ¢. With the 

ship’s head east at the distant port (the condition under which 

@ was observed), put Flinders’ bar into a vertical position in 

front of, or behind the compass box, and move it towards or 

away from the compass until the compass is turned through an 

angle ¢; in a direction opposite to ¢, the angle ¢; being 

reckoned from the deflected position of the compass. Then 

eliminate the outstanding semicircular error by readjusting the 

semicircular correctors. 

the distant port is equal to 

PROBLEMS. 

1. The semicircular error of a compass on board ship is found 

to have a maximum value of 20° to the east when the ship heads 

36° west of south. Make a sketch of the outline of the deck of 

the vessel and draw a line on the deck showing the direction of 

the horizontal component of the magnetic field at the compass 

box which is due to the permanent magnetism of the ship, find 

the value of this horizontal component and find the angle between 

its direction and the direction of the keel, the earth’s horizontal 

field being equal to 0.2 gauss. Ans. (a) 0.068 gauss, (b) 106° 

from bow towards port side (left side). 

Note.—When the semicircular error is a maximum, the field P at the compass 

due to the ship’s permanent magnetism is at right angles to the resultant of H 

and P as shown in Fig. 1. 
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2. What is the value of the semicircular error of the compass 

when the ship specified in problem 1 heads 20° north of east? 

Ans. 8° 53’, west of north. 
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Fig. pr. : Fig. 2. 

Note.—Figure 2 shows the position of the boat’s bow and the position of P. 

3. The only error of a ship’s compass is that which is due to the 

ship’s permanent magnetism, the quadrantal error being com- 

pensated. The semicircular error has a value 

of 6° to the west when the ship’s head is true 

magnetic north and 4° to the west when the 

ship’s head is true magnetic northeast. On 

what true headings will the error of the compass 

be zero? Ans. 38 minutes south of east, and 38 

minutes north of west. 

Note.—The problem is to find the angle (90° 38’) between 

the northerly direction and the line P so that the lines P 

and Q (of the same length) may subtend angles of 6° and 4° 

respectively as seen from the point O. 

4. Suppose that the semicircular error of the 
ship’s compass has been completely compensated 

and suppose that the quadrantal error is ob- 
0 

Fig. 3. 

served to be 4° to the west when the ship is headed true north- 
east. What is the deviation of the compass when the ship 
heads 30° south of east. Ans. 3° 20’ to the east. 
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Note.—In this problem treat the ship as one long slim iron bar parallel to the 

keel. The field 7’ is equal to RH sin @ so that the value of the factor k can 

be found from Fig. p4a, @ being the known compass error and H being taken 

as unity. The valueof T” is RH sin ¢, so that the compass error 8 can be 

calculated from Fig. p4b. 
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Fig. p4a. Fig. p4b. 

5. Aship’s head is due magnetic north and P’ the perpen- 

dicular-to-the-deck component of the field at the compass due 

to the ship’s permanent magnetism is downwards and equal to 

0.05 gauss. Find the deflection of the compass due to heeling 

when the ship heels over 20° to the west, the horizontal component 

-of the earth’s field at the compass being 0.16 gauss. Ans. 6° 6 

to the east. 

6. Find the deflection of the compass due to heeling when the 

ship heads magnetic northeast and heels 20° to the southeast, 

other data being as in the previous problem. Ans. 4° to the west. 



CHAPTER VI.* 

ELECTRIC CHARGE AND THE CONDENSER. 

74. Electric charge.—A current of water through a pipe is a 

transfer of water along the pipe. Let g be the amount of 

water which, during ¢ seconds, flows past a given point in a 

pipe, then the quotient g/t is the rate of flow of water through 

the pipe, and this rate of flow may be spoken of as the “strength” 

4 of the water current. Therefore, if 7 is the strength of water 

current (units of volume per second), then the amount of water 

flowing past a given point of the pipe in ¢ seconds is given by the 

equation ; 
g=t 

Similarly, an electric current in a wire may be looked upon as a 

transfer of electricity along the wire, and the quantity gq of 

electricity which flows past a point on the wire during ¢ seconds 

may be defined as the product of the strength of the current 

and the time. That is: | 
q=u (1) 

If the strength of the current is variable, then equation (1) must 

be written in the form: 
Ag = 1-At (2) 

in which Ag is the amount of charge which flows past a given 

point on the wire during a short interval of time At. 

Volume of water is the fundamental and easily measured thing 

in hydraulics, and water current is most conveniently defined 

as cubic feet of water per second. In the case of electricity, 

however, the fundamental and easily measured thing is electric 

* The usual elementary treatment of electrostatics is not sufficient as an intro- 

duction to Chapters VII and VIII. Therefore a very brief outline is given in this 

chapter. The student is urged to read pages 125-171 of Franklin and MacNutt’s 

Elementary Electricity and Magnetism. 

I2I 
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current, and quantity of electricity is most conveniently defined 

as the product of strength of electric current and time. 

Units of electric charge.—Quantity of electricity is usually 

spoken of as electric charge or simply as charge. The ampere-~ 

second is the amount of charge which flows in one second through 

a wire which carries a current of oneampere. The ampere-second 

is usually called the coulomb. One ampere-hour is the amount of 

charge flowing in one hour through a wire carrying one ampere. 

The ampere-hour is extensively used among electrical engineers 

in specifying the discharge capacity of storage batteries. The 

abcoulomb is the amount of charge which flows in one second 

through a wire carrying acurrent of one ab-ampere. One ab- 

coulomb is equal to ten coulombs. 

75. The momentary flow of current in an open circuit. Elec- 

trically charged bodies.—Figure 81 shows a battery maintaining 

A 

pox 

an electric current through a circuit which contains a coil of 

wire on an iron core, and the circuit can be broken at will at the 

point p. Two metal plates A and B with a thin layer of 

insulating material DD between them are connected as shown. 

in the figure. When the plates AB are not connected, a spark 

is produced when the circuit is broken at p, showing that the 

current continues to flow for a short time after the metallic 

contact at p is broken. When the plates A and B are con- 

nected, however, there is no spark at p when the circuit is 

suddenly broken. In this case the current does not continue to 

flow across the break at p; it flowsinto plate A and out of plate 

B, and thetwo plates A and B aresaid to become electrically 

charged. The plate into which the momentary current flows is 
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said to become positively charged, and the plate out of which the 

momentary current flows is said to become negatively charged. 

The two metal plates A and B together with the layer of 

insulating material between them constitute what is called a 

condenser. A condenser is usually made of sheets of tin foil 

separated by sheets of waxed paper. Thus the heavy horizontal 

lines in Fig. 82 represent sheets of tin foil, and the finely dotted 

regions represent insulating material. 

Fig. 82. 

The flow of current in an open circuit may be shown by con- 

necting a small incandescent lamp and a condenser in series to 

alternating-current supply mains. With each reversal of the 

alternating supply voltage a momentary current flows through 

the lamp, and the repeated pulses of current heat the lamp 

filament to incandescence. 

The dielectric.—The insulating material between the metal 

plates A and B in Fig. 81 is called the dielectric. In general 

the insulating material surrounding a charged body or between 

two charged bodies is called a dtelectric. 

Electrostatic attraction.—The charged metal plates A and B 

in Fig. 81 have an evident attraction for each other when the 

dielectric is a fluid like air or oil. This electrostatic attraction of 

two charged metal bodies may be shown as follows: A gold leaf 

is hung along side of a vertical brass strip. When the gold 

leaf is connected to one terminal of a battery and the brass 

strip to the other terminal of the battery the gold leaf is 
attracted by the brass. It is necessary in this arrangement to 

cover the face of the brass plate with a layer of paper to prevent 

short circuiting the battery by the gold leaf. An electromotive 
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force of 100 volts is sufficient to produce a very perceptible 

attraction with this arrangement. 

76. Measurement of electric charge. The ballistic galva- 

nometer.—A very large amount of electric charge may be deter- 

mined by observing the time during which the charge will main- 

tain a sensibly constant measured current. Thus the discharge 

capacity of a storage cell may be measured by observing the 

time during which the cell will deliver a current of, say, Io 

amperes. The amounts of charge which are most frequently 

encountered in the momentary flow of electric current in open 

circuits are, however, exceedingly small; and it is evident that 

a very smaJl amount of electric charge cannot be measured by 

the method above suggested. Such small electric charges are 

measured by means of the ballistic galvanometer. This is a 

galvanometer usually of the D’Arsonval type with a fairly heavy 

moving coil. When a momentary pulse of current flows through 

such a galvanometer, the coil is set in motion, and a certain 

maximum deflection or throw of the coil is produced. Let d be 

the measure of this maximum deflection or throw on the galva- 

nometer scale. Then we have: 

gq = kd (1) 

in which g is the amount of electric charge carried through the 

galvanometer coils by the momentary pulse of current, and k 

is a constant for the given galvanometer. The value of the factor 

k is generally determined in practice by sending through the 

galvanometer a known amount of charge and observing the throw 
d produced thereby.* 

77. The capacity of a condenser.—A ballistic galvanometer 

BG, a condenser and a number of dry cells are connected as 

shown in Fig. 83. One terminal of the condenser is connected 

to a flexible wire which is fixed to the end of a glass handle. By 

touching the wire W to the point b, the electromotive force EZ 

* The use of a ballistic galvanometer is discussed at some length in Absolute 

Measurements in Electricity and Magnetism by Andrew Gray, Vol. 2, pages 391-397. 
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of one dry cell acts upon the condenser, and the momentary flow 

of current which charges the condenser produces a throw of the 

ballistic galvanometer. The condenser can then be discharged 

by touching the wire W tothe point a. By touching the wire 

W tothe point c, the electromotive force 2E of two dry cells 

sete 

Fig. 83. 

acts upon the condenser, and the momentary flow of current 

which charges the condenser produces a throw of the ballistic 

galvanometer. The condenser may then be discharged as before. 

By touching the wire W tothe point d, the electromotive force 

3E of three dry cells acts upon the condenser, and the momentary 

flow of current which charges the condenser causes a throw of 

the ballistic galvanometer; and so on. In this way the throws 

of the ballistic galvanometer may be observed when the con- 

denser is charged by an increasing series of voltages, E, 2E, 3E, 

4, and so forth, and it is found that the throw of the ballistic 

galvanometer becomes larger and larger in proportion to the 

voltage. But the throw of the ballistic galvanometer is pro- 

portional to the charge which is drawn out of one plate and forced 

into the other plate of the condenser. Therefore the amount 

of charge which is drawn out of one plate and forced into the 

other plate of a condenser is proportional to the electromotive 

force which acts upon the condenser. Therefore we may write: 

Q=CE (1) 

where Q is the quantity of charge which is drawn out of one 



126 ADVANCED ELECTRICITY AND MAGNETISM. 

plate and forced into the other plate of a condenser when an 

electromotive force of E volts is connected so as to act upon the 

condenser, and C is a constant for a given condenser. The 

factor C is adopted as a measure of what is called the capacity 

of the condenser. Therefore, a condenser would have unit 

capacity if an electromotive force of one volt would draw one 

coulomb of charge out of one plate and force one coulomb of 

charge into the other plate of the condenser. 

It is evident from the above equation that C, the capacity 

of a condenser, is expressed in coulombs-per-volt. One coulomb- 

per-volt is called a farad, that is to say, a condenser has a capacity 

of one farad when an electromotive force of one volt will draw one 

coulomb out of one plate of the condenser and force one coulomb 

into the other plate of the condenser. 

Condenser capacities as usually encountered in practice are 

very small fractions of afarad. Thus the capacity of a condenser 

made by coating with tin foil the inside and outside of an ordi- 

nary one-gallon glass jar would be about one five-hundred- 

millionth of a farad, or 0.002 of a microfarad. A microfarad isa 

millionth of a farad, and in practice capacities of condensers 

are usually expressed in microfarads. 

The approximate dimensions 

of a one-microfarad condenser 

are as follows: 501 sheets of tin 

foil separated by sheets of para- 

ed inches ffined paper 0.02 inch in thick- 

i ness, the overlapping portions 

Deas of the sheets of tin foil being 10 
inches by 10 inches, as shown in 

beats 10 inches. sigue ioe il Fig. 84. 

Fig. 84. Two pieces of metal of any 
shape separated by insulating 

material constitute a condenser; the only reason for using sheets 

of metal with thin layers of insulating material between is to 

obtain a large capacity in a small space. 
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78. Inductivity of a dielectric.—The capacity of a condenser 

depends upon the size of the plates, upon the thickness of the 

dielectric and upon the nature of the dielectric. The dependence 

of the capacity of the condenser upon the nature of the dielectric 

is a matter which must be determined purely by experiment. 

Thus Fig. 85 represents two metal plates with air between them, 

and Fig. 86 represents the same plates immersed in oil. The dis- 

tance between the plates is understood to be the same in Figs. 85 

and 86. Let C _ be the capacity of the condenser in Fig. 85 

with air as the dielectric, and let C’ be the capacity of the con- 

denser in Fig. 86 with a given kind of oil as the dielectric. The 

wire wire 

air | 

A B CA B 

air | oil 

Fig. 85. Fig. 86. 

ratio C’/C is called the inductivity* of the oil. Thus the induc- 

tivity of kerosene is about 2.04, that is, the capacity of a given 

TABLE. 

Inductivities of Various Substances. 

Crown glass (according to composition)......... 32 to 65 

Flint glass (according to composition)......... 6.6 to 9.9 

BEE TOE oa orale eh Boe Cvs Oe hee eR 2.08 to 3.01 

eer CAMO NOUR sie a dkis wa vaged bamstye«. 3.04 to 3.84 

go ily Carrie rt SaaS rn Pores eerie af arrears 2.00 to 2.32 

RHACs Fok 6a sce sees ds Sew ea Oke a ee ace ah oes 2.74 to 3.67 

RPE ORO she cy Nae Rae a oe eee bs 2.48 to 3.67 

Mica (according to composition)............... 5.66 to 10 

POCUMONIN 6 ciwiy ss sk Rao os eRe es about 2.04 

MUI is oss ids Pb ose 6 6 nha oie wd! «oe Sec about 90. 

* What is here called the inductivity of a dielectric is sometimes called dielectric 

constant, or specific capacity of a dielectric, or specific inductive capacity of a dielectric. 
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condenser is 2.04 times as great with kerosene between the plates 

as with air between the plates. The accompanying table gives 

the inductivities of a few dielectrics. 

79. Dependence of capacity of a condenser upon size and 

distance apart of plates—When the dielectric of a condenser is 

of uniform thickness and when the metal plates are large as 

compared with their distance apart (thickness of dielectric), 

then the capacity C of the condenser is proportional* to a/x 

for a given dielectric, where x is the thickness of the dielectric 

and a is the area of the sheet of dielectric between the plates. 

Therefore, if we choose a given dielectric, we may write 

C=G-* | (1) 

in which G isaconstant. When x is expressed in centimeters, 

and a in square centimeters; when air is chosen as the dielec- 

tric; and when C is expressed in farads; then the value of G 

as found by experiment is 884 X 107, Therefore we have: 

Cmts = 884 X 107% XS ) 
When a dielectric whose inductivity is k is used instead of air, 

the capacity of the condenser is Rk. times as great, or: 

k 
Cin taraas = 884 X 107% X = (3) 

in which C is the capacity in farads of a condenser of which 

the plates are separated by a layer of dielectric x centimeters 

thick and a square centimeters in area (between the plates), 

and k is the inductivity of the dielectric. The meaning of @ 

may be understood with the help of Fig. 84. If there are 501 

sheets of tin foil there will be 500 sheets of dielectric, and a will 

* It can be shown from almost purely geometrical considerations that C is 

proportional to a/x, but it is sufficient to accept this proportional relation as the 

result of experiment. The value of the proportionality factor G must be deter- 

mined by experiment directly or indirectly. 
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be equal to 500 X 10 inches X 10 inches or 322,500 square 

centimeters. 

80. The work done by an electromotive force LE in pushing 

a given amount of charge, Q, through a circuit—When (Q 

coulombs of electric charge flows through a battery of which 

the electromotive force is E, the amount of work W done by 

the battery is EQ joules. That is: 

W = EQ (1) 
This is evident from the following considerations. Imagine a 

current J flowing through the battery; then FEI watts is the 

rate at which the battery does work, and It joules is the 

amount of work done in ¢ seconds. But the product J? is the 

amount of charge @Q (in coulombs) which has been pushed 

through the circuit. Therefore the work done, namely E/t joules, 

is expressible as EQ joules. Therefore we have equation (1). 

81. The potential energy of a charged condenser.—A charged 

condenser represents a store of potential energy in much the 

same way that a stretched spring represents a store of potential 

energy, and before considering the amount of potential energy 

in a charged condenser it is helpful to consider the amount of 

potential energy in a stretched spring. 

~~) ~ — a f S 

unstretched spring ater aomaar, 

by ® Y 

stretched spring 

Fig. 87. 

Let g represent the elongation of a spring due to a stretching 

force e as shown in Fig. 87. Asis well known g is proportional 

to e; therefore if we plot corresponding values of g and e as 
10 

-—_ 
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abscissas and ordinates respectively, we will get a straight line 

cc as shown in Fig. 88. 

Consider the total amount of work W which is done while the 

spring is being stretched from g =0 to g = Q, and while the 

stretching force is increasing from e = 0 to e = E. The aver- 

age value of the stretching force is 3, as may be understood 

from Fig. 88, and the work done is equal to the product of the 

total stretch Q and the average stretching force }E£. That is: 

W = 4EQ 
and this work W is stored in the stretched spring as potential 

energy. Thus a stretch of 3 feet (= Q) is produced in a large 

spring, and the stretching force 

rises from zero to 60 pounds 
¢ (= E). The average value of 

the stretching force is 30 pounds 

= 4E), the work done is 

Oo _ axis of g | 90 foot-pounds (= 3£Q); and 

en eee @—-—--- this work is stored in the 

Fig. 88. stretched spring as potential 
energy. 

Suppose a condenser to be charged by applying it to an elec- 

tromotive force which begins at zero and rises to E volts, then 

the amount of work W which is done in charging the condenser 

isequal to 3£Q where $£ is the average value of the charging 

electromotive force, and @Q is the total charge which is drawn 

out of one plate of the condenser and pushed into the other 

plate. This statement is in accordance with equation (1) of 

Art. 80.. Therefore: 

axisofe — 

W =4E0 (1) 

where W is the potential energy of a charged condenser, £ is 

the voltage acting on the charged condenser, and Q is the charge 

which has been drawn. out of. one plate of the condenser and 

pushed into the other plate; W is expressed in joules when £ 

is in volts and Qin coulombs. 
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We may substitute CE for Q in equation (1), according to 

equation (1) of Art. 77, and we get: 

W=;CE (2) 

or we may substitute Q/C for E in equation (1), according to 

equation (1) of Art: 77, and we get: 

w=35 (3) 
Following is a rigorous derivation of equation (3) as applied 

to a stretched spring. Let g be the elongation of the spring 

when the stretching force is e. Then g and e are proportional, 

so that: 

q = Ce (4) 

where C isaconstant for the given spring. Let Ag be the added 

elongation due to an increment Ae of the stretching force, and 

let AW be the work done on the spring to produce the added 

elongation. Then: 

AW is greater than e-Ag 
and 

AW is less than (e + Ae) - Ag 
or 

AW ., 
ha, is greater than e and less than (e + Ae) 

Therefore AW/Ag approaches e asa limit when Ae and Ag 

both approach zero; or, using differential notation, we have 

dW/dq = e; or, using the value of e from equation (4), we have: 

Woo e | (5) 

Now the potential energy W of the spring when its elongation is 

Q, is the amount of work done in stretching the spring from 

g=0 to g = Q, and this is found by integrating equation (5) 

from g=0 to g = Q, which gives: 

10? =sa Le (6) 
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82. Disruptive discharge. Dielectric strength—When the 

electromotive force which charges a condenser is increased more 

and more, the dielectric of the condenser is eventually broken 

down; this break down occurs in the form of an electric spark, 

it discharges the condenser, and it is called a disruptive discharge. 

By a condenser is here meant two metal bodies of any shape 

separated by insulating material. The electromotive force re- 

quired to break down.a dielectric depends upon three things, 

namely, (a) the shape of the metal bodies, (0) the minimum dis- 

tance* between the metal bodies, and (c) the nature of the dielec- 

tric. The dependence upon the shape of the metal bodies is 

illustrated by the fact that a given electromotive force will 

produce a much longer spark between points than between flat. 

metal surfaces. In the following discussion the dielectric is 

assumed to be between flat metal plates. 

When the dielectric is perfectly homogeneous like dir or oil, 

the voltage required to break it down is very nearly proportional 

to its thickness, and the voltage required to break down such a 

dielectric divided by the thickness of the dielectric is called its 

specific dielectric strength. ‘Thus the specific dielectric strength 

of air is about 35,000 volts per centimeter. When the dielectric 

is non-homogeneous the voltage required to break it down is 

not even approximately proportional to its thickness. The most 

familiar example of a non-homogeneous dielectric is the material 

which is used for insulating the windings of dynamos and trans- 

formers. This material is made up of layers of cloth and 

varnish and mica with occasional layers of air.- 

If a tank is made with one wall of porous material like unglazed 

earthenware, the pressure of the fluid in the tank has three 

important effects upon the wall, namely, (a) a certain amount of 

fluid soaks through the wall, (b) the wall is slightly elastic and 

it yields a little to the fluid pressure, and (c) the wall has a certain 

ultimate strength and it will burst if the pressure exceeds a 

* This is not true when the distance is very small or when the bodies are in a 

very good vacuum. j 
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certain amount. Similarly the electromotive force which acts 

on a condenser has three important effects upon the dielectric of 

the condenser, namely, (a) a certain amount of electric current 

“‘soaks”’ through the dielectric, as it were, because the dielectric 

is an electrical conductor although a very poor one, (0) the 

dielectric has a certain amount of electrical ‘‘elasticity’’ (induc- 

tivity as it is properly called), and it “yields” a little to the 

electromotive force and allows a certain amount of charge to be 

drawn out of one plate and forced into the other plate of the con- 

denser, and (c) the dielectric has a certain ultimate strength and 

it will be ruptured if the electromotive force exceeds a certain 

amount. 

' PROBLEMS. 

1. A variable current which is represented by 7 = af flows 

through a circuit. Find the charge which passes through the 

circuit between #=0 and #¢ = 10 seconds; the value of a 

being such that the current will have reached a value of 18 am- 

peres when ¢ is 3 seconds. Ans. 667 coulombs. 

2. A variable current is represented by 1 = IJsin wt. (a) Find 

the amount of charge which passes through the circuit from 

wt =O to wt=-7. (b) Find the average value of the current 

during the time wt =o to wt=7. Ans. (a) 2I/w coulombs, 

(6) 2I/r amperes. 

3. Two condensers of which the capacities are C farads and c 

farads respectively are connected in parallel as shown in Fig. 3. 

What is their combined capacity? 

Note.—An electromotive force E draws cE coulombs out of one plate and 

forces it into the other plate of c; and the same electromotive force draws CE 

coulombs out of one plate and forces it into the other plate of C. Therefore E 

draws ce +CE coulombs out of one side of Fig. 3 and forces it into the other 

side, and from this the total capacity of the arrangement is easily found. 

4. Two condensers of which the capacities are C = 10 micro- 

farads and c = 2 microfarads are connected in series as shown 

in Fig. 4. What is the combined capacity of the arrangement? 

Ans. 1.67 microfarads. 
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4] *s 7 

So aay 

fifa) fay yp ——olo|alaita}o 

Big: 25. Fig. $4. 

Note.—An electromotive force E +e will cause a certain amount of charge Q 

to circulate around the circuit in Fig. 4; and Q = C’(E +e) where C’ is the’ 

combined capacity of the two condensers in series. But Q =CE and Q = cee, 

and, if we substitute the values of E and e from these equationsin Q = C’(E + e), 

we get an equation from which Q cancels out and which can be solved to give C’ 

in terms of C and ec. 

5. An electromotive force acting on a condenser increases at 

a uniform rate from zero to 100 volts during an interval of 0.005 

of a second. The capacity of the condenser is 20 microfarads. 

Find the value of the current during 0.005 of a second. Ans. 

0.4 ampere. 

6. An alternating electromotive force which is represented by 

the ordinates of the zigzag line in Fig. $6 acts on a circuit which 

tae 

i 
1100 volts 

Axis of time 

i { 

i | 

<-Tfi60 second 

Fig. ~6. 

contains a condenser. The resistance of the circuit is negligible, 

and the capacity of the condenser is 20 microfarads. Plot the 

curve of which the ordinates represent the successive instanta- 

neous values of the current. 



ELECTRIC CHARGE AND THE CONDENSER. 135 

7. A condenser is to be built up of sheets of tin foil 12 centi- 

meters X 15 centimeters. The overlapping portions of the 

sheets are I2 centimeters X 12 centimeters. The sheets are 

separated by leaves of mica 0.05 centimeter thick. How many 

mica leaves and how many tin foil sheets are required for a one- 

microfarad condenser? Assume the inductivity of the mica to 

be equal to 6. Ans. Mica, 655; tin foil, 656. 

8. A condenser consists of two flat plates each one meter square 

and at a distance of 0.5 centimeter apart. A rotating device is 

arranged to charge this condenser by connecting it to a 15 volt 

battery, and discharge it through a galvanometer 50 times each 

second, and the galvanometer deflection. shows an average 

current of 1.33 X 10-6 amperes. Find the capacity of the con- 

denser and calculate the value of the factor G in equation (1) 

of Art. 79. Ans. 884 X Io7*, 

Note.—A rotating device for making connections as specified in the problem is 

called a secohmmeter. 

9. A condenser is made of two flat metal plates separated by 

air. Its capacity is 0.003 microfarad. Another condenser has 

plates twice as wide and twice as long. These plates are sepa- 

rated by a plate of glass (inductivity 5) which is four times as 

thick as the air space in the first condenser. What is the capacity 

of the second condenser? Ans. 0.015 microfarad. 

10. Two metal plates, 100 centimeters X 100 centimeters, are 

separated by 2 centimeters of air. This condenser is charged 

by a battery having an electromotive force of 2,000 volts. What 

is its energy in joules? Ans. 0.000884 joule. 

tr. A flat glass plate, inductivity 5, size 100 centimeters X 100 

centimeters X 2 centimeters, is slid between the metal plates 

specified in problem Io, the battery being left connected to the 

metal plates. What is the energy of the condenser after the 

glass isin place? Ans. 0.00442 joule. 

12. The 2,000-volt battery is disconnected from the metal 

plates specified in problem 11 after the glass is in place, and the 
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metal plates are thoroughly insulated. The glass plate is then 

withdrawn, the whole charge being left on the metal plates. 

What is the electromotive force between the metal plates after 

the glass plate is withdrawn? How much has the energy been 

increased by withdrawing the glass? How much force was 

necessary to withdraw the glass, ignoring friction, weight, etc.? 

Assume that the glass is withdrawn sidewise, not cornerwise. 

Ans. 10,000 volts, 0.01768 joule, 1,768 dynes. 

Note.—The increase of energy of the condenser is equal to the mechanical 

work done in withdrawing the glass plate. 

13. The air condenser specified in problem 10 is charged with 

2,000 volts, the battery is disconnected and the metal plates 

are then moved to a distance 3 centimeters apart, charge on the ~ 

plates remaining unchanged. What is the electromotive force 

between the plates after the movement? What is the increase 

of energy due to the movement? How much force was necessary 

to produce the movement, ignoring friction, weight, etc.? Ans. 

3,000 volts, 0.000442 joule, 4,420 dynes. 



CHAPTER VII. 

ELECTRIC FIELD. 

83. The electric field—When a momentary electric current 

flows through an open circuit, certain important effects are pro- 

duced in the gap which breaks the circuit, and in order that these 

effects may be observed, a very high voltage machine must be 

used. The most convenient device for generating this high 

voltage is the influence electric machine. The two small black 

circles in Fig. 89 represent two metal balls which have been 

Fig. 89. 

charged by drawing a momentary electric current out of one 

ball and forcing it into the other ball by an influence machine. 

When an ordinary wooden tooth pick, suspended by a fine thread, 

is placed in the region between the metal balls, the tooth pick 

points in a definite direction, at each point, very much as a 

magnet needle points in a definite direction, at each point, when 

it is placed between magnet poles. The short black lines in Fig. 

89 represent the various positions of the tooth pick. 

137 
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The behavior of the tooth pick shows that the whole region 

surrounding the charged metal balls in Fig. 89 is in a peculiar 

condition, and this region is called an electric field. The direction 

of the electric field at each point is indicated by the suspended 

tooth pick, and lines drawn through the electric field so as to be 

at each point in the direction of the field at that point are called 

the lines of force of the electric field. 

Fig. 90. 

Figure 90 shows the lines of force of the electric field between 

two charged flat metal plates. The short black lines represent 

the positions of a suspended tooth pick. The lines of force in 

the region between the plates are straight lines, and the electric 

field is said to be uniform. The electric field between the charged 

balls in Fig. 89 is non-uniform. 

84. Intensity of electric field.—It is permissible to adopt 

arbitrarily the ratio —E/x° as a measure of the intensity of the 

uniform electric field between parallel flat metal plates, where £ 

_ is the electromotive force between the plates and x is the distance 

between the plates. It is desirable, however, to base the defini- 

tion of electric field intensity upon some observable effect of the 

field as in the following discussion. 

Two metal plates A and B, Fig. 91, are connected to an 

electric machine giving a high electromotive force E (the electric 
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machine is represented in Fig. 91 as a battery). A small metal 

ball b is suspended between the plates A and B bya silk 

thread, and if the ball 6 is started it continues to vibrate back 

and forth from plate to plate. " 

Regarding the behavior of the sik thea 

ball the following statements 

may be made: 

(a) Work evidently is done to 

keep the ball 0. oscillating A ©) B 

back and forth, and this work 

is evidently done by the bat- wire 

tery. ——~— — 

(6) The only way the bat- ( ) 

tery can do work is by con- safefa}ayayafafal ate 
tinuing to draw charge out of battery 

one plate and push it into the Fig. 91. 
other plate. It is evident 

therefore that the ball carries charge back and forth between the 

plates. 

(c) The successive movements of the ball are similar, and there- 

fore if the ball carries charge at all it must carry a definite 

amount each time it moves across. Let this definite amount of 

charge be represented by g; this charge is positive when the ball 

moves from A to B, and negative when it moves from B to 

A. At each movement of the ball the battery supplies the defi- 

nite amount of charge g, drawing it out of plate B and pushing 

it into plate A. Therefore, at each movement of the ball, the 

battery does an amount of work Eg according to equation (1) 

of Art. 80. 

(d) Let F be the average mechanical force acting on the ball 

b while it is being pulled across from plate to plate. If the ball is 

very small this force F does not vary as the ball moves across, 

and if the ball is very small it moves the distance x in travelling 

from plate to plate. Therefore Fx is the amount of work done 

on the ball while it moves from plate to plate. 
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(e) The work Eg done by the battery during one movement of 

the ball is equal to the mechanical work Fx done on the ball, 

therefore we have Fx = Eq, or: 

E 
== +g (1) 

Any region in which a charged body is acted upon by a force 

which depends upon the charge on the body and which does not exist 

when the body is not charged, is called an electric field. Thus the 

region between A and B in Fig. 91 is an electric field because 

the charged ball 6 is acted upon by the force F. 

The force F with which an electric field pulls on a charged 

body placed at a given point in the field is proportional to the 

charge g on the body so that we may write: 

F =e (2) 

in which e is the proportionality factor, and it is called the 

intensity of the electric field at the given point. 

From equations (1) and (2) we get: 

pees | (3) 

That is to say, the intensity of the electric field between the 
plates in Fig. 91 is equal to the electromotive force between ye 

plates divided by the distance between the plates. 

Direction of electric field at a point.—The direction of an 

electric field at a point is the direction in which the field would 

pull on a positively charged body placed at that point. 

Tension of the lines of force in an electric field.—Two op- 

positely charged metal plates attract each other as stated in Art. 

75. Thus the oppositely charged plates in Fig. 90 attract each 

other. This attraction may be thought of as due to a fension of 

the lines of force; that is, the lines of force may be thought of as 

if they were filaments of rubber stretching from plate to plate 

and pulling the plates towards each other. 
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If the lines of force in an electric field are like stretched fila- 

ments of rubber one would expect the lines of force to pull 

outwards on every part of the surface of a charged body. In 

fact, each part of the surface of a charged body is pulled out- 

wards by the surrounding electric field. This outward pull 

may be beautifully shown by pouring melted “rosin in a thin 

stream from a metal ladle which is supported by an insulated 

handle and connected to one terminal of an electric machine. 

The lines of force which emanate from the lip of the metal ladle 

pull the melted rosin into extremely fine jets which shoot straight 

outwards from the lip. These jets congeal in the form of excess- 

ively fine fibers which float about in the air. 

85. Definition of electric flux in air—Consider an area a at 
right angles to an electric field of intensity e. The product ae 

is called the electric flux across the area. Compare this with the 
definition of magnetic flux in Art. 25. If a@ is expressed in 

square centimeters and e in volts per centimeter or abvolts per 

centimeter, it is evident that ae is expressed in volts X centi- 

meters or in abvolts X centimeters, respectively. Therefore, in 

what follows, electric flux will always be expressed in volt-centi- 

meters or in abvolt-centimeters. 

86. Amount of electric flux which emanates from g coulombs 

of electric charge.—Let us consider the simplest example of 

electric field, namely, the field between two oppositely charged 

flat metal plates as shown in Fig. go. 

(a) This field is uniform, that i is, the lines of force a are straight 

and parallel. 

(6) The intensity of the field is Oe and this expression for the 

field intensity holds true whatever the nature of the dielectric, 

whether it be air, or oil or glass. 

(c) The electric field is to be thought of as directed away from 

the positively charged plate and towards the negatively charged 

plate; therefore: 
OSS Seer eae we 
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(d) One may think of electric flux going out from the positively 

charged plate and as coming into the negatively charged plate. 

(e) One of the most important theorems relating to electric 

field is that the amount of electric flux which goes out from a 

positive charge or which comes in to a negative charge is pro- 

portional to the amount of the charge. This theorem is due to 

Gauss. We will establish the theorem only for the case of oppo- 

sitely charged flat metal plates. 

Gauss’s theorem for oppositely charged flat metal plates with 

air between them.—According to Art. 79 the capacity of a 
parallel-plate condenser with air as the dielectric is: 

i io 
Cin toraas = Tae (1) 

where is written for the constant G so that the value of B is: 

B = 1.131 X 10% (2) 

where a is the area of one of the plates in square centimeters, 

and x is the thickness of the air layer in centimeters. 

Let E be the electromotive force between the plates in volts. 

Then the positive charge on one plate (or the negative charge 

on the other plate) in coulombs is g = CE. Therefore, using 

the value of C from equation (1), we have: 

9 ee ees (3) 

But zs the intensity of the electric field between the plates in 

volts per centimeter, and therefore x os the electric flux from 

plate to plate, according to Art. 85. Consequently the electric 

flux going out from + q coulombs or the electric flux coming in to 

— gq coulombs is Bq volt-centimeters. 

Gauss’s theorem for oppositely charged flat metal plates with 

any dielectric between them.—According to Art. 79 the capacity 

of a parallel-plate condenser with any dielectric is: 
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I a 

Cin taraas = Re (4) 

where B, a and x are the same as in equation (1), and k& is the 

inductivity of the dielectric. 

As before, let E be the electromotive force between the plates; 

then: 
I E 

oak igh (5) 
E . . . . . . 

But 28 the electrical field intensity or the electrical stress in 

. oe E . 7 

the dielectric, and if we define Rk- x the electrical flux density 

in the dielectric, then R> 2 -a@ will be the total electric flux from 

plate to plate. Consequently the electric flux going out from + q 

coulombs or the electric flux coming in to — gq coulombs is Bq 

volt-centimeters, where B is a constant whose value is given in 

equation (2). This is Gauss’s theorem, and although it has 

been established for a very special case, it is entirely general; Bg 

volt-centimeters of electric flux always goes out from +g or 

comes in to — g coulombs of charge. 

87. Electric field intensity and electric flux density. Mechan- 

ical, magnetic and electric analogies.—Let e be the intensity of 

an electric field at a point in a dielectric of which the inductivity 

is k; then 
F = ke (1) 

where F is the electric flux density at the point. 

Magnetic and Electric Parallel. 

B= pH F.= ke 

Where H# is intensity of Where e¢ is intensity of elec- 

magnetic field in gausses, yp is | tric field in volts per centimeter 

the permeability of the me- | (E/x), k is the inductivity of 

dium, and & is the magnetic | the medium, and F is the 

flux density. See Arts. 54 and | electric flux density in volt-cen- 

+ F ota - timeters per square centimeter. 
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Electrical Stress and Mechanical Stress. 

The stretching force per unit 

of sectional area of a rod is 

called the stress on the rod, and 

the elongation of unit length 

of the rod is called the strain; 

and the strain is proportional 

to the stress. That is: 

strain =7 X stress 

where j is a constant. 

This constant is the recip- 

rocal of what is usually called 

the modulus of elasticity, and 

it is large in value for a sub- 

stance like rubber which is 

greatly stretched by a moder- 

ate stress. 

The intensity of an electric 

field in volts per centimeter (or 

the volts per centimeter in a 

layer of dielectric between 

metal plates) is frequently 

called electrical stress, and the 

electric flux density in the di- 

electric is frequently called the 

electrical strain. ‘Therefore, 

from equation (1) we have: 

electrical strain = k X electrical stress 

The inductivity of a dielec- 

tric is analogous to the elastic 

constant of a substance (recip- 
rocal of what is called modulus 

of elasticity). 

88. Continuity of electric flux or of electric flux density. 

Electric stresses in plane layers of different dielectrics.—Figure 

92 shows a layer of oil (inductivity &) and a layer of glass 

(inductivity = k,) between two flat metal plates A and B. 

The electromotive force between the plates is EE volts, the 

charges on the plates are +g and —g _ coulombs, and the 

thicknesses of glass and oil layers are x centimeters and y 

centimeters respectively as shown; and it is required to find the 

electrical stress in the glass and in the oil. 

The electric flux Bg which goes out from + g and comes into 

— g is independent of the change of dielectric, that is, the same 

amount of electric flux crosses the oil and the glass, and therefore 

the electric flux density F is the same in both. 

Let e be the electrical stress in volts per centimeter in the 

oil, and let e, be the electrical stress in the glass. Then hye. 

is the flux density in the oil and k,e, is the flux density in the 
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glass, and, since the flux density is the same in both, we have: 

Reo = Roey (1) 

Now @, being the electric field intensity (volts per centimeter) 

in the glass it is evident that e,x is the total voltage across the 

glass. Similarly, e.y is the total voltage across the oil. There- 

fore the total voltage from plate to plate is e,x + ey. That is: 

E =ext ey (2) 

When E, k,, k, x and y are given, these two equations enable 

€é, and e to be calculated. 

Yb Y, \ +9 3 Ne-s 
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Fig. 92. Fig. 93. 

Example.—A layer of glass 2 centimeters thick (Rk = 6) and 

a layer of air 2 centimeters thick (k = 1) are subjected to a total 

electromotive force of 70,000 volts between parallel metal plates, 

as shown in Fig. 93, and from equations (1) and (2) we find the 

following: Electrical stress in the glass 5,000 volts per centimeter; 

Electrical stress in the air 30,000 volts per centimeter. 

The presence of a layer of dielectric of large inductivity throws 

an excess of stress on a layer of a dielectric of small inductivity. 

Thus with air alone between the metal plates in Fig. 93 (layer of 

air 4 centimeters thick), the electrical stress in the air would be 

II 
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17,500 volts per centimeter; and the introduction of a glass 

plate 2 centimeters thick increases the stress on the remaining 

2-centimeter layer of air to 30,000 volts per centimeter. 

This effect can be shown very beautifully by connecting two 

metal plates to a high-voltage transformer, and adjusting the 

plates to a distance such that the intervening air layer is barely 

sufficient to sustain the voltage. Then if a glass plate be intro- 

duced between the metal plates, the electrical stress in the 

remaining air will be increased sufficiently to break the air down 

at each reversal of the alternating voltage, as shown by the bluish 

luminosity of the air layer. 

Magnetic analog.—Figure 94 represents a narrow air gap 

between the ends of two large magnetized iron rods. The 

iron iron ried BA 
> 

air yap 
Fig. 94. 

magnetic flux density @ is the same in the air gap as in the iron 

(see Art. 54). The permeability of the iron is, say, 1,000 and 

the permeability of the air is unity (see Art. 57). Therefore the 

value of H (the magnetic field intensity) is in the iron and 
1000 

B . . = . . . . . 

7 i the air. That is, the magnetic field intensity is 1,000 

times as great in the low permeability air as in the high 

permeability iron just as the electric field intensity is 6 times 

as great in the air (having a low inductivity) as it is in the 

glass (having a high inductivity) in Fig. 93. 

The concentration of the greater part of the voltage upon the 

air layer in Fig. 93 is exactly analogous to the concentration of 
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the greater part of the magnetomotive force of a dynamo field- 

winding upon the air gap in the magnetic circuit; a small portion 

only of the magnetomotive force is required to force the magnetic 

flux through the highly permeable iron, and a large portion of the 

magnetomotive force is required to force the magnetic flux 

through the less permeable air layer. A small portion of the 

total voltage is required to force the electric flux through the 

highly inductive glass in Fig. 93 and a large portion of the 

voltage is required to force the electric flux through the less 

inductive air. 

Mechanical analog of the above.—The glass and the air layers 

are in series in Fig. 93 and the electric flux density or electrical 

strain, or yield, is the same in 

both; whereas two mechanical a Re Rel sf, 

elements have the same stress | 

when they are in series; to get cara 
the same strain, or yield in two i _———=——| re 

mechanical elements they must be ae CS | 

in parallel. Thus Fig. 95 shows | — rubber _ 
a column of steel and a column 

of rubber equally compressed :§ 

between two bars A and B 

(the steel and rubber columns 

are in parallel); the easily yielding rubber (high inductivity) 

supports only a small part of the compressing force, and the stiff 

steel (low inductivity) supports a large part of the compress- 

ing force. 

Fig. 95. 

Best shape of insulator.—When the electric flux passes from 

one insulating substance into another, an excessive concentration 

of electrical stress is likely to be brought about in the insulating 
substance of smaller inductivity, as above mentioned. There- 
fore, whenever possible, the surface of an insulator should be 
everywhere parallel to the lines of force of the electric field. 
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Thus Fig. 96 shows a wire lying in a groove in a glass or porce- 

lain support, and the surface of the porcelain is everywhere par- 

allel to the lines of force of the electric field. 

“ 

lines of force 

side view 
Fig. 96. 

89. Condenser type of insulating bushing.—An insulating 

bushing is a sleeve of insulating material which surrounds a wire 

where it passes through a conducting wall. Thus when a trans- 

former is placed in an iron case, the wires which lead out from 

the transformer pass through insulating bushings in the cover of 

the transformer case. One difficulty in the design of such a 

bushing may be appreciated in terms of a mechanical analog as 

follows: When a very thick walled steel tube is subjected to 

internal pressure, the metal next to the bore is strained excessively 

before the outside metal comes into action to any great extent. 

Thus the full strength of the metal wall is not available for the 

withstanding of internal pressure. In | 

C : the case of the bushing, the electrical 

ole | stress in the insulating material next 

C to the wire may be excessive, while 

the electrical stress in the outer por- 

tion of the bushing is very low, thus 

it} }———eze__ the full electrical strength of the bush- 

Fig. 97. ing is not utilized. 

The condenser type of insulating 

bushing is a bushing designed so as to equalize the electrical 

stress throughout the material of the bushing, and the principle 
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which is made use of may be understood with the help of Fig. 97 
which shows two condensers c and C connected in series and 

acted upon by an electromotive force. The momentary flow of 

current through the circuit charges both condensers equally, the 

amount of charge being, let ussay, g coulombs. Then the voltage 

across ¢ is : and the voltage across C is a that is to say, 

the voltages across the respective condensers are inversely pro- 

portional to their respective capacities, and by varying the capaci- 

ties (which can be done, say, by changing the sectional area of 

the dielectric) the total voltage can be subdivided between c 

and C in any way that is desired. 

The design of the condenser type of bushing is shown in Fig. 98. 

The insulating material is laid on in layers of equal thickness, 

the length (parallel to the central rod) of each successive layer 

Wh 
end view side view 

Fig. 98. 

mnt 

being reduced in proportion to the increase of its circumference, 
so that the area of each layer is the same. Furthermore a sheet 
of tin foil covers each successive layer of insulating material, 
and therefore these successive layers of tin foil together with the 
intervening layers of insulating material constitute a number of 
condensers of equal capacities all connected in series. In this 
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way, the total voltage between the wire and the outside metal 

sheath is subdivided into equal parts in the various layers of 

insulating material. 

go. Attraction of parallel charged plates.—Two parallel metal 

plates each a square centimeters in area are placed at a distance 

of x centimeters apart in an insulating fluid, such as air or oil, 

of which the inductivity is k. The charge on one plate is +g 

coulombs and the charge on the other plate is — g coulombs, 

and these charges remain constant, because the battery is dis- 

connected and the plates are insulated. Let F be the force 

with which the p'ates attract each other; then, if the plates be 

moved farther apart so that x is increased to x + Ax, an amount 

of work equal to F-Ax will be done, and this work will all go to» 

increase the energy of the charged condenser; therefore if we 

can calculate the increase of the potential energy of the con- 

denser due to the movement Ax, we will arrive at an expression 

for the force F. 

The energy of a charged condenser, expressed in terms of its 

capacity C and charge g, is given by equation (6) of Art. 81, 

namely: e g 
W233 (1) 

and the capacity of a parallel-plate condenser is: 

ee =5° — (2)* 

as explained in Art. 79. Therefore, substituting this value of 

C in equation (1) we have: 

Be 
W mi 3 k a °x (3) 

Differentiating this expression with respect to x, we have: 

Be 

+= is written for the constant G of Art. 79 so that the value of B is 

1.131 X 10%, 
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This is the increase of potential energy of the condenser due to 

the movement Ax, and, as above explained, it is equal to F-Avx. 

Therefore we have: 
B¢ 

F-Ax = .. - Ax 

or 

Be ena Rect 
i235 (5) 

Now, g being in coulombs, equation (3) gives W in joules; 

so that AW in equation (4) is in joules. Therefore F-Ax is 

expressed in joules, and F in equation (5) is expressed in joules 

per centimeter, one joule per centimeter being the force which 

will do one joule of work while the body on which it acts moves 

one centimeter in its direction. One joule per centimeter is 

equal to ten million dynes. 

It is noteworthy that the force of attraction of two parallel 

charged plates due to given charges + q and — g on the plates 

is independent of the distance between the plates, provided that 

the plates are very large as compared to the distance between 

them.* 

The charge + g on the two plates is equal to CE, where E 

is the electromotive force between the plates and C _ is the 

capacity of the condenser formed by the two plates. Therefore, 

substituting the value of C from equation (2), we have: 

: ad) ae 
Qa aes E (6) 

and substituting this value of g in equation (5), we have: 

IL ke# 
F= Pe ie (7) 

which gives the force of attraction of two plates in terms of the 

electromotive force between the plates. This equation gives 

the value of F in joules per centimeter when a@ is expressed in 

* Equation (2) is true only when x is small as compared with the size of the 
plates. 
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square centimeters, x incentimetersand £ involts; k being 

the inductivity of the fluid dielectric, and B being equal to 

I.13I X 10%, 

It is to be noted that the force of attraction of two parallel 

plates is inversely proportional to the square of the distance 

between the plates for a given value of E. 

The absolute electrometer.—If an electromotive force E 

to be measured is connected to two parallel metal plates in air, 

the value of E in volts can be calculated with the help of 

equation (7), above, if a and x are known and if the force F is 

measured; k being equal to unity and B being a known con- 

stant. A device arranged for measuring an electromotive force 

in this way is called an absolute electrometer because only mechan- 

ical and geometrical measurements need be made. 

balance beam 

A 

pee a 24 p Pp 

B B 

Fig. 99. 

Figure 99 shows the essential features of an absolute electrom- 

eter. The two attracting metal plates A and B are hori- 

zontal, and the upper plate is in two parts, namely, a central 

circular part of area a which is hung from one end of a balanced 

beam, and a surrounding part gg which is supported rigidly and 

which is called a guard ring. ‘The force with which the suspended 

portion @ is attracted by the lower plate is measured by placing 

weights on the pan pp. 

Equation (7) is accurately true only when the attracting plates 

are large as compared with the distance x; but equation (7) is 

accurately true for the central portion a of the upper plate in 

Fig. 99. 
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o1. Energy and tension of the electric field in air.—It is a 

great help in the development of the theory of the electric field 

if one appreciates as fully as possible the various properties of 

the electric field. Thus equation (2) of Art. 84 expresses an 

important property of the electric field. Another interesting 

property of the electric field is that the lines of force tend to 

shorten, that is, the electric field is in a state of tension along the 

lines of force; and another interesting property is that the electric 

field stores energy. These two properties are here discussed for 

the electric field in air. 

Energy of the electric field in air—The energy of a charged 

condenser is: 
W=3:CFE (1) 

- according to Art. 81. Substituting the value of C from equation 

(2) of Art. 79, remembering that k = 1 for air, we get: 

Wie i ae (2)* 

‘ ‘ E 
but ax isthe volume v of the region between the plates, and 5 

is the intensity e of the electric field between the plates. There- 

fore equation (2) may be written: 

I 
We ere (3) 

or, dividing both members by v, we get: 

energy per unit volume = = - 2 (4) 

Now the energy of a charged condenser resides in the electric 

field, and equation (4) shows that the energy of an electric field 

in air in joules per cubic centimeter is -e*, where e is the 
I 

2B 

intensity of the field in volts per centimeter. 

* The factor 5 is written for 884 X 10716, 
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Tension of the electric field in air—Putting k=1 and 

writing e for x equation (7) of Art. 90 we get: 

I | 
= Be (5) 

Now the force F which tends to pull the two plates together 

shows that the intervening electric field is in tension and the 

force per unit area is the measure of the tension JT. Therefore, 

dividing both members of equation (5) by a, we get: 

=< -¢ 6) 
where TJ is the tension in an electric field of which the intensity 

is e volts per centimeter. 

Fig. 100. 

Equations (4) and (6) are here derived for a very special case 

but they give the energy per unit volume and the tension at a 

point in any electric field in air. 

92. The electric field in the region between two concentric 

metal spheres.—A metal sphere of radius A is surrounded by 

a hollow metal sphere of internal radius B as shown in Fig. 100. 
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The small sphere has a charge of +--g coulombs, and the inside 

surface of the outer sphere has a charge of — g coulombs; and 

it is required to find the intensity of the electric field at any point 

p distant rv from the common center O of the two spheres. 

It is evident that the lines of force of the electric field are radial 

straight lines because of the entire symmetry of the arrangement. 

Therefore the electric field at p is in the direction of the arrow e. 

Imagine a spherical surface of radius r with its center at O. 

The area of this spherical surface is 47? and the electric field 

is everywhere at right angles to its surface and equal to e. 

Therefore the flux across the spherical surface is 47?e, and 

according to Gauss’s theorem this flux must be equal to Bg 

(see Art. 86). Therefore we have: 

B 
e= x ‘ 2 (1) 

The expression for e in equation (1) does not depend upon the 

radius of either sphere in Fig. 100. Therefore equation (1) 

gives the electric field intensity e in volts per centimeter at any 

point at a distance of r centimeters from the center of a sphere 

of any size over which g coulombs of charge is uniformly dis- 

tributed, provided the given sphere is surrounded by a hollow 

concentric metal sphere of any radius greater than 7. Of course 

r must be greater than the radius of the inner sphere. 

93. Electric field due to a concentrated charge.—Imagine a 

charge of g coulombs on a sphere of indefinitely small radius. 

Such an imagined charge is called a concentrated charge. It is 

evident from what is said above that equation (1) of Art. 92 

gives the intensity e of the electric field at a distance of r centi- 

meters from a concentrated charge of g coulombs. 

Attraction or repulsion of concentrated charges.—Consider 

two concentrated charges g’ and gq” ata distance of d centi- 

meters apart. The electric field intensity at g’’ dueto gq’ is 
, B 

= res = and the force F exerted on g’’ by this field is equal 
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to the product e’g’’ according to Art. 84. Therefore we have: - 

BAe 6S cue (x) 
where, according to Art. 84, F is expressed in joules per centi- 

meter. Theforce F is the force with which the two concentrated 

charges attract or repel each other; it is a repulsion when gq’ 

and gq” are alike in sign, and it is an attraction when gq’ and q” 
are opposite in sign. 

The “ electrostatic’? unit of charge.—The amount of con- 

centrated charge which will attract or repel an equal amount of 

concentrated charge with a force of one dyne at a distance of one 

centimeter is used as a unit of charge by many writers on electrical 

theory, and it is called the “electrostatic” unit of charge. 

To find the value of the ‘‘electrostatic” unit of charge in 

coulombs substitute g for gq’ and gq’ in equation (1); write 

10~” for F, 1.131 X 10% for B andtifor d; andsolve for g. 

This gives 

one “electrostatic” unit of charge = 3.33 X 107" coulombs (2) 

94. Electric field in the region between two co-axial metal 

cylinders.—A metal cylinder of radius A is surrounded by a hol- 

low metal cylinder of which the inside radius is B as shown in 

Fig. 101, the space between A and B is filled with a dielectric 

of which the inductivity is k, the inside cylinder has + q 

coulombs of charge pe’ centimeter of length and the outside 

cylinder has on its inner surface — gq coulombs of charge per 

centimeter of length; and it is required to find the intensity e 

of the electric field at a point p ata distance of r centimeters 

from the common axis O of the two cylinders. 

Imagine a cylindrical surface of radius r with its axis a’ong O. , 

The electric field e at the surface of this cylinder is everywhere 

the same in value and everywhere at right angles to the surface. 

Let us consider a portion of length / of the two cylinders and 

of the cylindrical surface of radius 7. The area of this portion 
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of the cylindrical surface is 2zrl square centimeters, and the 

amount of electric flux which crosses it is 2rrl X ke. But the 

amount of charge on / centimeters of the inner cylinder is /g. 

Therefore, according to Gauss’s theorem, we have: 

Fig. 101. 

2nrlke = Blq 

from which we get: 
Bp} -@ 

oon kr (1) 

For the simplest case, namely when the space between the 

cylinders is filled with air, then k = 1 and this equation becomes: 

(2) 

Remark.—This equation also expresses the intensity e of the 

electric field at a point r centimeters from the axis of a long 

cylinder which is at a great distance from all other bodies, gq 

being the charge in coulombs on each centimeter of length of the 

cylinder. This is evident when we consider that equation (2) 

\ 
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does not contain the radius of the outside cylinder so that this 

radius may be as large as you please. 

95. Graded cable insulation.—Equation (1) of Art. 94 shows 

how the electrical stress e is distributed throughout an ordinary 

electric cable which consists of a cylindrical wire core, a covering 

of rubber or other insulating material and a lead sheath. If k 

is the same throughout the insulating material, then e is much 

larger near the central wire where 7 issmall, than near the sheath 

where 7 is large; but if it were possible to apply the insulating 

material in layers with the value of k decreasing as 7 increases 

so as to keep the product kr constant, then the value of e 

would be the same throughout the insulating material of the 

cable and every portion of the insulating material would carry 

its full share of the total stress (voltage) between wire core and 

sheath. Such a gradation of k is however, impracticable, but 

it is practicable to apply the insulating material in two or three 

layers, the inside layer having large inductivity, the middle layer 

having medium inductivity, and the outer layer having small 

inductivity. Such a cable insulation is called a graded cable 

insulation. 

96. Magnetic and electric parallels. Magnetic permeability 

is analogous to electric inductivity. 

The lines of force of a mag- The lines of force of an elec- 

netic field converge upon and | tric field converge upon and 

pass through an iron rod as | pass through a glass rod as 

shown in Fig. 102. shown in Fig. 103. 

ee = 

N ——- ——s Ss 
iron -— 
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The iron rod in Fig. 102, if 

free to turn, oscillates back and 

forth through an .equilibrium 

position parallel to the field. 

An iron plate is drawn into 

the intense magnetic field be- 

tween two opposite magnet 

poles as shown in Fig. 104. 

Fig 104. 
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The glass rod in Fig. 103, if 

free to turn, oscillates back and 

forth through an equilibrium 

position parallel to the field. 

A glass plate is drawn into 

the intense electric field be- 

tween two charged metal plates 

as shown in Fig. 105. 

(Ua 
Fig. 105. 

97. Dielectric hysteresis.—The most prominent kind of d- 

electric hysteresis is a kind which is closely analogous to what is 

technically called elastic lag in mechanics. For example, glass 

when subjected to a mechanical stress takes on a certain amount 

of strain (deformation) quickly, after which the strain increases 

slowly for a time; and when the stress is removed a remnant 

of the strain persists for a time. 

A condenser is charged. The 

coatings of the condenser are 

then momentarily connected 

by a wire which discharges the 

condenser. The wire is then 

disconnected, and the con- 

A rubber tube is stretched. 

(This stretch corresponds to 

the electrical strain of the di- 

electric of a charged condenser.) 

The end of the rubber tube 

is then momentarily released. 
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denser is left standing on open 

circuit. The coatings of the 

condenser are then again con- 

nected and a second slight 

discharge is obtained. 

ADVANCED ELECTRICITY AND MAGNETISM. 

(This corresponds to the dis- 

charge of the condenser.) The 

end of the tube is then again 

clamped fast in what seems 

to be its equilibrium posi- 

tion. (This corresponds to 

the disconnecting of the wire 

from the discharged condenser.) 

After a time the end of the tube 

is again released and a second 

slight shortening of the tube 

takes place. (This corre- 

sponds to the second discharge 

which is obtained from the 

condenser.) 

98. Concentration of electrical stresses by points. 

es of stress 

Fig. 106. 

Fig. 106 shows the lines of 

mechanical stress passing 

around the bottom of a sharp 

groove in a bent bar. The 

stress is very greatly concen- 

trated near the bottom of the 

groove, and the groove deepens 

by the formation of a crack. 

The'stress is then concentrated 

me 
BE casraged 

eo 
ALS 

es VUUUU LULU mee 
Fig. 107. 

Figure 107 shows the lines of 

electrical stress between a flat 

plate and a point. The stress 

is very greatly concentrated 

near the point and if the vol- 

tage is great enough a rupture 

of the dielectric begins at the 

point. The line of incipient 

rupture is an electrical con- 
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at the edge of this crack, and 

the crack extends farther and 

farther until the bar is broken 

in two. 

y- glass plate 

< 3 

Fig. 108. 

_ Figure 108 shows a hardened 

steel point pressed against a 
small glass plate. The con- 

centration of the mechanical 

stress at the point is so great 

that a comparatively small 

force is sufficient to break the 

plate. 
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ductor, as if it were an exten- 

sion of the metal point. There- 

fore the electrical stress is con- 

centrated at the end of the 

incipient rupture so that the 

rupture extends farther and 

farther until the spark reaches 

from A to B.* 

Fig. 109. 

Figure 109 shows a plate of 

glass or other dielectric be- 

tween a flat metal plate and 

a metal point. The concentra- 

tion of the electrical stress near 

the point is so great that a 

comparatively small electro- 

motive force between metal 

plate and metal point is suffi- 

cient to puncture the dielectric. 

* This purely mechanical view of the formation of a spark is inadequate when 

one goes into a minute study of the phenomena of electric discharge. The point 

of view which has shown itself to be the most useful is the point of view which is 

involved in the electron theory which is briefly discussed in Chapter X. 

I2 
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copper 

Z 3 

Fig. 110. 

Figure I10 is the same as 

Fig. 108 except that a soft bit 

of copper is placed under the 

steel point. In this case the 

copper gives way, and the 

stress is not so greatly con- 

centrated. In fact it is the 

same as if one were pushing a 

flat ended tool against the 

glass, when a very great force 

is required to break the glass. 
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BS gers 
Pek ¥ 

3 lair 

Fig. 111. 

Figure I11 is the same as 

Fig. 109 except that the point is 

surrounded by air instead of oil. 

The electricstrengthof the air is 

less than that of the layer of 

dielectric, and therefore the air 

breaks down electrically and 

prevents an extreme concen- 

tration of electrical stress near 

the point. The result is very 

much as if the plate of dielec- 

tric were placed between two 

flat metal plates, when a very 

‘arge voltage is required to 

puncture the dielectric. 
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PROBLEMS. 

1. A very small ball 6 weighing 0.1 gram and suspended by 

a very fine fiber of silk stands as shown in Fig. p1. What is the 

charge on 6? Ans. 1.78 X 10-° coulombs. 

Note.—Take 980 dynes as the weight of one gram. 

~A B 

20° 

2. Find the maximum charge that can be held on a sphere 

200 centimeters in radius, the sphere being surrounded by air of 

‘which the dielectric strength is, say, 33,000 volts per centimeter. 

Ans. 0.001469 coulomb. 

Note.—The maximum electric field intensity at the surface of the sphere being 

known, the corresponding flux from the sphere and charge on the sphere can be 

calculated. 

3. The sphere of the previous problem is surrounded by a 

dielectric of which the strength is 60,000 volts per centimeter 

and of which the inductivity is 2.5. Find the maximum charge 

that can be held on the sphere. Ans. 0.00667 coulomb. 

4. Two flat metal plates 7 centimeters apart are separated by 

a layer of oil 3 centimeters thick (inductivity 2.00), and a layer 

of glass 4 centimeters thick (inductivity 5). An electromotive 

force of 20,000 volts is connected to the metal plates. Find the 

electrical stress in the oil and in the glass. Ans. 4,347 volts 

per centimeter in the oil; 1,739 volts per centimeter in the glass. 

5. Calculate the force of attraction of two parallel flat metal 

plates 30 centimeters square and one centimeter apart with air 
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between when an electromotive force of 10,000 volts is connected 

to the plates. Ans. 0.00796 joule per centimeter or 79,600 dynes. 

6. What would the force of attraction of the plates of problem 

5 be with an electromotive force of 100 volts? Ans. 7.96 dynes. 

7. The space between the plates in problem 5 is filled with oil 

of which the inductivity is 2.5. “What is the attraction of the 

plates? Ans. 199,000 dynes. 

8. The electric field intensity at a point 200 centimeters from 

the center of a uniformly charged sphere, say, 50 centimeters in 

radius, is 250 volts per centimeter. The sphere is surrounded by 

air. What is the charge on the sphere? Ans. 0.000011I coulomb.” 



CHAPTER VIII. 

THE IDEA OF POTENTIAL AND ITS USE IN THE STUDY OF THE 

4 ELECTRIC FIELD. 

99. Definition of velocity potential of a moving fluid.—In the 
study of a moving fluid it is sometimes* helpful to imagine a sort 

of a ‘hill’? whose ‘‘slope” at each point is equal to the fluid 

velocity at that point, and the ‘“‘height”’ of this imagined hill 

at a point is called the velocity potential of the moving fluid at 

that point. Let Ah be the change of height of the potential hill 

corresponding to the distance Ax measured along the base of 

the hill. Then ~ is the slope of the hill, and according to 

the above definition this slope is equal to the velocity of the fluid 

in centimeters per second. Therefore a is expressed in centi- 

meters per second, and if Ax is expressed in centimeters it is 

evident that Ah must be expressed in centimeters squared per 

second. It is evident, therefore, that the velocity potential of a 

moving fluid is not a geometrical hill. Indeed, when a fluid is 

moving in three dimensions the entire region occupied by the 

fluid is, as it were, the ‘‘base”’ of the potential hill. A clear 

idea of velocity potential in this case may be reached by imagining 

the temperature in a region to vary from point to point in such a 

way that the temperature gradient or temperature slope at each 

point may represent the fluid velocity at that point in magnitude 

and in direction. Then the temperature at each point represents 

the height of the potential hill at that point. 

Definition of electric potential.—tIn the study of electric field 

distribution it is sometimes helpful to imagine a sort of hill whose 

* The simplification of the mathematical treatment of fluid motion by the use 

of the idea of velocity potential is exemplified on page 246 of Franklin, MacNutt 

and Charles’s Calculus, published by the authors, South Bethlehem, Pa., 1913. 
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slope at each point is equal to the intensity of the electric field 
at that point. The height of this imagined hill at a point is called 
the electric potential at that point. Thus the fine curved lines 
with arrow heads in Fig. 112 represent the lines of force of the 

| 

Fig. 112. 

electric field between two parallel oppositely charged metal 

cylinders, the axes of the cylinders being perpendicular to the 

plane of the paper. ‘The lines of force are the slope lines of the 

potential hill, and the heavy lines are the contour lines or lines 

of equal level on the potential hill. The slope lines are every- 

where at right angles to the contour lines. The height of the 

potential hill at each point is expressed in volts. 

Equipotential surfaces.—Each of the contour lines in Fig. 112 

represents a surface perpendicular to the plane of the paper, 

the lines of force of the electric field cross these surfaces 

everywhere at right angles, and each surface is everywhere at 

the same potential, that is to say, the value of the potential in 

volts or abvolts is the same at every point on each surface. Such 

a surface is therefore called an equipotential surface. 

A clear idea of what is represented in Fig. 112 may be obtained 

by imagining that the positively charged cylinder is at a high 
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temperature and the negatively charged cylinder is at a low tem- 

perature, the intervening region being filled with a heat conductor. 

Then the heat-flow through the surrounding region would be 

along the fine lines with arrow heads, and the heavier lines 

would be lines of equal temperature. The heavier lines represent 

surfaces at right angles to the plane of the paper, and each of 

the surfaces so represented would be an isothermal surface. 

Let V be the value of the electric potential at a point, then 

dV , : j ame ‘ 
oe the gradient or slope of V in the direction of the x-axis 

of reference, and therefore, in accordance with the above defini- 

tion of potential, we have: 

dV 
dx 9 X, (1) 

dV 
dy = ¥, (2) 

dV 
ey (3) 

where X, Y and Z are the components (parallel to the x, y 

and z-axes respectively) of the electric field at a point. Also 

it is evident that dV = X - dx, that is the increment of poten- 

tial along dx is found by multiplying the x-component of the 

electric field by dx. 

A clear understanding of electric potential may be obtained 

by considering the electric field between the two plates in Fig. 90 

or Fig. 91. Let E _ be the electromotive force between the . 

plates, then E/x is the field intensity or slope of the potential 

hill, and if we multiply this slope, E/x, by the distance x 

between the plates we get the total rise E of the potential hill 

from one plate to the other. That is to say, the electromotive 

force between any two points is the difference in level of the poten- 

tial hill at these two points or simply the potential difference 

between these two points. Let g coulombs be an amount of 

charge which is transferred from one point to another, and 
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let E volts be the electromotive force or potential difference 

between these points Then Eg joules is the amount of work 

done on the charge by the electric field. Of course the charge 

may be thought of as transferred along a wire. 

The actual physical conditions in an electric field are com- 

pletely specified when the intensity of the field is everywhere 

given. Therefore the potential hill can be determined only in 

that its slope can be everywhere known. It is evident, however, 

that a hill is not completely determined when its slope is every- 

where known; its height at some point must be given. There- 

fore a complete specification of the electric potential in any given 

case involves an arbitrary and physically meaningless choice of a 

region of zero potential. When the region of zero potential 

has been chosen, then the electric potential at any point is 

the electromotive force E between that point and the arbi- 

trarily chosen region of zero potential; and if a charge of gq 

coulombs is carried from # to the region of zero potential, the 

work done on the charge by the electric field will be Eg joules, 

or the work done per unit of positive charge will be equal to E£. 

Therefore the electric potential at a point p is equal to the work 

done by the electric field on one unit of positive charge which is 

carried from p to the region of zero potential.* 

100. Potential values in the neighborhood of a uniformly 

charged sphere.—As an example of the use of the idea of poten- 

tial, let us determine the distribution of potential in the neighbor- 

hood of a uniformly charged sphere S, Fig. 113; the charged 

Fig. 113. 

sphere being at a great distance trom all surrounding objects. 

Let us choose the region infinitely remote from S as the region 

* A very good discussion of the mathematical theory of potential is given on 

pages 210-253 of Franklin, MacNutt and Charles’ Calculus. 
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of zero potential. The problem is to determine the electric 

potential at any given point p ata distance of r centimeters 

from the center of the sphere, and to do this it is sufficient 

(according to the statement in Art. 99) to find how much work 

will be done by the electric field on one coulomb of positive 

charge which is carried from to an indefinitely great distance. 

The path over which the charge is carried is a matter of indiffer- 

ence; therefore let us choose the straight line ab as the path 

over which the charge is to be carried. 

The electric field intensity at the element Ax due to the 

charged sphere is: 

e ey sore 3 (1) 

according to equation (1) of Art. 92, where Q is the amount of 

charge on the sphere S. Suppose a body carrying g coulombs 

is moved along Ax; the force exerted on this body is F = ge, 

according to Art. 84, or using the above value of e, we have: 

B I 
a a = (2) 

and this force is in the direction of e as shown by the arrow in 

Fig. 113. Now as the charge g is carried along Ax in the 

direction of the electric field e an amount of work AW = F-Ax 

is done by the electric field. Therefore, using the value of F 

from equation (2), we have: . 

(3) 

and the work W which is done while q is carried from p to 

infinity is: 
BQq (*=” dx 

wa fe = (4) 
which gives: 

_ BQq 1 Sis gaat (5) 
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but this is the amount of work done by the electric field on g 

coulombs of charge which is carried from  toan infinite distance; 

therefore, dividing by q we get the work required per coulomb, 

and this is by definition the potential at ». Therefore: 

Ee 
4r (6) 

where V is the desired potential at p in volts, the potential 

being due to the charge of Q coulombs uniformly distributed 

over the sphere S. 

101. Capacity of a condenser consisting of concentric metal 

spheres with air between.—Figure 114 shows a metal sphere of 

Fig. 114. 

radius .R, surrounded by a hollow metal sphere of which the 

inside radius is R: The inner sphere carries a charge of + Q 

coulombs and the inner surface of the outer sphere carries — Q 

coulombs; and these charges are uniformly distributed over the 

respective spherical surfaces because of the complete symmetry. 

The two spheres constitute a condenser, and therefore: 

Q=CE (1) 

where C is the capacity of the condenser and £ is the electro- 

motive force or potential difference between the spheres. If we 
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can calculate the value of E fora given value of Q, this equation 

will give an expression for C. 

The intensity e of the electric field at the point p in Fig. 114 

is: 
BO : 

e= re 2 volts per centimeter (2) 

(see Art. 92). Multiplying this value of e in volts per centi- 

meter by Ax in centimeters we get the electromotive force AE 

along Ax. That is: 
BQ Ax 

AE =¢-Ax=7 2 (3) 

whence, integrating, we get: 

BO. “dx BOL I 
( R, git R, (4) 

= — 

47 2=R, x 4 

E 

But C= g according to equation (1). Therefore, from equa- 

BY 2.9 lees Cw = ( a ) (5) 
tion (4) we get: 

where R; and Rez are expressed in centimeters, and B = 

e127 X<- 10", 
7 . . I s e . 

If Re is indefinitely great, then Rr, 8 negligible as compared 
2 

I 
with R, and equation (1) becomes: 

1 

Capacity in farads of a sphere at a great 47R, 

ing (6) distance from all surrounding bodies. 

Note.—Equations (5) and (6) give the values of the capacity 

when the dielectric is air. For any other dielectric the capacity 

is k times as great, where & is the inductivity of the dielectric. 

102. Capacity of a condenser: consisting of coaxial metal 

cylinders with air between.—Let Fig. 114 represent a sectional 

view of two coaxial metal cylinders. The inner cylinder carries 
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+ Q coulombs per centimeter of length, and the inner surface 

of the outer cylinder carries — Q coulombs per centimeter of 

length; and these charges are spread uniformly around the 

cylinders because of the complete symmetry. The two cylinders 

constitute a condenser, and therefore: 

2 Che (1) 

where Q is the charge per unit length (positive on one cylinder, 

negative on the other), C is the capacity per unit length, and E 

is the electromotive force or potential difference between the 

cylinders. If we can calculate E for a given value of Q, this 
equation will give us an expression for C. 

The electric field intensity e in volts per centimeter at the | 

point p in Fig. 114 is: 
BQ. I 

ys 27 “4 (2) 

according to Art. 94, where x is the distance of » from the 

axis O in centimeters. Multiplying the value of e in volts per 

centimeter by Ax centimeters we get the electromotive force 

along Ax in volts, that is, AE = e-Ax, or: 

BQ Ax a Mae (3) 
so that: a _30, . 

B ~"3 dx <=e tos. ($) (4) 
TeJe—-R, © 27 1 

‘ 

But C= E according to equation (1). Therefore, from equa- 

tion (4), we get: 

c=. (5) ae : Og. Ri 

where C is the capacity in farads of each centimeter of length 

of the coaxial cylinders, and B is 1.131 X 10%. 

Equation (5) refers to coaxial cylinders with air between. 



IDEA OF POTENTIAL. 173 

With any other dielectric the capacity is k times as great where 

k is the inductivity of the dielectric. 

103. Maximum electrical stress in cable insulation. — Consider 

a portion ] centimeters in length of an electric cable. Let Ry 

centimeters be the radius of the central wire, let R2 centimeters 

be the inside radius of the lead sheath, let k be the inductivity 

of the dielectric and let E volts be the electromotive force be- 

tween central wire and sheath. It is desired to find an ex- 

pression for the electrical stress e in volts per centimeter at 

the surface of the central wire, this being the place where the 

electrical stress is a maximum. The capacity of unit length of 

the cable is given by equation (5) of Art. 102, and the capacity of 

: ; ; 2nl k 
1 centimeters of the cable is ] times as great, or er . R\° 

log, ( ‘) 
Ri 

Multiplying this by E we get the number of coulombs on 1 

centimeters of the central wire, and multiplying the number of 

coulombs by B we get the electric flux emanating from the / 

centimeters of the central wire according to Gauss’s theorem 

(Art. 86). But the electric flux density at the surface of the 

central wire is ke according to Art. 86, and the area of / centi- 

meters of the central wire is 27R,/ so that the electric flux ema- 

nating from / centimeters of the central wire is 27R,l X ke. 

Therefore, placing these two expressions for the electric flux 

equal to each other we have: ~ 

2rlBE k 
? 2nrRylke = B R, (1) 

oe (i) 
from which we get: 

ce E I 
@at surface of central wire = Ri ( R; } (2) 

on. (%) 

104. Capacity of parallel cylindrical wires in air.—The capacity 

of a two-wire transmission line in farads per mile of double line is: 
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I. ‘a 943 (1) 
Di ik 

10° X logio( R ) 

where D_ is the distance of the wires apart center to center, and 

R is the radius of each wire; D and R being both expressed 

in terms of the same unit. This equation is only approximately 

true as will appear in the following discussion.* 

a SS Sa as eee eee 
a Pe iw? ep 
, 22 ae ass 

Fig. 115. 

The two circles represent sections of the two wires of a transmission line. 

Figure 115 is a sectional view of the two wires W’W” of a 

transmission line, and to find the capacity per mile it is necessary 

to calculate the voltage between the wires due to an assumed 

amount of charge, positive on one wire and negative on the 

other wire. 

The diameter of the wires is small as compared with the dis- 

tance between them, and therefore each wire may be thought of 

approximately as a line charge as explained in Art. 94. There- 

fore according to equation (2) of Art. 94 the electric field inten- 

sity in volts per centimeter at the element Ax due to the posi- 

tively charged wire on the left is: 

» _ BQ 1 . 
— Om fe (1) 

and the volts per centimeter at Ax due to the negatively charged 

wire on the right is: 

(2) 
ar D-—-x 

* A rigorous discussion of the capacity of two parallel metal cylinders is given 

on pages 273-277 of Franklin’s Electric Waves, The Macmillan Co., 1909. 
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where -+ Q is the coulombs per centimeter on the respective 

wires; e’ and e” are both towards the right as shown in Fig. 

115 and therefore both to be considered as positive. 

The total volts per centimerer at Ax is e’ + e”’, and the volts - 

along Ax is (e’ + e’’)-Ax. Therefore: 

az = 20(24 : ) -ax (3) 
axn\x D-—x 

and by integrating this expression from x = R to x =D-—R 

we get the voltage or potential difference between the wires, 

B soni 

Now the charge on one mile (161,000 centimeters) of the line 

(positive on one wire and negative on the other) is 161,000 Q. 

Therefore using the value of Q from equation (4) we get: 

namely: 

Charge on one mile of line = he Teas | “EG; AS) 
D— =) 

R 

and the expression in the brackets is the capacity in farads of 

one mile of the double line. To get equation (1) the Naperian 

logarithm is to be reduced to the common logarithm. 

105. Maximum electric stress between the wires of a trans- 

mission line.—The electrical stress at the surface of the wire to 

the left (or right) in Fig. 115 may be thought of as being made up 

of two parts, one part being due to the charge on the wire to 

the left and the other part being due to the charge on the wire 

to the right. These two parts are given by equations (1) and 

(2) of Art. 104 if R be written for x. Therefore the total 

electrical stress at the surface of one of the wires in Fig. 115 is: 

gop pie (2. I 
oe = 22 (54573) (1) 
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Therefore, substituting the value of Q from equation (4) of Art. 

104, we get: 

Electrical stress at surface of \ i E “3 I 

wires of a transmission line } i Rk R + 1) ae (2) 

2 log, (7) 

This expression gives the electrical stress in volts per centimeter 

at the surface of either wire in Fig. 115, E being the electro- 

motive force between the wires in volts, R the radius of the 

wires in centimeters, and D the distance between the wires in 

centimeters. 

106. Distribution of electric potential in the neighborhood of 

a line charge.—The electric field at a point distant 7 centimeters 

from the axis of a uniformly charged cylinder in air is: 

B 
= 

27 2 ID (r) 

according to equation (2) of Art. 94, and evidently the field does 

not depend upon the diameter of the cylinder if the charge per 

unit length Q is given. Therefore we may suppose the charged 

cylinder to have an indefinitely small diameter, and we thus 

arrive at the notion of what is called a line charge, namely, a 

charge of Q coulombs per centimeter distributed uniformly 

along a straight line. Equation (1) expresses the electric field 

intensity in the neighborhood of a line charge. 

To find the electric potential distribution in the neighborhood 

of a line charge it is not permissible to choose the infinitely 

distant region (r = «) as the region of zero potential because 

to do so leads to infinite values of potential everywhere; it is 

most convenient to choose the region which is at unit distance 

(r = 1 centimeter) from a line charge as the region of zero 

potential. 

The dot A in Fig. 116 is an end view of a line charge of Q 

coulombs per centimeter, and O is the chosen region of zero 

potential; and it is desired to find the potential at the point p 
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distant r centimeters from A. Writing x for r in equation 

B . . . 

(1), above, we get mar : volts per centimeter as the intensity 
: T 

of the electric field at the element. Ax in Fig. 116, and multiplying 

lines of force 

no eed 

en quipotential surfaces 

ore) 

we et 

zero potential —— 

ENE. Ee Pp 
line charge-¢€A—+ TU ’ 

-Lem__§ 0 .e™ 
i x i 
eerieg ee nF oe : 
Ge a ca Sw selon aa ol 

Fig. 116 

this by Ax we get the volts along Ax, namely: 

BO: Bx tS tesa es (2) 
vs gare 

and the total volts between O and p isfound by integrating 

this equation from x = 1 to x =r which gives: 

BQ 
E= =, ° loger | ) (3) 

Now the electric field in Fig. 116 is directed away from O and 

towards p all along the path, and therefore work is done by the 

electric field while a positive charge moves from O to #p, but 

the potential at p is defined in Art. 99 as the work done by the 

electric field while one unit of positive charge is transferred from 

p to O. Therefore the potential at p in Fig. 116 is negative, 

and from equation (3) we have 

13 
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B 
¥ aed (4) 

where V is the electric potential in volts at a point 7 centimeters 

from a line charge of Q coulombs per centimeter, and B = 
Lie3tX 10". , 

It is evident that V is a constant for any given value of 7, 

and therefore the surface of any circular cylinder with its axis 

along A is an equi-potential surface. The circles in the 

upper part of Fig. 116 represent a series of equipotential sur- 

faces. 

Distribution of electric potential in the neighborhood of two 

parallel equal and opposite line charges.—Figure 117 isa sectional | 

view of two parallel line charges, + Q and — Q coulombs per 

P centimeter respectively. The 

potential at p due to + Q 

; 2 alone is given by writing 7 

for r in equation (4), and the 

+Q%, pe-@ potential at p due to —Q 

Pane: Nase eae | alone is given by writing 
Fig. 117. — Q for Q and r2 for r in 

equation (4); and the total 

potential at p due to both line charges is the algebraic sum of 

the expressions sofound. Therefore: 

= ae log. ( = ) (5) 

For a series of constant values of V this equation becomes 

the equation of a series of circles as shown in Fig. 118. These 

circles represent a series of cylindrical surfaces at right angles 

to the plane of the paper. These cylindrical surfaces are equi- 

potential surfaces. The lines of force of the electric field due to 

two parallel equal and opposite line charges are shown in Fig. 

119. These lines of force cut the equipotential surfaces at right 

angles as shown in Fig. 112. 
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107. The method of electric images.—Any eguipotential surface 

an an electric field may be wholly or in part replaced by a thin 

metal shell without altering the electric field distribution; and if an 

equipotential surface is wholly replaced by a thin metal shell, the 

electric field on one side of the shell may be obliterated without 

altering the field on the other side. 

Thus one or both of the equipotential surfaces GH and EF 

in Fig. 118 may be replaced by metal, and the electric field be- 

tween them will remain unchanged. In this way it is known 

that the distribution of electric field between two parallel metal 

Fig. 120. 

cylinders of equal or unequal diameters is identical with a certain part 

of the electric field between parallel line charges properly spaced. 

Thus Fig. 120 shows accurately the trend of the electric lines of 

force between two parallel metal cylinders of the same diameter. 

The very small circles show the positions of the equivalent line 

charges. Simi'arly Fig. 121 shows accurately the trend of the 

lines of force between two parallel metal cylinders one of which 

surrounds but is not co-axial with the other; the small circles 
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C and C’ show the positions of the equivalent line charges. 

This method of building up particular cases where the electric field 

distribution (or potential distribution) is known is called the 

sc 
Fig. 121. 

On, 

method of electrical images. ‘The origin of this term may be illus- 

trated by discussing Fig. 122. A line charge A near and parallel 

to a metal cylinder BB having an equal and opposite amount of 

R 

Semmes 7, 7 

Fig. 122. 

charge per unit length gives in the region RRR an electric field 

distribution which is exactly the same as would be produced by A 

and an equal and opposite line charge at B’ with the metal cylinder 

removed. ‘Therefore one may think of the field RRR as being 
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produced by A and a fictitious line charge at B’ which is 

called the electric image of A with respect to the metal cylinder 

BB. 

108. Another important example of the method of images. 

A uniform electric field as modified by a cylindrical conductor.— 

Figure 123 shows the trend of the lines of force in the neighbor- 

Fig. 123. 

hood of a metal cylinder of radius R in a region which would 

be a uniform electric field parallel to the x-axis if it were not 

for the presence of the metal cylinder. The mathematical formu- 

lation of the field distribution in any case is greatly simplified by 

using the idea of potential. We will proceed therefore to find an 

expression for the potential at any point p in Fig. 123 of which 

the polar codrdinates with respect to O are r and 0, 6 being 

the angle between 7 and the x-axis of reference. 

The finding of this mathematical expression depends upon the 

combining of two potentials, namely, (a) the potential due to the 

original undisturbed uniform field e parallel to the x-axis, and 

(b) the potential due to what is called a line doublet. 

Potential due to a uniform field of intensity e parallel to the 

x-axis.—Let V’ be the potential which is associated with e; 



IDEA OF POTENTIAL, 183 

? dV : 
then = % 8 that V’ = ex + aconstant. Therefore if we 

choose the y-axis as the region of zero potential we must have 

V’ =o when x =o0. Therefore the constant of integration is 

zero, and we have: 

V’ = ex (1) 

where V’ is the potential at any point whose abscissa is x. 

Potential due to a line doublet.—Consider two equal and opposite 

line charges parallel to each other and at a distance Ax apart, 

let + Q and —(Q be the charges per centimeter, and let the 

product Q-Ax bea finite quantity M. Such a pair of infini- 

tesimally distant, equal and opposite line charges is called a 

line doublet, and M is called the moment of the doublet. 

The potential at a point due to a line doublet is found as 

follows: The potential at the point p in Fig. 124 due to the line 

Fig. 124. 

The distance r is supposed to be very large in comparison with Ax. 

: B 
charge +Q0 is — ze -log. r, and the potential at p due to 

: ; B 
the line charge —Q is + =e ‘log. (7 + Ar), according to 

equation (4) of Art. 106. Therefore the net potential at » 
due to both line charges is: 

B Sf. a(log, r) = 22.2. a BQ 
pr Hoge (r + Ar) — log. 7] = appa 
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but Ar = Ax-cos@ (see Fig. 124), and M = Q-Ax; therefore 

this expression for the potential at p in Fig. 124 reduces to: 

y" = B ye 7] 

27 + 
(2) 

If the positive and negative line charges are interchanged in 

Fig. 124 the algebraic sign of the potential V” will be changed 

and we will have: 

B cos 6 yr =-=.M= (3) 

These expressions [equations (2) and (3)] for the potential of a 

line doublet give V’’ =o when @= 90° if r is not zero. 

That is, the potential along the y-axis is zero except at the origin 

O in Fig. 123 when a horizontal doublet is placed at O. 

The potential in a region where a line doublet is placed and which 

but for the presence of the doublet would be a uniform electric field 

at right angles to the doublet.—This potential is found by adding 

the above potentials as expressed by equations (1) and (2), or 

(1) and (3); and for x in equation (I) we may write 17 cos 0. 

Thus we get for the combined potential 

BM 
V= (cr 2H) cos (4) 

If the negative sign is chosen (which means that the line doublet 

is the reverse of what is shown in Fig. 124), then for a certain 

value of 7 the quantity in the parenthesis will be zero. Therefore 

V will be zero for this value of r whatever the value of @ may be. 

That is tosay one of the constant potential surfaces surrounding 

the line doublet placed in a uniform field will be the surface of 

circular cylinder, and this particular cylindrical surface may be 

replaced by a metal cylinder without altering the field distribu- 

tion. Therefore 
BM 

v= («4-2 ) cose (5) 
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is the potential at any point [r, 6] outside of a metal cylinder 

placed in a region which but for the presence of the cylinder 

would be a uniform field of intensity e at right angles to the axis 

of the cylinder. The moment M of the line doublet must be 

such as to give a value of zero to the quantity in the parenthesis 

when the radius of the cylinder R is substituted for r. That is, 

we must have: 

os FO 

or 

QT 
=3 0h (6) 

Substituting the value of M from (6) i (5), we get: 

Ke 
¥o= (er -F) cos 0 (7) 

which expresses the potential at each point (r,6) near a 

cylinder of radius R placed in a region which but for the 

presence of the cylinder would be a uniform electric field of 

intensity e at right angles to the axis of the cylinder, as shown 

in Fig. 123. The line doublet is the image in the metal cylinder 

of the distant charges which produce the uniform field. 

It is evident from Fig. 123 that the presence of the metal 

cylinder causes a concentration of electrical stress, and the 

maximum stress is at a (or 0) where r = R and @=0. But 

the electric field at any point is the potential gradient at that 

point. Therefore the field intensity at a, being evidently 

parallel to the x-axis, is found by differentiating V in equation 

(7) with respect to ry and placing @=0 and r=R in the 

result, because r is parallel to x when @ is zero. In this way 

we get: 
field intensity at \ Ay 
1 a in Fig. 123 See (5) 

That is, the field intensity at a in Fig. 123 is twice as great as 

the intensity e of the original uniform field. — 
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109. The production of any desired field distribution in a 

region by the creation of proper potential values everywhere 

over the boundary of the region.—The distribution of electric 

field in a region depends upon two things; namely, (a) Upon the 

distribution of electric charge over the boundary of the region, 

and (6) upon the distribution of electric charge throughout the 

region itself. When there is no charge in the region, the boundary 

distribution alone determines the field throughout the region. 

In practice it is much easier to produce assigned potential values 

than to produce assigned distributions of charge. Therefore for 

practical purposes the following proposition may be used instead 

of the above. When there are no free electric charges in a region, 

the potential values over the boundary of the region completely 

determine the field distribution in the region. 

Example 1.—Figure 125 represents the lines of force sur- 

rounding a line charge, the line charge being perpendicular to 

Fig. 125. 

the plane of the paper. The dotted circle in Fig. 125 represents 

a cylinder with its axis parallel to the line charge. Imagine this 

cylinder to be made of narrow insulated strips of metal as repre- 

sented by the separate dots of the circumference, and imagine 



IDEA OF POTENTIAL 187 

each strip to be brought by proper means to a potential equal to 

the potential at the strip due to the line charge in Fig. 125. 

We would thus have the potential fixed 

or determined at every point on the a 
surface of the dotted cylinder, and the Be \ 

electric field distribution inside of the pom-| 

cylinder would be as shown in Fig. 126. ee 

That is, the electric field inside of the Ss 
cylinder cc would be exactly like the Fig. 126 

field due to the line charge in Fig. 125, 

and this would be the case whatever the state of affairs outside 

of the cylinder cc might be. 

Example 2.—A flat metal sheet AA, Fig. 127, is at zero poten- 

tial, and a series of insulated metal strips BB very close together 

and perpendicular to the plane of the paper are brought by proper 

means to potential values such 

i B that the potential V, of any 

A oe strip is proportional to its dis- 

: 7 “¥ tance «from AA. Under these 
= > ny conditions the region between 

ae . AA and BB will be a uni- 

: aah form electric field as indicated 
* ae by the lines of force in Fig. 

eae fo emai 2" 
ete ey Fortescue’s method for de- 

ee ny signing insulating structures. 

: —The method illustrated in 

— Figs. 125 to 127 for producing ~ 

; any assigned electric field dis- 

[Tp tribution in a given region has 

/ been proposed by Mr. Charles 

A L. Fortescue as a basis for the 

Fig. 127. design of insulating structures. 

The essential features of Mr. 

Fortescue’s method may be brought out by the following prob- 
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lem: It is required to produce a uniform electric field parallel to the 

y-axis in the region of the coarse lines of force in Fig. 128, and a 

cylindrically radiating electric field in the region of the fine lines of 

force in Fig. 128; and to provide for the proper bounding of 

y-axis 

0g) ile ee odie aie 

} iY k } 

| I HE MN 44) ey = abt 

: gil | ie Mi) 
es | disk disk x-axis 
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= > 
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rom 

5 
> 

| 1 | 111} 
d. disk C d 

cylinder 

- Fig. 128. 

these two regions. By cylindrically radiating field is here meant 

a field like that which would radiate from a line charge lying 
along the y-axis in Fig. 128. 

Let us assume that the metal cylinder of radius 7 and the 

metal disks dd are at zero potential, and let us consider the 

potential at any point p of which the codrdinates are x and y. 

The potential at p due to the radiating field, on the assumption 

that the radial field reaches to p; would be: 

k log, x — k log, % 

where & isaconstant; and the potential at p due to the uniform 

field would be: 

e(l — y) 
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where e is the intensity of the uniform field. The locus of the 

points where the two fields would give the same potential is 

shown by the dotted curve in Fig. 128, and the equation to this 

~ curve may be found by equating the two expressions for potential 

given above. . 

In order that the two fields as indicated by the coarse and fine 

lines of force in Fig. 128 may actually be obtained, it is sufficient 

to have the cylinder of radius 7, and the end disks at zero 

potential; to have the middle disk at potential el; and to pro- 

/ . 
‘ci c. \ 

ft =h 
fae aN 
(RE molan 
BEG EPEIER 

ace S—5eeo 

SIRE E s|=FEES plate 
= ra ie on me Sa ae pe Pl es 

effete Sse i= Yl 
SS d A es Zé. 
SEE [O° Pitt ease 
eee Ss ce ee ey OS rel re 

¢ “Nae ahs > 
NES = p> | x ° . 

Yale 12,7 Ntin-foil 
‘EE sj cylinders 

\i= =| 
= na = oO 

c, / insulation 
/ 

Fig. 129. 

vide a number of insulated rings of tinfoil along the common 

boundary of the two fields (as represented in section by the sepa- 

rate dots of the dotted curve), these tinfoil rings being brought 

to potentials which conform to both fields. The arrangement 

shown in Fig. 128 is such as would be used around one leg of the 

core of a core-type transformer, and the various parts of the 

boundary (tinfoil rings, disks, etc.) are brought to the desired 

potentials by being connected to tap-points on the high-voltage 

coil of the transformer, 



190 ADVANCED ELECTRICITY AND MAGNETISM. 

110. The condenser type of insulating bushing again con- 
sidered.—The radial electric field surrounding a line charge 

decreases in intensity at increasing distances from the line charge, 

and to produce a radial field of constant intensity in a homogene- 

ous dielectric free charge would have to be distributed in a certain 

definite manner throughout the dielectric. This condition is 

approximately realized in the condenser type of insulating 

bushing as described in Art. 89, the free charge being on the tin- 

y-axis 

disk 3 __disk 
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Fig. 130. 

foil sheets. A sectional view of such a bushing is shown in Fig. 

129. The theoretically correct shape of the curve cc in Fig. 

129 is an equilateral hyperbola, because the successive tinfoil 

cylinders must have the same area, as explained in Art. 89. 

No attempt is made to show the lines of force in the region 

surrounding the bushing in Fig. 129. As a matter of fact this 

electric field is greatly concentrated in the region immediately 

surrounding the rod at the ends of the bushing. This concentra- 

tion of electrical stress is obviated by Mr. Fortescue’s method as 

follows: 
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‘11x. Fortescue’s design again.—There is a constant potential 

difference between successive tinfoil cylinders in Fig. 129, and a 

constant potential difference between successive tinfoil cylinders 

is to be provided for in Fig. 130 as explained later; but if the 

potentials of the edges of the tinfoil cylinders in Fig. 130 are 

to be conformable to the uniform electric field which is repre- 

sented by the coarse lines of force in Fig. 130 it is necessary to 

terminate the cylinders along the dotted straight lines as shown. 

With this arrangement, however, the tinfoil cylinders do not 

all have the same area and they do not automatically adjust 

themselves to equal potential differences as explained in Art. 89. 

Therefore to provide for equal potential differences between 

successive tinfoil cylinders in Fig. 130 it is necessary to connect 

the successive cylinders to proper points in the winding of the 

transformer (the bushing in Figs. 129 and 130 being used to 

insulate the wires which pass through a metal case to the high- 
voltage windings of a transformer). 

PROBLEMS. 

1. All space is filled with a fluid moving parallel to the x-axis 

of reference at a uniform velocity of Io centimeters per second. 

Find an expression for the velocity potential of the fluid. Ans. 

10x + any constant. 

2. Derive an expression for the electric potential of a uniform 

electric field which is parallel to the x-axis of reference and of 

which the intensity is 1,000 volts per centimeter. Ans. 1,000x 

-+ any constant. 

3. The entire region throughout a room is a uniform electric 

field directed vertically upwards and its intensity is 2,000 volts 

per centimeter. (a) Choosing the floor as the region of zero 

potential, what is the potential at a point 150 centimeters above 

the floor? (6) What kind of lines are the lines of force, straight 

or curved, and in what direction? (c) What kind of surfaces 

are the surfaces of equipotential, plane or curved, and in what 

direction do these surfaces lie? Ans. (a) 300,000 volts. (8) 
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Straight lines, perpendicular to floor. (c) Plane surfaces, 
parallel to floor. 

4. Given two parallel metal plates 15 centimeters apart to 

which a 10,000-volt battery is connected. Imagine a line X 

drawn straight from plate to plate. Choose the negatively 

charged plate as the region of zero potential; and plot a curve of 

which the abscissas are distances measured along the line X 

and of which the ordinates represent the values of the potential 

at points along this line. 

5. An inclined plane is viewed from above. A series of contour 

lines and of slope lines are drawn upon the plane. Make a 

diagram showing the appearance of these lines as projected upon 

the base plane. 

6. A circular cone is viewed from above and a series of contour 

lines and slope lines are seen projected upon the base plane of 

the cone. Draw a diagram showing the appearance of these 

~ lines on the base plane. 

7. Asphere of 100 centimeters radius hasupon it a charge of 10% 

coulombs, and the sphere stands in air at a very great distance 

from all surrounding bodies. Taking the infinitely distant region 

as the region of zero potential, find the potential of the sphere. 
Ans. 8,600 volts. 

8. Find the maximum electrical stress in volts per centimeter 

in the insulating material of a cable of which the wire core is 
cylindrical and 0.5 centimeter in diameter, the inside diameter of 

the lead sheath being 3 centimeters and the electromotive force 

between sheath and core being 20,000 volts. Ans. 44,540 volts 

per centimeter. 

g. A transmission line consists of two No. 1 B. & S. copper 

wires at a distance of 2 feet apart center to center. Find the 

capacity of 20 miles of this line. Ans. 0.175 microfarad. 

10. With an electromotive force of 50,000 volts between the 

wires of the previous problem find the maximum electrical stress 

in the air. Ans. 34,070 volts per inch, 



CHAPTER IX. 

ELECTRIC OSCILLATIONS AND ELECTRIC WAVES. 

112. Mechanical and electrical parallels.—A great help to the 

clear understanding of the elementary theory of electricity and 

magnetism is afforded by the identity of many of the equations 

of mechanics and electricity as exhibited in the following schedule. 

Translatory Motion 

(1) 

in which x is the distance 

traveled in ¢ seconds bya 

body moving at velocity »v. 

x = ut 

W = Fx (4) 

in which W is the work 

done by a force F while 

the body upon which the 

force acts moves a distance 

x in the direction of the 

force. 

P =F (7) 

in which P is the power 

developed by a force F 

acting upon a body mov- 

ing at velocity v in the 

direction of F. 

W =imz (io) 

in which W is the kinetic 

energy of amass m moy- 

ing at velocity v. 

(13) 
dv F =m — 

eT 

in which F isthe unbal- 

anced force required to 

14 

Rotatory Motion 

d = wt (2) 

in which @ is the angle 

turned in f seconds by a 

body turning at angular 

velocity w. 

W =T¢ (5) 

in which W is the work 

done by a torque T while 

the body upon which the 

torque acts turns through 

an angle @ about the 

axis of the torque. 

P =To (8) 

in which P is the power 

developed by a torque T 

acting on a body turning at 

angular velocity w about 

the axis of T. 

W =3Ke* (11) 

in which W is the kinetic 

energy of a wheel of mo- 

ment of inertia K turning 

at angular velocity w. 

dw 
T=K—, 

in which T is the unbal- 

anced torque required to 

193 

(14) 

Electricity and Magnetism 

(3) 

in which q is the electric 

charge which in ¢ seconds 

flows through a circuit 

carrying a current i. 

W = Eq (6) 

in which W is the work 

done by an electromotive 

force E in pushing a 

charge gq through acircuit. 

q=t 

P= Ei (9) 

in which P is the power 

developed by an electro-— 

motive force E in pushing 

a current # through a 

circuit. 

W =iL? (12) 

in which W is the kinetic 

energy of a coil of induc- 

tance L carrying a cur- 

rent 7. 

di 
E=tL i (15) 

in which E is the “ unbal- 

anced”’ electromotive force 

Rr ee I 

: PROPERTY OF ELECTRICAL LABORATORY, 
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cause the velocity of a 

body of mass m to increase 

dv 
at the rate — 

dt 

* = aF (16) 

*m 86«t 
poi =— 19) 

T a 

8S 

Se 
Fig. 131. 

A body of mass m is 

supported by a flat spring 

S, clamped in a vise as 

shown in Fig. 131. A 

force F pushing sidewise 

on m moves it a distance 

x, which is proportional to 

F, according to equation 

(16). When started, the 

body m will continue to 

vibrate back and forth 

and the period 7 of its 

vibrations is determined 

by equation (19). 

cause the angular velocity 

of a wheel of moment of 

inertia K to increase at 

Ww 

the rate a 

¢ = bT (17) 

4K 1 

rm Ob =) 

AMMA: 
, 

wité 

te body | 

Fig. 132. 

A body of moment of in- 

ertia K is hung by a wire 

as shown in Fig 132. A 

torque T acting on the 

body will turn the body 

and twist the wire through 

an angle ¢, which is pro- 

portional to T, according 

to equation (17). When 

started, the body will 

vibrate about the wire as 

an axis and the period rf 

of its vibrations is deter- 

mined by equation (20). 

ADVANCED ELECTRICITY AND MAGNETISM, 

required to cause a cur- 

rent in a coil of inductance 

L to increase at the rate 

di 

dt 

q=CE (18) 

4m? I 

mz OC ae 

jc 

Cee 
C 

L 

Fig. 133. 

A condenser C is con- 

nected to the terminals of 

a coil of inductance L as 

shown in Fig. 133. An 

electromotive force E 

acting anywhere in the 

circuit pushes into the 

condenser a charge 4g, 

which is proportional to E, 

according to equation (18). 

When started, the electric 

charge will surge back and 

forth through the coil, con- 

stituting what is called an 

oscillatory current and the 

period of one oscillation is 

determined by equation 

(21). 

Note.—Frictional opposition to the motion in Figs. 131 and 

132, and the resistance of the circuit in Fig. 133 are supposed to 

be zero. 



ELECTRIC OSCILLATIONS AND ELECTRIC WAVES, 195 

113. The electric oscillator.—The arrangement shown in Fig. 

133 of Art. 112, consisting of an inductance L and a condenser 

C connected as shown, is called an electric oscillator. This type 

of oscillator does not radiate energy in the 

form of electric waves to any appreciable ex- 

tent, whereas the open oscillator which is 
. : ; ms to terminals of \ 

shown in Fig. 134 does radiate energy. high voltage 

Equation (21) of Art. 112 is true only induction coil f 
6 when the resistance of the circuit in Fig. 133 

is negligibly small and when no appreciable =e eo 

energy is radiated in the form of electric 

waves. Under these conditions the differential equation* of 

“motion” of the arrangement in Fig. 133 is: 

Lo 444 | (1) 

The complete solution of this equation is: 

= Qsin (wt — 6) (2) 

where Q and @ are constants of integration and 
~ 

I 

VLC 
o = (3) 

The period or time of one complete oscillation is the time required 

for the angle wt to increase from zero to 27. That is wr = 27, 

so that: 

tr =20rVLC (3) 

which is the same as equation (21) of Art. 112. 

When the circuit in Fig. 133 of Art. 112 has an appreciable 

resistance, the differential ae of its ‘‘motion”’ is: 

cxo3 + cr ftg=o (4) 

* See derivation of equation (4) below. 

7 See Franklin, MacNutt and Charles’s Calculus, pages 181-185, published by 

the authors, South Bethlehem, Pa., 1913. 
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and the general solution of this equation is: 

gq = Qe™ sin (wt — 0) (5) 

where Q and @ are constants of integration, and a and w are: 

R 
eee 3 (6) 

and 

I R? 

ane PAPE, 7) 
Derivation of equation (4).—Let g be the charge on the 

condenser C in Fig. 133 of Art. 112 at a given instant. Then 

d e . . + ad? . 

on is the current in the circuit, and 7 is the rate of increase 

of the current. The electromotive force which acts on the circuit 

is used (a) in part to hold the charge g on the condenser (the 

part so used is equal to a (b) in part to overcome the resistance 

AC? or ; ; d 
of the circuit (the part so used is equal to Ri or ri), and 

(c) in part to make the current increase (the part so used is equal 

dt dt? 
oscillating freely there is no electromotive force acting upon it 

from outside and therefore the sum of the three parts (a), (0) 

and (c) is zero. 

di @? ‘ 
to. Lor a). But when the system shown in Fig. 133 is 

THE DIFFERENTIAL EQUATION OF WAVE MOTION. 

114. The equation of a traveling curve.—Let cc, Fig. 135, be 

a curve which is stationary with respect to the origin O’, the 

equation of the curve with respect to the origin O’ is: 

y = F(x’) (1) 

Suppose, however, that the curve cc and the origin O’ are both 

traveling to the right at velocity v so that the abscissa of the 

moving origin O’ with respect to the stationary origin O is wt 

as shown. Then the abscissa x of any point on the curve cc 
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is x =x’ +vt so that x’ =x-—vt. Therefore, substituting 

this value of x’ in equation (1) we have: 

y = F(x — 2) (2) 

and this is the equation of the traveling curve cc _ referred to the 

stationary origin O. 

y stationary moving 
y-axis y-axis 

prt 
' 

uy 
1 

5 or es epee mae = 9 —— x’—— 
RH ee 

Fig. 135. 

- Similarly it may be shown that 

| y = f(x + 2) | (3) 

is the equation of a curve traveling to the left at velocity v with 

respect to a stationary origin. 

The two equations (2) and (3) satisfy one of the most important 

of the differential equations of physics, namely, the differential 

equation of wave motion for the case in which no energy is dissi- 

pated by friction or resistance; and it is helpful to derive this 

differential equation from equation (2) or (3) as follows: 

Let the quantity « — vt be represented by the single letter 2. 

That is: 
2=x— uv (4) 

and equation (2) becomes: 

y = F@) (5) 
d? 

Let 2 be represented by F’(z) and let oe: be represented by 

F’’(z). Then, according to the rule for differentiating a function 

of a function, we have: 
dy dy 

dx dz ax (6) 
Oz 

but —=1I, so that 
Ox 
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os PP = Fe) (7) 
Differentiating again, we get: | 

ay dl P(@)] as 
x2 ss gg ax (8) 

F’ 

but — = -1- and a) = F’'(z), therefore, we have: 
Ox dz 

OY _ ow 
Ox? cra F (z) (9) 

By differentiating twice with respect to ¢ we get: 

ey al MI ae F’’(z) (10) 

and by combining equations (9) and (10) we get: 

TF ate 
ae” ax (11) 

This same result would be obtained from equation (3) by pro- 

ceeding as above. Indeed equations (2) and (3) both satisfy 

the differential equation (11) and the general solution of (11) is: 

y = F(x — vt) + f(x + 2b) (12) 

This equation represents two curves of any shape superposed 

upon each other, one traveling to the right at velocity v, the 

other traveling to the left at velocity v. 

115. Equation of motion of a stretched string.—It is very 

helpful to consider wave motion on a stretched string before 

considering the equations of electric wave motion on a trans- 

mission line. When a stretched string is in equilibrium it is, of 

course, straight. Let us choose this equilibrium position of the 

string as the x-axis of reference as shown in Figs. 136 and 137, 

and let us set up the differential equation which expresses the 

mode of motion of the string while the string is vibrating or while 

a bend is traveling along the string as a wave. We will assume 

that each part of the string moves only up and down (at right 
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angles to the x-axis in Figs. 136 and 137), and we will assume that 

the string is perfectly flexible.* Under these conditions the 

x-component of the tension of the string is always and every- 

where equal to a constant 7. 

Cyl Ta 
| | X-axis 16, «<p |D 

e—-— x ~~ Nd ee eee af x-axis 

xm oe dO OF 

Fig. 136. Fig. 137. 

Let the curve ccc, Fig. 136, be the configuration of the string 

at a given instant ¢, that is, ccc is what a photographer would 

call a snapshot of the moving string. The shape of the curve 

ccc defines the ordinate y asa function of x, and the steepness 

of the curve ccc ata point is the value of a at that point. 

Consider the very short portion ad of the string. The length 

of this portion of the string when the string lies along the x-axis 

(in equilibrium) is dx, and the mass of the portion is m-dx 

grams, where m is the mass of one centimeter of the string in 

grams. An enlarged view of the very short portion of the string 

is shown in Fig. 137. The adjacent parts of the string pull on 

the portion ab; and the forces R and R’ thus exerted on ab 

are parallel to the string at @ andat 0 respectively. The x- 

component of R isthe force T to the left, and the x-component 

of R’ is the force T to the right. Therefore the downward 

force D is equal to T tan 0, and the upward force U is equal 

to Ttan 6’; and the net upward force U—D which acts on 

the portion ab of the string is equal to T(tan 6’ — tan @). But 

; d 
tan @ is equal to the value of a at a and tan @ is equal 

d 
to the value of = at b. Therefore the difference, tan 6’ — tan 8, 

* This means that the only thing that keeps the string straight is its tension. 
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: d 
is the increase of = from a to 0b, and this increase is 

dy 
equal to i -dx. This is evident when we consider that 

d? ) ay dy _. 7 8 the rate of increase of ep with respect to x. There- 

2 dy 
fore, substituting = dx for tan 6’—tan 06, we get T— 4 2 - dx 

as the value of the net upward force acting on the portion ab 

of the string, and this net upward force is equal to the product 

of the mass, m-dx, of the portion and the upward acceleration, 
2 

a , of the portion. Therefore we have: 

CY _ FY 
dt? dx? 

or 
Py Tdy 

dé ~ m de ) 
This equation is identical with equation (11) of Art. 114 and its 

general solution is: 

y = F(x — ot) + f(x + 2) (2) 

v ba 3 (3) 

The term F(x — vt) represents a wave (a bend of any shape) 

traveling along the string from left to right, and the term 

f(x + vt) represents a wave (a bend of any shape) traveling along 

where 

the string from right to left; the velocity of travel being yz 

cencimeters per second in each case. 

Another point of view.—It is evident from Art. 114 that travel, 

pure and simple, is about the only thing that is established by 

the solution of equation (1) above. Therefore one might expect 

to obtain a perfectly clear and simple insight into the motion 

of a stretched string by introducing the idea of travel at the 
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beginning. With this end in view let us consider a bend of any 

shape, and let us imagine that this bend is traveling along the 

string to the right (or left) at any velocity v. For example, one 

can make a bend of definite shape travel along a stretched string 

by threading the string through a bent tube and moving the bent 

tube along; but the state of affairs would be entirely unchanged 

if we imagine the bent tube to be stationary and the stretched string 

to be drawn through it, as indicated in Fig. 138. It is assumed 

Fig. 138. 

that the string slides through the tube without friction. The 

tension of the string alone would push ‘the string against side d 

of the tube at any point », and the motion of the string (in the 

absence of tension) would throw the string against side c of the 

tube because of centrifugal action. Let r be the radius of 

curvature of the bent tube at . Then the particles of the 

moving string may be thought of as traveling along a circular 

path of radius 7 as they pass the point ». Therefore* the side- 

wise acceleration (in the direction of the radius r) of the string 

at p is Consider a, very short piece of the string of length 

. eS, : 
ds and whose mass is m-ds. Then m-ds X * is the side 

force (towards the center of curvature of the bent tube at #) 

which must act on the short piece of string to produce the specified 

. v? . . . . 

acceleration = If the string has no tension, then all of this side 

force is exerted by the side c of the tube. 

The stretched string near is like a barrel hoop under tension, 

and its tension T produces on the element ds a side force (draw- 

* See Franklin, MacNutt and Charles’s Calculus, Art. 50, page 70. 
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ing it towards the center of curvature of the bent tube at ) 

* , Naess : : ; 
equal to > -ds*; and if the string is not moving this force is 

exerted against the side d of the tube. 

If, however, the string is moving at a velocity v which satisfies 

the equation: 

or, if: 

=\— (3) bis 

then the radial force (in the direction of 7) due to the tension 

of the string is just sufficient to produce the necessary accelera- 

tion, and no force at all is exerted on the string by the guiding 

tube. Under these conditions the guiding tube might be removed 

and the bend would continue to stand in a fixed position on the 

traveling string, or if the string were standing still the bend would 

travel along the string at velocity v. 

116. Differential equations of electrical wave motion on a 

transmission line.—The theory of electrical wave motion is 

usually developed in terms of electric and magnetic field intensi- 

ties in space,f and the equations are not easy to understand, 

especially by the electrical engineer who is accustomed to express 

everything in terms of voltage and current. Therefore the fol- 

lowing discussion of electric wave motion on a transmission line 

is expressed in terms of voltage and current. 

Throughout the following discussion the resistance of the line 

wires is assumed to be negligible and the line wires are assumed 

to be perfectly insulated. 

* See Franklin, MacNutt and Charles’s Calculus, Art. 51, page 72. 

+ A very simple development of this general theory is given on pages 186-195 

of Franklin’s Electric Waves, The Macmillan Co., 1909. The student must be 

familiar with the elements of vector analysis to be able to understand this electro- 

magnetic theory. See Electric Waves, pages 158-185, or see Franklin, MacNutt 

and Charles’s Calculus, pages 210-253. 
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The horizontal lines in Fig. 139 represent the wires of a trans- 

mission line, and the heavy portions represent an element of the 

line. Let e be the voltage across the transmission line at the 

wire i—> Ax —itdi wire 

a 4b 

ye yeotde 

wire d c wire 
i<— Ax <—itli 

Fig. 139, 

point ad and let 7 be “the current in the line at the same point”’ 

(meaning outflowing current in one wire and returning current 

in the other wire) as shown in Fig. 139. The voltage across the 

line at the point bc is e + Ae, and the current in the line at the 

same point is i+ Ai. 

The capacity of the element abcd is C-Ax, where C is the 

capacity of unit length of the line. Therefore the charge g 

“‘on the element” (positive charge on ab and negative charge on 

cd) is g = C-Ax X e,* and the rate of decrease of g, namely, 

de 
-C-Ax, is equal to Az. Therefore we have: 

dt 

de dt 

CRP ie (x) 
The net electromotive force around the elementary circuit 

abcd is (e + Ae) minus e, and this electromotive force causes the 

current in the circuit to decreaset at a definite rate such that 

di 

dt 
* The charge is greater than C.Ax Xe and less than C.Ax X (e + Ae) and when 

Ax approaches zero, the expression for g approaches C.Ax Xe asa limit. 

T The electromotive force ¢ + Ae is associated with an electric field from wire 

to wire and the arrow shows the direction of this field or the direction of e + Ae 

as it would be indicated by a voltmeter. Evidently, however, an excessive charge 

on the wires at bc and a large electromotive force from b to ¢ would tend to 
create a current opposite to 7. 

Ae = — L-Ax X according to Art. 33 of Chapter III, where 
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L is the inductance of unit length of the line and L-Ax is the 

inductance of the elementary circuit abcd. Therefore we have: 

Lowe (2) 

Equations (1) and (2) contain the two unknown dependent 

variables e and 7, and it is necessary to eliminate one to get an 

equation involving the other alone. By differentiating equation 

(1) with respect to ¢ and equation (2) with respect to x we get: 

@e ad d% de 

Cap dxdt ies ae To ae ~ dx? 

d%4 d% 
But PPPET gre therefore we get: 

Pe Be 
d?.~ CL dt (3) 

By differentiating equation (2) with respect to ¢# and equation 

(1) with respect to x and eliminating as before, we get: 

a eT 2. (4) 
de CL dx 4 

The general solution of these equations establishes little besides 

the simple idea of travel, and if we introduce this idea at the 

start we can get a clear idea of the electric wave very much as we 

obtained a clear idea of a wave on a string by the discussion at 

the end of Art. 115. 

Another point of view.—Imagine current to be distributed over 

a transmission line in any arbitrary manner, the current 7 at 

any given point ad of the line (outflowing current in one wire, 

returning current in the other wire) being represented by the 

ordinate 2 of any given curve CC, Fig. 140, and suppose this 

current distribution as a whole to travel to the right in Fig. 140 

at velocity V. Such a traveling current distribution would 

produce a voltage distribution over the line such that: 

e= LiV (5) 
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where e is the voltage across the line at the place where the 

current in the line is 7. This equation may be established as 

follows: The inductance of the element abcd is L-Ax, and the 

magnetic flux between the wires ab and cd is equal to the 

inductance of the element multiplied by the current, everything 

being expressed in c.g.s. units. Now, the current distribution 

and the associated flux are assumed to travel to the right at 

velocity V so that all of the flux between ab and cd will sweep 

across the line bc in Ax/V of asecond. Therefore the voltage 

e induced along bc by the traveling flux is Li-Ax divided by 

Ax/V which gives LiV abvolts. 

i 
4x ‘ wire | ¥ axis of reference wire _ 

See ee Ween OS a 
x > 

wire d 5 _ wire 

Vax 

Fig. 140. 

Imagine electric charge to be distributed over the transmission 

line in Fig. 140 (positive charge on one wire and an equal negative 

charge on the other). This charge means a definite voltage 

between wires at each point along the line, and we may imagine 

the voltage e’ at each point to be represented by the ordinate of 

a.curve CC. Imagine the electric charge and the associated 

voltage distribution to travel along the line at velocity V’. 

Such a traveling voltage distribution would produce a definite 

current distribution over the line such that 

i? = Ce'V" (6) 

where 7’ is the current in the line at the place where the voltage 

across the line is e’, and C is the capacity of the line per unit 
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of length. This equation may be established as follows: The 

capacity of the element abcd is C-Ax so that C-Ax X e’ 

is the charge on ab (or negative charge on cd). But all of this 

charge must flow past the point 6 during Ax/V’ of a second, 

so that the current in the line is found by dividing C-Ax X eé’ 
by Ax/V’ which gives equation (6). 

Imagine a current distribution and a voltage distribution 

traveling along together and each sustaining the other according 

to equations (5) and (6), then 7 = 7’, e =e’, and V=V’ so 

that equation (6) may be written: 

+= CeV (7) 

Solving equations (5) and (7) for V, we get 

V = ec (8) 

And eliminating V from equations (5) and (7), we get 

RLit = $Ce? (0) 
This equation means that the magnetic energy per unit length of 

line (4%?) is equal to the electric energy per unit length of line 

(4 Ce?) in a wave of the kind which is represented by equations 

(5) and (7). 
Equation (8) gives the velocity at which two mutually sustain- 

ing current and voltage distributions must travel, and two such 

mutually sustaining distributions of e and 7 constitute an eélec- 

tromagnetic wave. If JL is expressed in henrys per mile (see 

Art. 39), and if C is expressed in farads per mile (see Art. 104), 

then equation (8) gives V as 186,000 miles per second. 

The voltage and current distributions in a traveling wave 

must be alike according to equations (5) and (7); that is, where 

7 is large, e is correspondingly large. The relation between e 

and 7 is shown best by equation (9) from which we get 

[= fe (10) 
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The plus sign relates to a wave moving to the right in Fig. 140, 

and the negative sign relates to a wave moving to the left in 

Fig. 140. 

A clear understanding of an electric wave traveling along a 

transmission line may be obtained from Fig. 141, resistance of 

_wire Pe =a es 2 NR Sk a a. oe ° 

ein aoe FECEEEEEREPEEPE EY fe [o aes At VA : , ¥ > 

TAHT oh i 

 ebetee ee eee 
tee 7. 

qa t Pep 4 ‘1. 
~ charge, @ q mea! Ht aA 

Pas eo Od bl De RARE raR AW en deleted ds 
ee RESETTLED EDT.) f° po) lire 

~ - — —<— <——  ~< prea Ep) metas + on 
curren 

/ x-axis 

Fig. 141. 

Showing an electromagnetic wave on a transmission line. 

line wires being negligible and wires being perfectly insulated. 

The curve WW corresponds to CC in Fig. 140, and the ordi- 

nate y represents the voltage e across the line or the current 7 

in the line at the point #. The upper wire is positively charged 

and the fine vertical lines represent the lines of force of the electric 

field which emanates from the positively charged wire and con- 

verges upon the lower wire in the figure which is negatively 

charged. Current flows to the right in the upper wire and to the 

jeft in the lower wire as represented by the short horizontal 

arrows, and the fine dots represent the lines of force of the mag- 

netic field between the wires, this magnetic field being perpen- 

dicular to the plane of the paper in Fig. 141. The heavy arrow 

V_ shows the direction of travel of the wave. | 

The direction of travel and the directions of e and i may be 

correlated as follows: That particular wire is positively charged 

out of which the electric lines of force emanate; the voltage e is 
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from positively charged wire to negatively charged wire; and 

the current in the positively charged wire may be thought of as 

carrying the positive charge forwards from the back of the wave 

and laying it down on the wire in front of the wave. 

axis of e axis of e ; 

wave 

. axis of t . axis of x. 

Kee ft — <--—-— -x(=Vt) --—--- =i 

Fig. 142. ’ Fig. 143. 

Showing voltage e asa function Showing shape of wave which shoots out. 

of the time. from the end of a transmission line when 

the voltage of Fig. 142 is connected across 

the end of the line. 

The wave which is represented in Fig. 141 is called an isolated 

wave or a wave pulse. .Such a wave is produced when an electro- 

motive force is connected across the end of the transmission line 

for a moment and then disconnected. The relation between 

the voltage across the end of the line and the shape of the wave 

produced thereby is shown in Figs. 142 and 143. The ordinates 

of the curve in Fig. 142 represent the varying value of the voltage 

e across the end of the line as a function of elapsed time #, time 

being measured to the left along the axis of abscissas. The 

ordinates of the exactly similar curve in Fig. 143 represent the 

values of e and i in the wave which shoots out on the line. 

The line is assumed to be very long so that no complications 

arise from the reflection of the wave from the distant end of the 

line. That Fig. 143 shows the actual wave produced when the 

varying voltage of Fig. 142 is connected across the end of the 

line is evident from the following considerations: A particular 

solution of any differential equation must satisfy the equation 

itself throughout the region to which the solution applies, and 

it must satisfy the conditions which are impressed at the bound- 
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aries to the region. Thus the wave, Fig. 143, which shoots out 

on the line when the varying voltage of Fig. 142 is connected 

across the end of the line satisfies the differential equations (3) 

and (4) because travel, pure and simple, is all that these equa- 

tions demand; and it satisfies the boundary conditions at the 

end of the line as is evident from the identity of the curves in 

Figs. 142 and 143. It must be remembered that the effects of 

wire resistance and of imperfect insulation between line wires are 

ignored in this discussion. | 

When a periodic electromotive force acts across the end of the 

line, for example when an alternator is connected to the line, 

then what is called a wave-irain passes out along the line, and the 

state of affairs (before matters are complicated by the reflection 

of the waves from the distant end of the line) is shown in Fig. 

144. This figure shows a wave-train which is produced by a 

i (a 3 a agen TTT Te Le 

ee a a 

direction of > W. 

progression 

eg ees 
Fig. 144, 

harmonic alternating voltage, and the curve WW is a curve of 

sines. The short horizontal arrows represent the currentat various 

places in the wires, the fine vertical lines represent the lines of 

force of the electric field, and the dots represent the lines of 

force of the magnetic field as in Fig. 141. 

The ribbon wave.—When a battery of constant voltage and 

negligible resistance is connected across the end of a transmission 

line, a wave shoots out on the line, the voltage e in the wave is 

everywhere of the same value and equal to battery voltage, and 

the current is everywhere the same in value and equal to 

15 



210 ADVANCED ELECTRICITY AND MAGNETISM. 

L 
Jz Xe. Such a wave we will call a ribbon wave. Thus Fig. 

145 represents a ribbon wave d/V seconds after the battery is 

-_—_— ooo or er erm err se eern— eee cel 

| IFFUEAAEGRAHPRRRH NEBR SUAATEER CER ai 

FARATELEEEECP EEE FEE 
*t Teltl. elele 

—_—_—_— +——— 

ribbon wave . 

Fig. 145. 

Showing the ribbon wave which shoots out from a battery which is suddenly 

connected to the end of a line. 

connected. The short horizontal arrows represent current, the 

fine vertical lines represent the lines of force of the electric field, 

and dots represent magnetic lines of force as in Figs. 141 and 144. 

The rectangular wave pulse.—Figure 146 represents the iso- 

current _. 
—— 

: harge: . 
wire _ + + ty = v ma —. . Se 

AR i I . ‘ 

eone ey: 
wire je Jenn 

charge 

“current; 

W - wi - 
axis of x 

Fig. 146. 

A rectangular electromagnetic wave pulse. 

lated wave pulse which is produced when a battery of negligible 

resistance is connected across the end of the line for a moment 

and then disconnected. Theordinate y of thecurve WW repre- 

sents the voltage e or the current 7 at each point on the line, 

and the wave pulse is called a rectangular wave pulse because 

this curve WW isa rectangle. 
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117. Superposition of waves-—A principle of extremely wide 

application in physics is the so-called principle of superposition. 

From the physical point of view a general statement of the prin- 

ciple of superposition is scarcely possible and therefore the 

following examples must suffice: 

(a) Apersonat A, Fig. 147, can see window No. I and another 

person at B can see window No. 2 at the same time. This 

means that two beams of light @ and 06 can travel through 

the same region at the same 

time without getting tangled 

up together, as it were, each 

beam behaving as if it were 

traveling through the region 

alone. (b) Two systems of 

water waves can travel over 

the same part of a pond simul- Fig. 147. 

taneously, each system behav- 

ing as if the other system were non-existent. (c) Two forces 

F and G exerted together on an elastic structure produce a de- 

formation which is the sum of the deformations which would 

be produced by the forces separately, provided the two forces 

together do not exceed the elastic limit of the structure. There- 

fore each force may be thought of as producing the same effect 

that it would produce if it were acting alone. 

All of the effects in physics which are thus superposable— 

and this includes the majority of effects in mechanics, heat, 

electricity and magnetism, light and sound—are expressible in 

terms of linear differential equations. Thus equations (1), (2), 
(3) and (4) of Art. 116 are linear differential equations, and any 
number of electric waves can travel over a transmission line 

simultaneously, each behaving as if it were alone. The voltage 

across the line at any point is the sum of the voltages at that point 
due to the separate waves, and the current in the line at a point* 

1s the sum of the currents at that point due to the separate waves. 

indow No. 

* Outflowing current in one wire and returning current in the other wire. 
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118. Reflection.—For the sake of brevity and clearness we 

will discuss only the reflection of rectangular wave pulses, and 

such a wave pulse will be represented by a single heavy hori- 

zontal arrow. When such a wave is turned back or reflected 

at the end of a line, the heavy arrow will be shown as turned 

back as in Figs. 148, 149 and 150. The voltage and current 

in the original wave are represented by E and J and the 

voltage and current in the reflected wave are represented by 

E, and JI, as shown. 

Reflection from open end of line.—The doubled arrow in Fig. 

148 represents a wave which has been turned back or reflected 

___ wire 
i 

open end 

wire of line 

E I 

— - 
Fig. 148. 

; Showing a rectangular wave pulse partly reflected from the open end of a line. 

at the open end of a transmission line. The necessary condition 

which must be satisfied at the open end of a line is that the actual 

current there be zero. Therefore we have: 

I+I,=0 (1) 

In addition to this we must have: 

ery (2) 

E ccotale (3) 

Now the voltage and current in the original wave are supposed 

to be given and the voltage and current in the original wave do, 

as a matter of course, satisfy equation (2). From equation (1) 

we have: 

and 
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| aan) (4) 

and from equations (2) and (3) we have: 

E,=+E£ (5) 

Reflection at the open end of a line 1s complete and tt takes place 

with reversal of current. 

Reflection from short-circuited end of line-—The doubled 

arrow in Fig. 149 represents a wave which has been turned back 

wire 

short-circuited 
er oD end of line 

>= E I 

E, f 

Fig. 149, 

Showing a rectangular wave pulse partly reflected from the short circuited end 

of a line. 

or reflected from the short-circuited end of a line. The necessary 

condition which must be satisfied at the short-circuited end of a 

line is that the actual voltage across the end be zero. Therefore 

we have: 
E+ £,=0 (6) 

whence 

Eg ee ee ES (7) 

and, since equations (2) and (3) always apply, we get: 

I,= +1 (8) 

Reflection at a short-circuited end of a transmission line is com- 

plete and it takes place with reversal of voltage. 

Reflection from a non-inductive circuit connected across the 

end of a transmission line.*—The doubled arrow in Fig. 150 

represents a wave which has been turned back or reflected from 

* Reflection from inductive circuits is discussed in a paper by W. S. Franklin, 

Proceedings American Institute of Electrical Engineers, April, 1914, 
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the end of a line which is connected to a non-inductive circuit of 

resistance R. The actual current at the end of the line is J + J, 

and this current flows through R so that the voltage across the 

en vend of line 

. 3R 
wire 

I > 

Fig. 150. 

Showing a rectangular wave pulse partly reflected from the non-inductive 

receiving circuit of resistance R. 

end of the line (E + E,) must be equal to RU +T,). There- 

fore we have: 

Also we have: 

E —_— Fate | (10) 
and 

z =-—a (11) 

z 

where a is written for mE Solving equations (9), (10) and 

(11) we get: 
R-a\> 

E, = E(72) (12) 

and 
— R\ . 

(a) When R=a there is no reflection at all; the entire wave 1s 

swallowed up, as it were, by the circuit R. (b) When R 1s greater 

than a_ there is partial reflection with reversal of current. (c) 

When R is less than a there is partial reflection with reversal of 

voliage. | 
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For example, let R = 3a, then EZ, = + E/2, and J, = — I/2. 

When R = a/3, then E, = — E/2 and I, = + 1/2. 

Reflection at a place where the line constants L and C 

change.—The doubled arrow in Fig. 151 represents a wave which 

air line [E=a Z 

yinideraround cable FL =b 

Pp 

J 

BE fT 
2 

ae ae ae, 
Fig. 151. 

Showing a rectangular wave pulse partly reflected and partly transmitted at a 

point where an air line connects with an underground cable. 

has been partly turned back or reflected at a place where an air 

line connects to an underground cable, and the arrow Ei; 

represents the wave which enters the cable. In this case we have: 

E+ £, = E, (74) 

I+1,=1; (15) 

E 
a le (16) 

E, _ 
5 ay —@ (17) 

E 
7, =1+5 (18) 

ne 0) 
—b 

ae -I (20) 



216 ADVANCED ELECTRICITY AND MAGNETISM. 

2b 
FE: he (21) 

2a 
=o (22) 

Reflection at a place where a line branches.—The doubled 

arrow in Fig. 152 represents a wave which has been partly 

Fig. 152. 

Showing a rectangular wave pulse partly reflected and partly transmitted at a 

point where an air line branches. 

reflected at a branch point in a line, and the two short arrows 

Ed; represent the waves which have entered the branches. The 

two branches are both assumed to be like the original line for 

the sake of simplicity. In this case we have: 

E+E£,= E; (23) 

I+], = 21; (24) 

2 =-+a (25) 

s =-—a (26) 

Fiste (27) 
from which we get E, = — E/3 and J, =+1/3; and E; = + %£ 
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and J;= +4. This is, of course, a very special problem 
because both branches are exactly like the main line, and in 

this case one ninth of the energy of the original wave is reflected 

back on the main line and four ninths of the energy of the original 

wave enters each branch. 

119. Transmission line surges which follow the switching on 

of a generator.—When a generator of negligible resistance and 

wire 
- = ; open end of line —~> 
= wire 

+E es ) 

C ae 
eR ) 

TE 4] 

axis of I 

axis of time 

enn ctionse | aoa 

‘curve of current_at B 

Fig. 153. 

The upper part of the figure shows a ribbon wave which shoots out from a 

suddenly connected generator and is repeatedly reflected at both ends of the line. 

The lower part of the figure shows the value of the current at B asa function of 

elapsed time. 

inductance is suddenly switched on to a line, a ribbon wave of 

generator voltage and corresponding current shoots out over the 

line. Assuming line resistance to be negligible and line insulation 

to be perfect, this ribbon wave is reflected back and forth as 

represented in Figs. 153, 154 and 155, and by adding voltages 
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and currents in the successive laps of the ribbon wave a precise 

knowledge of the distribution of voltage and current over the 

line at any instant may be obtained. Thus, after a thousandth 

of a second, the total length of the ribbon wave would be 186 

canis wire short-circuited end of line 

=B N\ 
= wire wire 

\\\\.., ribbon wave +E +I 
YS ae Ee ad —_ 

pl 2 
( +E +I 

Part 2 
C 

sf 

axis of I | 

curve of growth of 
current at B 

axis of time 

Fig. 154. 

Same as Fig. 153 except that distant end of line is short-circuited. 

miles which would give a definite number of complete laps and 

a fraction of the next lap. By adding a number of laps in this 

way, curves can be plotted showing the actual distribution of 

voltage and current over the line at any given instant; or values 

of current and voltage at a given point of the line can be found for 

successive instants and from this data curves can be plotted 
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showing voltage or current at any point as functions of elapsed 

times. The ampere-time curves in the lower parts of Figs. 153, 

154 and 155, and in Figs. 156 and 157 were obtained in this way. 

wire wire 

R 

axis of I 

AS apt fr {oof ee 

axis of time _ axis of time_ 
z 

! .curve of current growth at_B | curve of current growth at R 

Fig. 155. 
Same as Fig. 153 except that distant end of line is connected to a non-inductive 

> : : L ‘ : ‘ circuit of which the resistance is R = 3 \ c In this case the ribbon wave is only 

partially reflected from the end R and the successive laps of the ribbon wave are 
thereby greatly reduced in intensity as represented by the shading. 

Note.—The character of the reflection at B in Figs. 1 53, 154 
and 155 is determined by the condition that the sum of the vol- 
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tages in the successive laps must always be equal to battery 
voltage EE, and of course there is always an odd number of 
laps at B, one, or three, or five, etc. 

axis of # PIRES EE BNO) 5 ‘axis of I awa 

an ee 

Cc 

Cc 

axis of time axis of time 

: 
Fig. 156. Fig. 157. 

Showing growth of current at B in Showing growth of current at R in 

Fig. 155 when R = m= Ve Fig. 155 when R= v= 
3 VNC a NC 

Note.—Figures 153, 154 and 155 show what takes place when 

a direct-current generator or battery is switched on to the line, 

but on a line of moderate length a number of laps are formed in an 

excessively short interval of time, and therefore Figs. 153, 154 and 

155 show quite accurately what takes place immediately after an 

alternator is switched on to the line, E being the value of the voltage 

of the alternator at the instant of closing the switch. 

120. Transmission line surges which are produced when a 

circuit breaker opens.—When a circuit breaker opens, the arc 

which is formed persists for a very long time, relatively speaking, 

and the open gap in the circuit is filled with a fairly good conduct- 

ing material which slowly loses its conductivity. It is about as 

nearly impossible to produce characteristic line surges by opening 

a circuit breaker as it would be to set up an abrupt water wave 

in a canal by allowing a cubic mile of soft mud to flow into the 

canal prism to stop a troublesome flow of water in the canal; and 

yet the moon, as a 60 cycle generator (60 cycles per month!), 
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might produce a troublesome tidal wash in a large estuary while 

the attempt was being made to “‘open-circuit’’ the estuary in 

this Brobdignagian fashion! Let the reader consider this 

hydraulic analog carefully. It reproduces nearly all of the es- 

sentials of the electrical case. The conducting vapor in the arc 

of a circuit breaker is somewhat analogous to mud as a dam 

building material. 

Very little need be said of characteristic line surges in connec- 

tion with opening of switches, except in the case of very long lines. 

When a line is short, or only moderately long, what takes place 

may be described quite accurately in terms of the simple ideas 

of the elementary alternating-current theory, where current values 

are supposed to rise and fall simultaneously throughout an entire 

fon inductance 
wire wire 

D 

wire wire 

tE =e 

a Eee a ) 
—_ 

Fig. 158. 

The dotted line AB represents the initial current in the transmission line. The 

long heavy arrow with laps represents the ribbon wave which comes from D after 

the line at D is opened. 

circuit. The formation of a long arc between line wires in air 

and the quick snapping out of such an arc does, however, produce 

an electric wave disturbance on a transmission line of moderate 

length, and the essential features of this case are shown in Fig. 

158. Imagine the system to be short-circuited by an arc at the 

distant end D of the transmission line, voltage being reduced toa 
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negligibly small value over the whole line, and a large current J 

being established in the line. The generator is to be thought of as 

having a large inductance so that the generator current cannot 

change perceptibly during the very short time required for the 

characteristic line surges. When the distant end of the line is 

opened, a ribbon wave shoots towards the generator, is completely 

reflected at the generator with reversal of current, again com- 

pletely reflected at the opened end D of the line with reversal 

of current, and so on. The first lap of this ribbon wave wipes 

out the current in the line and lays down a certain voltage E 

(= ae times the initial value of the current). The second lap 

of the ribbon wave lays down a double voltage, and the original 
current. The third lap wipes out the current again, and lays 

down a voltage equal to 3, and so on. 

Note.—The character of the reflection at the generator in Fig. 

158 is determined by the condition that the sum of the currents 

in the successive laps at A must always be equal to the initial 

current I because the current in the highly inductive generator 

does not have time to change perceptibly. 

Note.—It must not be imagined that the sending out of a 

ribbon wave depends upon a continued supply of energy at the 

point where the ribbon wave originates. Thus in Fig. 158 the 

ribbon wave is superposed upon the initial current J, and the 

first lap of the ribbon wave wipes out this current. Therefore 

since the current is zero, there is no energy flow at all from the 

opened end. The second lap of the ribbon wave lays down the 

original current J and a doubled voltage 2, and this combina- 

tion of voltage and current represents a flow of energy from the 

generator into the line. 

121. Impure wave and pure wave.—A wave of the type which 

is represented by equations (5) and (7) of Art. 116 travels along 

a transmission line without any change of shape, and in such a 

wave the magnetic energy per unit length of line (}Li*) is 
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equal to the electric energy per unit length of line (4 Ce’), 

according to equation (9) or equation (10) of Art. 116. Sucha 

wave 1s called a pure wave. 

When 4? is not equal to $Ce? we have what is called an 

impure wave, and an impure wave is always resolvable into two 

pure waves traveling in opposite directions. For example, the 

first two laps of the ribbon wave in Fig. 153 give voltage = 2E 

and current equal to zero over the whole line, and this condition 

is resolvable into the two oppositely moving waves, namely, the 

first lap (+ E, +J) and the second lap (+ E, —J). This 

resolution may be made in any case as follows: Let A be the 

voltage across the line and B the current in the line at any 

point, and let it be required to resolve this state of affairs into a 

pure wave E’J’ traveling to the right and a pure wave EJ” 

traveling to the left. Then we have 
EF’ 

| ae +a (1) 

Rk" 

pie ie (2) 

E+E" =A (3) 
I’ 4 J" ee (4) 

. . L . 

where a is written for vz . These four equations determine 

FE’, E”, I’ and J’. Of course either E” or I’ must be 

negative if both E’ and I’ are positive.. 

122. Immediate effects of wire resistance and poor insulation 

on a wave on a transmission line.—When an electric current 

dies away in an ordinary circuit of wire (after the electromotive 

- force of a battery, for example, has ceased to act) the magnetic 

energy of the circuit (see Art. 35) is slowly converted into heat 

in the wire in accordance with Joule’s law, and if we imagine 

that a pure wave has suddenly entered upon a transmission line 

of which the wire resistance is not negligible, then the immediate 
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effect of the wire resistance is to cause the magnetic energy in the 

wave to decrease thus causing the wave to become impure. 

When a charged condenser is left standing a very small current 

flows through the imperfectly insulating dielectric of the con- 

denser and the electric energy of the condenser is slowly converted 

into heat in the insulating material, and if we imagine that a 

pure wave has suddenly entered upon a transmission line which 

is not perfectly insulated, then the immediate effect of the imperfect 

insulation is to cause the electrical energy in the wave to decrease, 

thus causing the wave to become impure. 

Wave distortion.—Imagine a pure rectangular wave pulse to 

have entered a transmission line which has wire resistance. This ~ 

wave is represented in Fig. 159. After this wave has traveled a 

wire i = wire _ — J . -_ St SSE wire 

SEIT oy A EY ERED) oe i ; | | | 1 a el 

wire VENT wire ame mare SS A 
— ee > 

, | 
Fig. 159. Fig. 160. 

Fig. 159 represents a pure rectangular wave traveling along a transmission 

line, and Fig. 160 represents the state of affairs after an interval of time At has 

elapsed. The development of a tail in Fig. 160 is due to wire resistance. 

very short distance along the line, the magnetic energy in the 

wave will have been reduced by the effect of wire resistance and 

the wave will have become impure. This impure wave then 

breaks up into two pure waves, one of which, containing nearly 

all of the energy of the original wave, travels forwards, and the 

other travels backwards. This action is here described as taking 

place after the original wave has traveled a very short distance 

along the line, but in fact the action is continuous; the rectangular 

wave sends out backwards a long drawn out ribbon wave thus 
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developing a long tail, and the energy of the head of the wave 

decreases, because of loss of energy in heating the wires, and also 

because of the carrying away of energy by the long drawn out 

ribbon wave which constitutes the tail. The state of affairs 

after the original wave has traveled a short distance is shown 

approximately in Fig. 160, the initial state of affairs being shown 

in Fig. 159. The tail of the wave in Fig. 160 is traveling back- 

wards as indicated, and the voltage in the tail is negative* as 

represented by the curve W’. 

When a rectangular wave pulse enters a line of which the wire 

resistance is negligible but which is poorly insulated, then the 

effect is very similar to what is shown in Fig. 160. In this case 

the electrical energy of the wave is reduced by line leakage and 

the wave develops a tail. Wure resistance causes a rectangular 

wave pulse to develop a tail in which voltage is reversed, and line 

leakage causes a rectangular wave pulse to develop a tail in which 

current is reversed. 

The effect of wave distortion is very serious in long distance 

telephony. Thus the curve in Fig. 161 represents the com- 

plicated wave which enters a telephone line from the transmitter 

when the syllable high is spoken into the transmitter, and the 

reproduction of the original sound by the distant telephone 

receiver depends upon the delivery of this complicated wave 

with all of its fine detail at the distant end of the line. The effect 

of wire resistance (or the effect of poor insulation), however, is 

to cause each shortest portion of this complicated wave to spread 

over the line by the development of a tail as explained in con- 

nection with Fig. 160. That is, a tail shoots out backwards from 

each shortest portion of the wave in Fig. 161, and the result is 

the smoothing down of the sharp points and the filling in of the 

deep valleys of the curve so that all fineness of detail of the 

original wave shape is obliterated and nothing but a dull droning 

sound is produced in the distant telephone receiver. 

* The tail of the wave in Fig. 160 may be thought of as a pure wave at the very 

beginning, but it soon becomes impure just as the head of the wave itself becomes 
impure. 

16 
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The distortionless line.—Let JI be the current and E the 

voltage in a pure wave which enters a transmission line. Then 

the rate at which energy is lost in heating the wires of unit length 

of the line is R,J?, where R, is the resistance of the two wires 

in unit length of the line. Let R; be the leakage resistance 

between wires of unit length of line, then F/R; is the leakage 

current from wire to wire because of imperfect insulation, and 

F?/R, is the rate at which energy is lost in unit length of the 

line because of imperfect insulation. Now R,J? is the rate 

of loss of magnetic energy and E?/R; is the rate of loss of electric 

energy in unit length of line, and if R,J? = E?/R), then magnetic 

energy and electric energy are lost at the same rate; but electric 

and magnetic energies are equal at the start, therefore they re- 

main equal and the wave remains pure if R,J? = E?/R; Ona 

line where this condition is satisfied there is no wave distortion, 

and such a line is therefore called a distortionless line. The 

matte aes L 
condition is best expressed by substituting the value = for 

C 

F? ee ead 
—- according to equation (9) of Art. 116. This gives RR; 

= 5 = 2 , so that the condition of distortionless transmission is: 

Ry Ri rs 4 (1) 

where R,, is the resistance of the wire* in unit length of the line, 

R, is the leakage resistance of unit length of the line, Z is the 

inductance per unit length of line and C is the capacity per unit 

length of line. 

123. Reduction of wire loss of energy by loading a line.— 

A telephone line of which the inductance is increased by the 

insertion of coils of wire at intervals along the line as indicated 

in Fig. 162 is called a loaded line. The presence of these coils 

increases the resistance of the line slightly and also its capacity. 

* Including both wires. 
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In. the following discussion this increase of capacity and re- 

sistance is ignored. The effect of loading a line (increase of L) 

is to decrease the value of the current for a given value of voltage 

in a wave, according to equation (9) of Art. 116, and therefore 

the rate of loss of energy because of wire resistance is decreased. 

A clear idea of the effect of loading may be obtained by consider- 

ing a particular example: 

“SOO OLD T0) COLT.) S00 DOO ODT 5000 

we 2200 9000 Q000 2900 0000 Q0090 0000 

Fig. 162. 

1. A battery of voltage E is connected across the end of a 

line for one one-hundred-and-eighty-six-thousandth of a second, 

thus producing a rectangular wave pulse one mile long. 

2. The total energy of the wave is §L/? + 4CE’. 

3. The rate of loss of energy in the wires is R,J? watts. 

4 The rate of loss of energy in the insulation is (E?/R)) 

watts. 

5. The time of transit of the wave from end to end of line is, 

say, ¢ seconds. Therefore: 

6. The actual loss of energy in the wires is R,J?t joules. 

7. Theactual loss of energy in the insulation is (E?/R))t joules. 

Suppose now that JL is quadrupled by loading. Then the 

wave velocity is halved according to equation (8) of Art. 116 

and the current in the wave is halved according to equation (9) 

of Art. 116, voltage in wave being unchanged. The following 

statements are therefore easily seen to be true: 

1. The battery will have to be connected for two one-hundred- 

and-eighty-six-thousandths of a second to give a wave one mile 

long, and, supposing this to be done, then: 

2. The total energy of the wave is the same as before. 

3. The rate of loss* of energy in the wires is one quarter as 

great as before. 
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4. The rate of loss* of energy in the insulation is the same as 

before. 

5. The time of transit of the wave is doubled. Therefore 

6. The actual loss* of energy in the wires is half as much as 

before. 

7. The actual loss* of energy in the insulation is twice as much 

as before. : 

Therefore, to quadruple the inductance of a line halves the 

wire loss of energy and doubles the leakage loss of energy for the 

same amount of energy transmitted. 

The practical importance of loading of telephone lines grows 

out of the fact that in any well built line the insulation is very 

good so that the wire loss of energy is very much greater than the 

leakage loss, and the loading of a line produces a two-fold im- 

provement, namely, (a) the actual total loss of energy is reduced 

and (b) wave distortion is greatly reduced by bringing wire loss 

of energy and leakage loss of energy more nearly into equality 

with each other. 

Remark.—Pure wave transmission is markedly different from 

ordinary power transmission in that there is a fixed relation be- 

tween voltage and current in a pure wave as explained in Art. 

116, and a more efficient transmission cannot be obtained by 

increasing the voltage. 

124. Electrical oscillation of a transmission line.—If a wave 

(like Fig. 146, for example) is set up on a transmission line it 

is repeatedly reflected at the ends of the line and made to travel 

back and forth over the line, and the line is said to oscillate. 

(a) If both ends of the line are open, the wave is reflected from 

one end with reversal of current, and again reflected from the 

other end with reversal of current, and thus the wave is brought 

back to its initial condition. Therefore the line passes through 

* These energy losses are what are called first order approximations, inasmuch 

as they are calculated on the assumption that E and I in the wave keep their 

initial values during the entire transit of the wave from end to end of the line. 
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one complete cycle of electrical ‘‘movement”’ during the time 

required for the wave to travel over twice the length of the line. 

(b) If the line is short-circuited at both ends, the wave is 

reflected from one end with reversal of voltage, and again reflected 

from the other end with reversal of voltage, and thus the wave is 

brought back to its initial condition. Therefore the line passes 

through one complete cycle of electrical movement during the 

time required for the wave to travel over twice the length of the 

line. 

(c) If the line is open at end A and short-circuited at end B, 

the wave is reflected from end A with reversal of current, then 

reflected from end B with reversal of voltage, then reflected from 

end A with reversal of current, and then reflected from end B 

with reversal of voltage; and thus the wave is brought back to 

its initial condition. Therefore the line passes through one 

complete cycle of electrical movement during the time required 

for the wave to travel over four times the length of the line. 
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Fig. 163. 

The behavior of a transmission line as described in connection 

with Figs. 153, 154 and 155 furnishes several good examples of 

transmission line oscillation. Another interesting example is as 

follows: Figure 163 shows a transmission line open at both ends, 

cut apart in the middle, and connected to two batteries as shown. 

One half of theline AA is thus charged soas to give a downward 

electric field between the wires, and the other half BB is 

charged so as to give an upward electric field between the wires 

as shown by the fine vertical lines which represent the lines of 

force of the electric field. When the two halves of the line AA 
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and BB are suddenly connected the line oscillates electrically,* 

and Figs. 164, 165, 166 and 167 show four successive stages of 

one half of a complete oscillation. The electrical behavior of 

charge current current charge 

°. ’ . , . . . . . 
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Fig. 164 
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= 

the line is completely represented in Fig. 168. When the two 

halves of the line in Fig. 163 are suddenly connected, a ribbon 

wave FF shoots to the right from the middle point, and a ribbon 

wave DD shoots to the left from the middle point; and these 

ribbon waves are repeatedly reflected or turned back at the open 

ends of the line, as indicated in Fig. 168. To find voltage 

distribution over the line at any instant the initial voltage dis- 

* This particular case is mathematically identical to the vibration of a guitar 

string when it is plucked at its middle point. 
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tribution as shown in Fig. 163 must be added to the sum of the 

voltages in the several laps of the two ribbon waves, and to find 

the current distribution over the line at any instant the currents 

in the several laps of the ribbon waves must be added. 
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Fig. 168. 

125. Moving wave trains.—Before considering the type of 

transmission line oscillation which is produced when an alternator 

is connected across one end of a line it is necessary to discuss more 

at length the type of wave train which is represented in Fig. 144. 

When such a wave train travels along a transmission line the 

voltage across the line at any point is a harmonic alternating 

voltage and the current in the line at any point is a harmonic 

alternating current of the same frequency, current and voltage 

are in phase with each other (line resistance and line leakage 

ee ae 
being negligible), and ee J C where E is the maximum 

value of the harmonic voltage, I is the maximum value of the 

harmonic current, JZ is the inductance of the line per unit 

length and C is the capacity of the line per unit length. 

Clock diagram models of moving wave trains.*—The parallel 

lines in the upper part of Fig. 169 represent a portion of a trans- 

mission line; AB represents a long cylinder of wood with equi- 

* The student is supposed to be familiar with the use of the so-called clock 

diagram .in elementary alternating current theory. See Franklin and Esty’s 

Elements of Electrical Engineering, Vol. II, pages 52-65. 
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distant radial rods (arrows) set into it in a helical row; the cylin- 

der with its attached arrows is supposed to be rotating at a speed 

of f revolutions (= 2zf radians) per second in a counter-clock- 

wise direction as seen from the end B; and the projections of the 

attached arrows upon the plane of the paper represent the instan- 

taneous values at the various points of the transmission line of 

the alternating current 7 which is associated with a simple wave 

train of electromagnetic waves moving along the transmission 

transmission line 
 & p 
1 t 

' H 
direction of progression 

> | 3 
of wave-train wan Fo 

17 6 ee 

ej current and voltage 1 4/ 
. ; , 

helix ih, 

qa. 

side view of clock-diagram model end view of model 

Fig. 169. 

Clock diagram model of a simple wave train moving to the right. 

line from left to right. In a moving wave train, current 7 and 

voltage e are in phase with each other everywhere, so that the 

projections of the radial arrows in Fig. 169 represent the values 

of e as well as the values of 7. 

“We have chosen to consider both 7 and e positive (or both 

negative) in an electromagnetic wave moving to the right along 

the transmission line in Fig. 169. Therefore, in an electromag- 

netic wave moving to the left, the current and voltage must 

> 
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everywhere be opposite in sign, that is, wherever the one is 

positive the other must be negative. Thus the projections upon 

the plane of the paper of the numbered arrows in Fig. 170 repre- 

sent the instantaneous values at the various points of a trans- 

mission line of the alternating currents 7 which are associated 

transmission line 

direction of progression’ 
<- 

direction of 
clock-diagram rotation 

! 

of wave-train ee ee 

4.16 voltage, j-4-. 
t 
| 

1 

i 
1 
' 

4: 
ha 

4 9 p a 

side view of clock-diagram model end view of model 

Fig. 170. 

Clock diagram model of a simple wave train moving to the left. * 

with a simple wave train moving from right to left, and the 

projections of the lettered arrows represent the instantaneous 
values of the alternating voltage e. 

126. Clock diagram model of a standing wave train.—When 

a string vibrates as a whole or in segments, the mode of motion 

of the string constitutes what is called a standing wave train, 

and in a simple standing wave train every particle of the string 

performs simple harmonic motion of the same frequency and of 

the same (or opposite) phase. The amplitude of the motion 

varies from zero at the nodes to a maximum at the antinodes. 

A clear idea of the mode of motion of such a string may be 
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obtained: with thé help of Fig st7i th witich: oi tse ampoaeel 
cylinder with equidistant radial rods (arrows) set into it in a 

straight row, that is, all lying in one plane; the wooden cylinder 

with its attached arrows is supposed to be rotating at a speed of 

—("“— 

-t Ff t, 

Z ‘\ 

Al RN 
| ais of revolution — B 

4 

Fig. 171. 

f revolutions (= 2zf radians) per second in a counter-clockwise 

direction as seen from the end 3B; and the projections of the 

attached arrows upon the plane of the paper represent the up 

and down movements of the various particles of the vibrating 

string. 

When a simple train of electromagnetic waves, like Fig. 144, 

travels over a transmission line and is reflected or turned back 

at the end of the line, the superposition of the original and 

reflected wave trains constitutes what is called a simple standing 

short-circuited 
end 
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i) f A War VA fi ey aL it Ath Ta axis of 
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Fig. 172. 

Clock diagram model of a standing wave train. 

wave train or a simple mode of oscillation of the transmission line. 

A clear idea of voltage and current distribution over such an 

oscillating transmission line may be obtained with the help of 

Fig. 172. This figure represents two sets of equidistant radial 
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rods (arrows), one set of rods (or arrows) being in one plane and 

the other set of rods (or arrows) being in a plane at right angles 

thereto; the whole is supposed to be rotating at a speed of f 

revolutions per second in a counter-clockwise direction as seen 

from right hand end; and the projections of the arrows on the 

plane of the paper represent the instantaneous values of current 

and voltage at the various points of a transmission line which is 

oscillating in a simple mode or on which there is a standing wave 

train of electromagnetic waves. 

short-circuited 
transmission line ond 

, eae } direction of 
advancing wave-train,, clock-diagram rotation 

(numbered vectors) — 

_ reflected wave-train 

(lettered vectors) 

side view end view 

Fig. 173. 

Clock diagram model of two simple wave trains, one moving to the right and 

one moving to the left, 

The clock diagram model of Fig. 172 may be derived from Figs. 

169 and 170 by considering that a standing wave train is the 

superposition of two oppositely moving wave trains of equal 

amplitudes. Let us consider the voltage distribution in a stand- 

ing wave train with the help of Fig. 173 in which the numbered 

arrows constitute the voltage helix from Fig. 169 (that is the 

numbered arrows in Fig. 173 represent the voltages along the 
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line in a wave train moving to the right), and the lettered arrows 

constitute the voltage helix from Fig. 170 (that is the lettered 
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Fig. 174. 

arrows in Fig. 173 represent the voltages along the line in a wave 

train moving to the left). The actual voltage at each point in 

the standing wave train is the sum of the voltages at that point 
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in the two oppositely moving wave trains, and it is represented 

therefore by a clock diagram arrow which is the vector sum of 

the clock diagram arrows which represent the voltages at that 

point in the respective moving trains. Now the vector sum of 

arrows I and a in Fig. 173 is evidently zero, the vector sum of 

arrows 2 and 0b in Fig. 173 is the arrow e2 in Fig. 172, the 

vector sum of arrows 3 and c in Fig. 173 is the arrow e3 in 

Fig. 172, and so on. : 

Let us now consider the current distribution in the standing 

wave train with the help of the current helices in Figs. 169 and 

170. The vector sum of arrows No. I in Figs. 169 and 170 is the 

arrow 11 in Fig. 172, the vector sum of arrows No. 2 in Figs. 

169 and 170 is the arrow 72 in Fig. 172, the vector sum of arrows 

No. 3 in Figs. 169 and 170 is the arrow 13 in Fig. 172, and so on. 

The actual distribution of current and the actual distribution 

of voltage in a standing wave train on a transmission line is 

shown in Fig. 174. This figure represents several vibration 

segments in the middle portion of a long line. The upper 

part of the figure ABA’B’ represents the current distribution 

in the wires at the instant when the voltage between the wires 

is everywhere equal to zero, the flow of current at each point 

in the line being represented by the short arrows and also by the 

ordinate of the sine curve 11. This current rapidly charges 

the wires (one wire positively and the other wire negatively), in 

the regions N;, and as the charges increase the current values 

decrease. The ordinates of the successive curves “ZI, 12, 143, 

14 and 15, represent the successive values of the current at each 

point in the line, and the ordinates of the successive curves 

eI, €2, e3, e4 and e5, represent successive values of the voltage 

across the line. The lower part of the figure, CDC’D’, repre- 

sents the distribution of electric field (voltage between the wires) 

at the instant when the current is everywhere equal to zero. 

The sine curves iI, 12, 13, etc.,and eI, e2, e3, etc., in Fig. 

174 represent the successive current and voltage distributions 

during one quarter of a cycle, that is, from the instant when 



238 ADVANCED ELECTRICITY AND MAGNETISM. 

voltage is everywhere zero to the instant when current is every- 

where zero. At the instant which is represented by the curve e5 

(when electric field is distributed as shown in the diagram 
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Fig. 178. 

CDC’D’) current starts to flow at each point in the transmission 

line in directions opposite to the currents shown in the diagram 

ABA’B’, and these currents increase until they reach values 

represented by the ordinates of the curve ig at which instant 
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the voltage is again everywhere zero. These reversed currents 

then begin to produce reversed charges in the regions N;, and 

after another quarter of a cycle these currents are reduced to 

zero and the voltage distribution over the line is represented by 

the ordinates of the curve e13. The electric field distribution 

corresponding to the curve e13 then establishes currents in the 

line and these currents grow to maximum values thus bringing 

the line back to initial condition ABA’B’ after one complete 

oscillation. 

The actual distributions of current and magnetic field at the 

instants represented by curves i1 and 79 are shown in Figs. 175 

and 177; and the actual distributions of electric charge and elec- 

tric field at the instants represented by curves e5 and e13 are 

shown in Figs. 176 and 178. 

voltage node__- voltage antinode 

eee 
closed voltage distribution (fundamental rn 7 ae open 

current antinode current node 

© oe Om ee 
us ao oie qacmetin (fundamental mode) open 

Fig. 179. 

The portions of dotted sine curves in Fig. 179 show the current 

and voltage distributions over a transmission line, open at the 

distant end, when the line is oscillating in its fundamental mode 

(lowest frequency), the oscillations being set up by the alternator 

A of the proper frequency. When the current is everywhere 

zero, the voltages across the line are represented by the ordinates 
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of one of the dotted curves in the upper half of the figure; and a 

quarter of a cycle later, when the voltage across the line is 

everywhere zero, the currents in the line are represented by the 

ordinates of one of the dotted curves in the lower half of the 

figure. 

voltage node voltage antinode voltage node __ voltage antinode 
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Fig. 180. 

The dotted curves in Fig. 180 represent current and voltage 

distribution over a transmission line when it is oscillating in its 

second mode (next to lowest frequency), the oscillations being set 

up by the alternator A of proper frequency. 

The time of one complete oscillation of a transmission line is 

the time required for an electric wave to travel (at a speed of 

186,000 miles per second) over one whole wave-length of the 

standing wave train, and the wave-length of a standing wave 

train is twice the length of one vibrating segment, from one cur- 

rent node to the next current node. Thus the whole length of 

the line in Fig. 179 is one quarter of a wave-length of the standing 

wave train, the whole length of the line in Fig. 180 is three 

quarters of a wave-length of the standing wave train.* 

* The student should be able to make diagrams somewhat like Figs. 179 and 180 

but showing current and voltage distributions for the first and second modes of 

oscillation of a transmission line which is short-circuited at one end and connected 
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_ 127. Forced oscillations of a transmission line.—The alternator 

in Figs. 179 and 180 is assumed to have a frequency equal to the 

frequency of free oscillation of the line, and the oscillations which 

are represented in Figs. 179 and 180 are called free oscillations. 

When the frequency of the alternator is not the same as the 

frequency of free oscillation of the line, then we have what is 

called a forced oscillation of the line, and the alternator is, in this 

case, not at a voltage node. 

If the frequency of the alternator coincides with the frequency 

of one of the simple modes of oscillation of the transmission line, 

the violence of the oscillations will become very great if the line 

losses are small, in fact the violence of the ultimate oscillations 

which are built up in this case is limited only by the line losses. 
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Fig. 181. 

Voltage distribution over oscillating transmission line open at far end. 

When the frequency of the electromotive force of the alternator 

does not coincide with one of the simple modes of oscillation of 

the line, the ultimate steady state of oscillation of the line is 

determined as follows (line losses being ignored). Figures 181 

and 182 represent voltage distributions over a transmission 

line which is connected to an alternator, the distant end of the 

to an alternator of the proper frequency at the other end. The alternator in 

Figs. 179 and 180 is assumed to have a very low voltage because after the line is once 

oscillating (its resistance and leakage being assumed to be negligible) no percep- 

tible generator voltage is required to maintain the oscillation, 

17 
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line being open; and Figs. 183 and 184 represent voltage dis- 

tributions over a transmission line which is connected to an 

alternator, the distant end of the line being short-circuited. 
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Fig. 182. 

Voltage distribution over oscillating transmission line open at far end. 

The action which takes place during the building up of the 

steady state of oscillation of the transmission line is rather 

complicated and will not be considered. The ultimate state of 
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Fig. 183. 

Voltage distribution over oscillating transmission line closed at far end. 

steady oscillation of the line is a standing wave train of which 

the wave-length \ is equal to the distance traveled by an 

electromagnetic wave during one complete cycle of the electro- 

motive force of the alternator. For example, if the alternator 
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has a frequency of 10,000 cycles per second, then the wave- 

length \ will be 18.6 miles. The voltage nodes (current anti- 

nodes) of this standing wave train are at the points n, n, 1, 

© alternator 
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} Fig. 184. 

Voltage distribution over oscillating transmission line closed at far end. 

etc., and the voltage antinodes (current nodes) are at the points 

a, a, a, etc. The voltage across the line at any point is an 

alternating voltage of which the frequency is equal to the fre- 

quency of the alternator, and the maximum value of the voltage 

across the line at any point is represented by the ordinate at 

that point of one of the sine curves in Figs. 181 to 184. Let E 

be the maximum value of the voltage between wires at any voltage 

antinode. Then the maximum voltage between wires at a point 

distant x from a voltage antinode is E sin . The condition 

which must be satisfied when the ultimate steady state of line 

oscillation is reached is that the distribution of voltage over the 

line as represented by the sine curves in Figs. 181 to 184 must 

conform to or fit the alternator voltage at the generator end. 

Therefore the ultimate state of line oscillation may be determined 

as follows: Begin at the distant end of the line. Lay off a number 

of quarter wave-lengths and determine the distance d which is 

left over at the generator end of the line as represented in Figs. 

181 to184. Thenthe maximum voltage E at oneof the voltage 
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antinodes and the maximum generator voltage G must satisfy 

the equation: 

G=E ane 
ny 

128. Experimental demonstration of standing waves on a 

pair of straight wires.—The velocity of progression of an electro- 

magnetic wave on a plain transmission line is the same as the 

velocity of light, namely, 186,000 miles per second, and therefore 

it is necessary to use an alternating electromotive force of ex- 

tremely high frequency if one is to produce a standing wave train 

upon a plain transmission line of moderate length. The arrange- 

ment used by Lecher is shown in Fig. 185. Two flat plates of 

\s 

<Sjo-9) 

Fig. 185. 

metal C and D together with the rods 7 and the air gap g 

constitute a Hertz oscillator which is excited from the induction 

coil IJ; and C’D’ are two auxiliary metal plates which are 

connected to the long wires ABA’B’. A rapid reversal of elec- 

tric charge on the plates C and D (produced by the electric 

oscillations of the system CrgrD) induces reversals of charge 

upon the plates C’ and D?’, and the result is that a train of 

waves is sent out along the pair of wires and reflected from its 

distant end, thus producing a standing wave train. The voltage 

distribution over the transmission line ABA’ B’ may be investi- ~ 

gated by bridging a small vacuum tube across the line as shown 

at TJ in Fig. 185. When this vacuum tube is slid along the 

wires it shows no luminosity at or near the voltage nodes, whereas 

it shows a maximum luminosity at or near the antinodes. The 

best form of vacuum tube for this purpose is shown in Fig. 186, 

the narrow portion of the tube should have a bore of about one 
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millimeter and it should be filled with the rare gas neon at a 

pressure of 2 or 3 millimeters of mercury. 

The openend BB’ of the ‘transmission line” in Fig. 185 isa 

voltage antinode, and usually a number of voltage nodes are 

found by moving the vacuum tube T along. It is interesting 

to note in this connection that the frequency of the oscillations 

4 oe ee 
Fig. 186. 

of the system CrgrD may be found by measuring the distance 

between adjacent voltage nodes on the “transmission line”’ 

ABA’ B’, remembering that this is the distance travelled by an 

electromagnetic wave during one-half of a complete oscillation. 

Thus, if the distance between adjacent voltage nodes is 3 feet 

the total wave length is 6 feet, and the period of one oscillation 

is the time required for an electromagnetic wave to travel over 

this distance, namely 6.1 X 10~° of a second, which corresponds 

to a frequency of 320,000,000 oscillations per second. 

ELECTROMAGNETIC ACTION. 

129. Mechanical conceptions of magnetic and electric fields.* 

—It is of the greatest help towards the clear understanding of 

electric and magnetic phenomena to obtain clear mechanical 

* Sir Oliver Lodge’s “eas Views of Electricity is perhaps the best elementary 

treatise on this subject. 

The most complete mechanical crnicepiiens of the electromagnetic field is that 

which is based upon Lord Kelvin’s gyrostatic model of the ether. This gyrostatic 

model of the ether is a mechanical structure which is capable of reproducing most 

of the known phenomena of electricity and magnetism and of light. See Aether 

and Matter, by Joseph Larmor, Appendix E, Cambridge, 1900. Lord Kelvin’s 

gyrostatic model of the ether has led to a hydrodynamic conception of the ether, 

due chiefly to Larmor, in which the ether is assumed to be a perfect fluid endowed 

with the necessary elastic properties by an indefinitely fine-grained whirling motion. 

On the basis of Lord Kelvin’s gyrostatic conception of the ether and also on the 

basis of Larmor’s turbulent ether, the magnetic field is thought to consist of a 

simple flow of ether along the lines of force of the magnetic field. This conception 

of the magnetic field is very different from the conception (Maxwell’s) which is 

outlined in this text. 
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ideas of electromagnetic action. Maxwell was the first to work 

out such mechanical ideas, and Maxwell’s conceptions are made 

use of in the following discussion. Everything in this discussion 

refers strictly to two dimensions; certain inconsistencies arise 

in the attempt to extend these conceptions to three dimensions. 

Maxwell’s model of the ether.—The ether is to be considered 

as built up of very small cells of two kinds, positive cells and 

negative cells, in such a way that only un- 

like cells are in contact. These cells are 

imagined to be gear wheels provided with 

rubber-like teeth so that if a cell be turned 

while the adjacent cells are kept station- 

ary a torque due to the elastic distortion 

of the gear teeth is brought to bear upon 

the turned cell. Figure 187 shows five 

positive cells and four negative cells geared 

together in the manner specified. In subsequent figures, these 

cells or cog-wheels are represented by plain circles for the sake 

of simplicity. 

Conception of the magnetic field.—The ether cells in a mag- 

netic field are thought of as rotating about axes which are 

parallel to the direction of the magnetic AR fe @ ® 

field at the point, the angular velocity © es: 

of the cells being proportional to the in- O55 @) ©) 

tensity of the field. The positive cells cops © 

rotate in the direction in which a right- @) e @) (3) 

handed screw would be turned that it ee OC ©) 

might travel in the direction of the field, 

and the negative cells rotate in the oppo- 

site direction. This opposite rotation of positive and negative 

cells is mechanically possible because unlike cells only are geared 

together. Thus, in Fig. 188, the positive cells are represented as 

rotating in a clock-wise direction, and the negative cells as 

rotating in a counter-clockwise direction; this is a state of motion 

Fig. 188. 
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which represents a magnetic field perpendicular to the plane of 

the paper and directed away from the reader. The energy of 

the magnetic field is represented by the kinetic energy of rotation 

of the ether cells. 

Conception of the electric field.—The positive ether cells in 

an electric field are thought of as being displaced in the direction 

of the field while the negative cells are 

displaced in the opposite direction, and | i / 

this displacement is assumed to be pro- G) OO Ct) 

portional to the electric field intensity. &) 

Thus, Fig. 189 represents the positive SQ —Gs2 

cells as being displaced towards the bot- ea 

tom of the page relatively to the nega- OOOH oB 

tive cells, as shown by the arrows, that is 

to say, the distortion of the ether struc- 

ture which is shown in Fig. 189 represents an electric field di- 

rected towards the bottom of the page. Figure 190 shows two 

meshes of the cellular structure of the dis- 

Q torted ether of Fig. 189. These two meshes 

Fig. 189. 

are square in the undistorted ether as shown 

in Fig. 188, whereas the downward displace- 

: ment of the positive cells in Fig. 189 has dis- 3 c 

torted these meshes as shown in Figs. 189 

os and 190. Inasmuch as the cell structure of 

&) S the ether is assumed to be elastic (the gear 

| , teeth in Fig. 187 being made of substance 

like rubber), the distortion of the ether 

structure which is shown in Fig. 189 repre- 

sents potential energy, and this energy is the 

energy of the electric field. 

An understanding of the magnetic action of what may be called 

a tapering electric field may be arrived at by considering the torque 

action which is exerted upon a given cell by the elastic distortion 

which is represented in Figs. 189 and 190. Consider the two 

Fig. 190. 
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positive cells to the left of the middle cell in Fig. 190; these two 

positive cells have been displaced downwards with respect to the 

middle cell, and they exert torques upon the middle cell which 

are represented by the small curved arrows a and b. Consider 

the two positive cells to the right of the middle cell in Fig. 190; 

these two positive cells have been displaced downwards with 

respect to the middle cell, and they exert torques upon the 

middle cell which are represented by the small curved arrows c¢ 

and d. If the electric field is uniform (same value on both sides 

of the middle cell in Fig. 190), then the torques a and 6 balance 

the torques c and d, and the distortion which is represented in 

Fig. 189 has no influence upon the rotatory motion of the cells. 

130. Magnetic action of a tapering electric field.—Imagine an 

electric field of which the lines of force are straight, as shown in 

Fig. 191, but of which the intensity falls off as shown, that is to 
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Fig. 191. 

say, the intensity of the electric field at any place along the line 

AB in Fig. 191 is represented by the ordinate y of an inclined 

straight line CD. Such an electric field is called a tapering 
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field for the sake of brevity. Imagine the ether cells in Fig. 189 

to be displaced in a manner to represent the tapering electric 

field of Fig. 191. Then the two positive cells to the left of the 

middle cell in Fig. 190 are displaced downwards more than the 

two positive cells to the right of the middle cell in Fig. 190, so 

that the two torques a and 0b exceed the two torques c and d, 

that is, the middle cell is acted upon by an unbalanced torque, 

and, therefore, the middle cell must be gaining angular velocity 

about an axis perpendicular to the plane of the paper. What is 

here said of this particular cell is true of all the ether cells in 

Fig. 189 in the case of a tapering electric field; therefore, a 

tapering electric field produces a continuously increasing magnetic 

field at right angles to itself.* 

131. Electric action of a tapering magnetic field.—Hereafter 

a chain of geared cells which is free from distortion will be 

thought of as standing in a straight row as shown in Fig. 192a, 

GOOOSHOGBO 
and the opposite displacements of positive and negative cells 

which constitute an electric field will be thought of as changing 

such a straight row to a zigzag row, as shown in Fig. 1920. Con- 

sider a number of geared cells which tend by elastic action of 

any kind to stand in a straight row like Fig. 192a. Such a row 

is converted into a zigzag row as shown in Fig. 1920 if the cell a 

is turned while the cell 0 is kept stationary. 

* This is a modified form of statement of the law of induced eiectromotive force. 

It is a verbal statement of the differential equation - 

dM dz 

in which M is the y-component of magnetic field, and Z is the z-component of 
electric field. One form of this differential equation is derived and discussed in Art. 
116. 
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Figure 193 represents a tapering magnetic field the intensity of 

which at any place along the line AB is represented by the 

ordinate y of the inclined straight line CD. Looking endwise 

at the lines of force of the magnetic field one may, as it were, 
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see the ether cells rotating as shown by the curved arrows in the 

end view, Fig. 193, cell a rotating at high speed and cell }b 

being stationary. The result of this difference of speed is to 
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catse a continually increasing zigzag distortion of the chain of 

ether cells ab, and this zigzag distortion constitutes an electric 

field at right angles to the magnetic field in Fig. 193, that is to 

say, a tapering magnetic field produces a continuously increasing — 

electric field at right angles to itself.* 

132. The electric wave.—Figure 194 represents an electric 

wave traveling along a transmission linet in the direction of the 

electric current 
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Fig. 194, 

heavy arrows. The fine vertical lines represent the lines of 

force of the electric field and the dots represent the lines of force 

of the magnetic field which is perpendicular to the plane of the 

paper. The tapering electric field in the front part of the wave 

causes a continual increase or building up of magnetic field in that 

part of the wave, the tapering magnetic field in the front part 

* This is a modified form of statement of the law of induced magnetomotive 

force. It isa verbal statement of the differential equation 

aE ah 
dt dx 

in which Y is the y-component of electric field and N is the z-component of 

magnetic field. One form of this differential equation is discussed in Art. 116. 

1 The wires in Fig. 194 are supposed to be broad flat metal ribbons. 



252 ADVANCED ELECTRICITY AND MAGNETISM. 

of the wave causes a continual building up of the electric field 

in that part of the wave, the tapering electric field in the back 

part of the wave causes a continual decrease or letting down 

of the magnetic field in that part of the wave, and the tapering 

magnetic field in the back part of the wave causes a continual 

letting down of the electric field in that part of the wave. Thus 

the wave is being continually let down in the rear and built up 

in front and energy is continually streaming from the back part 

of the wave where the wave is being let down to the front part 

where the wave is being built up. 

133. The electric current.—Consider a wire* AB, Fig. 195, 

along which an electric current is flowing steadily from B 

towards A. The magnetic field on opposite sides of AB is in 

opposite directions, so that the positive ether cells at » and p’ 

are rotating in opposite directions as indicated. A steady 

electric current may be main- 

AO) tained for an indefinite length 

of time, but the opposite rota- 

tions of positive ether cells on 
A mms the two sides of AB, Fig. 195, 

cannot be accommodated by 

. an ever-increasing ether dis- 

7) tortion (distortion of the rub- 

ber-like teeth of the ether 

cells as shown in Fig. 189), 

there must be a slip between adjacent cells somewhere between 

bp and pp’. This slip between adjacent ether cells takes place 

in the material of the wire and constitutes the electric current. 

Steady electric currents flow in closed circuits.—Maxwell’s 

conception of the ether shows that this must be true as follows: 

Consider the opposite rotations of like ether cells at p and #’, 

Fig. 195, and consider a chain of geared cells passing from p 

Fig. 195. 

* Strictly, a broad metal sheet. Maxwell’s conceptions apply to two dimensions 

only. 



ELECTRIC OSCILLATIONS AND ELECTRIC WAVES. 253 

to ~’ around the end AB as shown by the curved line in Fig. 

196. The current in AB is assumed to be maintained indefi- 

nitely, and therefore the opposite rotation of p and pp’ is 

assumed to continue indefinitely, but since this continued opposite 

rotation of p and p’ cannot 

be accommodated by ever- P 

increasing distortion of the 

elastic gear teeth of the ether 

cells along the chain which 

passes around the end of AB, 

a slip must take place be- | p’ 

tween adjacent cells at some 

point along this chain. There- 
fore the line of flow of the current AB (line of slip of geared 

cells) must form a closed circuit which cuts across every possi- 

ble chain of geared cells extending from p to p’. When a cur- 

rent flows along a path which does not form a closed circuit, 

then an increasing ether distortion (electric field) is produced 

around the end portions of the path as explained in Art. 135. 

Fig. 196. 

134. The flow of energy in the electromagnetic field. Poyn- 

ting’s theorem.—It has been shown by J. H. Poynting* from 

theoretical considerations that energy streams through an electro- 

magnetic field in a direction at right angles both to the electric 

field and to the magnetic field at each point, and that the amount 

of energy per second which streams across one square centimeter 

of area is proportional to the product of the electric and magnetic 

field intensities. If the electric and magnetic fields are not at 

right angles to each other, the energy stream is proportional to 

the product of the intensities of the two fields and the sine of 

the included angle. 

Conception of the energy stream.—Consider a row of gear 

wheels, as shown in Fig. 197. Imagine the wheel W to be turned 

* See Philosophical Transactions, Vol. 175, Part II, page 343, 1884. This 

original paper by Poynting is well worth reading. 
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steadily by a crank, and the wheel W’ to be hindered by a brake. 

Under these conditions energy would be continuously transmitted 

along the chain of gear wheels from W to W’. Each wheel of 

the chain would be acted upon by equal and opposite torques by 

the wheels on either side of it, the transmission of energy along 

the chain would depend upon this torque action and the rota- 

tory motion of the wheels, and the rate at which energy would 

XK XIII 
Fig. 197. 

be transmitted along the chain would be proportional to the 

product of the speed of the wheels and the torque action between 

adjacent wheels. 

Imagine the ether cells in Fig. 189 to be rotating, positive cells 

in one direction and negative cells in the other direction, about 

axes perpendicular to the plane of the paper. This rotatory 

motion constitutes a magnetic field perpendicular to the plane 

of the paper and perpendicular to the electric field which is 

towards the bottom of the page in Fig. 189. On account of the 

torque action between the cells (as explained in connection with 

Fig. 190) combined with the rotation of the cells, energy is trans- 

ferred to the right (or left) by each horizontal chain of geared 

cells in Fig. 189 at a rate which is proportional to the product of 

the intensity of the magnetic field and the intensity of the 

electric field; and the energy per second flowing across an area 

(at right angles to both electric and magnetic fields) is propor- 

tional to the product of the respective field intensities and pro- 

‘ portional to the area, inasmuch as the area determines the num- 

ber of rows of cells which participate in the transfer of the energy. 

Examples of Poynting’s theorem. (a) The flow of energy in 

the neighborhood of a wire carrying an electric current when no 

electric charge resides on the surface of the wire.—In general, the 
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surface of a wire which carries an electric current is charged,* 
and this charge is associated with the lines of force of electric 

field which is perpendicular to the surface of the wire. There is 

always a point on any wire circuit, however, where the wire is 

not charged or, in other words, where the electric field is parallel 

to the surface of the wire. In any case, however, it is permissible 

to consider that part of the energy flow which depends upon the 

component of the electric field parallel to the wire. Figure 198 

shows a straight wire carrying electric current. The lines of 

force of the electric field are parallel to the-wire as shown in the 

side view, and the lines of force of the magnetic field encircle the 

wire as shown in the end view. The dotted lines represent the 

energy stream which flows in towards the wire from all sides. 

The equation for the energy stream in an electromagnetic 

field may be established by considering the inward flow of energy 

in the neighborhood of a wire carrying an electric current as 

follows: Let R_ be the resistance of the wire in abohms per 

‘* The component of the electric field which is parallel to the surface of a wire 

is always equal to RI, where R is the resistance of the wire per centimeter of 

length, and J is the current flowing in the wire; but the component of the electric 

field at right angles to the surface of the wire may have any value whatever. The 

electric lines of force which terminate on the surface of the wire on account of 

the existence of this normal component of the electric field inyolve a stationary 

electric charge on the surface of the wire. The electric current is of course con- 

sidered to be a transfer of electric charge along a wire, but the stationary charge 

here referred to has nothing directly to do with the current. When a voltaic cell is 

on open circuit, the electric field in the surrounding region may be such that the 

volts per centimeter along a given path may vary in the most irregular way; but 

when this path is occupied by a wire through which the voltaic cell produces current, 

then the electric field in the whole surrounding region is modified by the stationary 

charge on the surface of the wire so as to make the component of the electric field 

parallel to the wire everywhere equal to RI, as above specified. Energy appears in 

each unit length of the wire at the rate of RI? ergs per second. This amount of 

energy must flow into every unit length of the wire, and the electric field in the 

neighborhood of the wire must be so distributed as to give this necessary distribu- 

tion of the energy stream. It is to be remembered that the trend of the magnetic 

field in the neighborhood of an electric circuit depends only on the shape of the 

circuit but not at all on the relative resistances of the various parts of the circuit, 

and, therefore, the proper distribution of the energy stream to supply the RI? losses 

at each part of a circuit depends, one might say, chiefly upon the modification of 

the electric field due to surface charges on the wire. 
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centimeter of length, and let J be the current in the wire in 

abamperes, then RI is the intensity of the surrounding electric 

field in abvolts per centimeter. The intensity of the magnetic 

field at a distance of r centimeters from the axis of the wire is 

2l/r gausses.* The intensity of the energy stream (ergs of 
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Fig. 198. 

energy per second per square centimeter) at points distant 7 

centimeters from the axis of the wire is proportional to the 

product of the electric and the magnetic field intensities, and it 

may therefore be written k X RI X 2I/r, where k is an un- 

known proportionality factor. Multiplying this expression for 

the intensity of the energy stream by the area a of a cylindrical 

surface / centimeters in length and r centimeters in radius 

(cylindrical surface coaxial with wire), we have the total ergs per 

second streaming into 1 centimeters of the wire, and this must 

be equal to / X RI*. Therefore we have 

al 
anrl Xk X RIX =1X RP 

whence 

* See Art. 19. 
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Therefore, we have in general 

I 
Sa = Me (1) 

in which S is the energy in ergs per second which streams across 

one square centimeter of area at right angles to a magnetic field 

of which the intensity is # gausses and at right angles to an 

electric field of which the intensity is e abvolts per centimeter, 

# and e being at right angles to each other. 

(b) The flow of energy in the neighborhood of wires assumed to 

be of zero resistance.—In this case the component of the electric 

field parallel to the surface of the wires is equal =. 

to zero, and the only electric field which exists, ocare - 

if any, is that which is associated with charges = a z | 

on the surfaces of the wires or ribbons. An 

ideally simple case is shown in Fig. 199, in —~- — > h 

ance wire (ribbon) w. The electric field between 

the ribbons AA and BB is uniform, and 

the lines of force of the electric field are repre- 

sented by the fine horizontal lines in the figure; 

the intensity of the electric field is equal to the Les 

electromotive force of the voltaic cell divided by 

the distance between the ribbons. The mag- 

netic field between the ribbons is uniform, and 

the lines of force of the magnetic field are per- 

which AA and BB are straight wires (rib- 4) cases \x 
6 a . “pe = r > 

bons), assumed to be of zero resistance, which § E&e= 5 
4 

as e © ik He 
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pendicular to the plane of the paper in Fig. 199 

as indicated by the dots between AA and ingest 

BB. The energy stream, being everywhere at right angles to 

the electric and magnetic fields, is straight upwards as indicated 

by the dotted arrows. If the wires (ribbons) in Fig. 199 have re- 

sistance, then the lines of force of the electric field turn slightly 

downwards (in the figure) near each ribbon on account of the RI 

18 
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drop along the ribbons, and the energy stream, instead of flow- 

ing straight upwards, turns to some extent into the ribbons 

where it appears as the RJ? loss. This is shown roughly in 

Fig. 200 which represents the flow of energy from a generator 

along a transmission line AB toa distant lamp L. It is im- 

practicable in this case to represent the exact trend of the lines 

of force of the electric and magnetic fields in the neighborhood 

of the generator and in the neighborhood of the lamp.* 

An — 
Te ie ‘ 

E A FEE TET Tt tN yA pid OW Se 45 Be 

Mee i A 8 [aA 
tl haar La 
ee CEPEELS 

B 

Fig. 200. 

(c) The flow of energy in an electromagnetic wave.—The energy 

in an electromagnetic wave flows continuously from the back 

part of the wave to the forward part of the wave, in Fig. 194, 

and this energy flow is due to the coexistence of electric and 

magnetic fields at right angles to each other in the wave. _ 

135. The electric oscillator.—A clear understanding of the de- 

tails of action of the electric oscillator depends upon an insight into 

what takes place when a condenser is charged and discharged. 

Before discussing the electric oscillator, therefore, it is necessary 

to consider the charge on a condenser and its mode of disappear- 

ance when the condenser plates are connected by a wire. Con- 

sider a closed (endless) chain of gear wheels AB, Fig. 201, 

* Some examples of the theorem of energy flow are given in Poynting’s original 

paper in the Philosophical Transactions for. 1884. Some interesting examples of 

Poynting’s theorem are given by W. S. Franklin, in Physical Review, Vol. XIII, 

pages 165-181, 1901. The details of field distribution and energy flow in the 

neighborhood of two long parallel cylindrical conductors (line wires) are given by 

G. Mie, Zeitschrift fur Physikalische Chemie, vol, XXXIV, page 522. 
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which tend to stand in a smooth row. If the gears are allowed 

to slip at any point s, the gear f being held stationary and the 

gear e being turned in the direction of the arrow, then the chain 

of gears will be distorted into a zigzag row, as shown in Fig. 202. 

Conversely, a chain of geared cells which by elastic action tend 

to stand in a smooth row, will be relieved from such a zigzag 

distortion as shown in Fig. 202 by permitting the gears to slip 

at any point s, and the potential energy stored in the distorted 

chain will be geared towards s from both sides. 

Fig. 202. 

Let A and B, Fig. 203, be two metal plates, and let the dotted 

lines represent closed chains of geared ether cells, each chain 

being like Fig. 201. Imagine the two plates A and B to be 

connected by a wire,* and imagine an electric current to be 

forced through this wire by means of a voltaic cell, thus causing 

* Strictly the wire in Fig. 203 must be thought of asa broad ribbon. All figures 

in this discussion represent two dimensional distributions of electric and magnetic 

fields. 
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the plates A and B tobecomecharged. The forcing of electric 

current through the wire means a forced slipping of ether cells 

of each chain where it is cut by the wire, and each chain of 

geared cells, initially like Fig. 201, becomes distorted like Fig. 

202. Throughout the region between A and B, the positive 

ether cells are displaced downwards and the negative ether 

cells are displaced upwards, that is, the region between A and B 

becomes an electric field, the direction of which is downwards 

from the positively charged plate A to the negatively charged 

plate B. 

Given two charged metal plates A and B as above explained, 

each dotted curve in Fig. 203 being supposed to represent an 

endless zigzag chain of ether cells like Fig. 202. Then a wire 

(ribbon) connected from A to B will cut across every one of 

the zigzag chains of geared ether cells, slipping will begin where 

each chain is cut by the wire, each zigzag chain of cells will begin 

to be relieved from its zigzag distortion, the energy of each dis- 

torted chain will be transmitted along the chain to the wire 

where it will appear as heat, and the entire region between 

and surrounding the plates A and B will be relieved from 
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electrical stress. The explanation here given of the entire relief 

of the electrical stress between two plates by the establishment 

of a conducting line (line of slip) between them applies to two 

adjacent oppositely charged bodies of any shape. An electric 

spark is a line of slip (a conducting line), and the energy of the 

electric field flows in upon the spark as it does upon a wire. The 

slipping of ether cells in a conductor is imagined to be opposed 

by a frictional drag. 

Fig. 204. 

The Hertz oscillator.—Let A and B, Fig. 204, be two metal 

balls connected to two short rods between which is an air gap 

(spark gap). Imagine charge to have been collecting on A and 

B, positive charge on A, negative charge on B, until a spark 

jumps across the air gap, thus establishing a conducting path 

from A to B, andcausing A and B tobedischarged. This 

discharge is usually oscillatory like the movement of a string 

which is pulled to one side and suddenly released. Con- 

sider a chain of geared ether cells which, when undistorted, 

lies smoothly along the dotted line in Fig. 204, this dotted line 

being everywhere perpendicular to the lines of force of the 

electric field. When A is positively charged, this chain is 
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distorted as shown (in part), but, inasmuch as it is a closed chain, 

its distortion is fixed as explained in connection with Fig. 202. 

When a spark is formed across the gap, however, a line of slip is 

established which cuts across the distorted chain, and the dis- 

tortion disappears as explained in connection with Figs. 201, 202 

and 203. What is said of the single chain of ether cells is true 

of every chain which surrounds A or B in Fig. 204. 

If the slip which relieves the distortion of the chain of ether 

cells takes place with great friction (great electrical resistance 

of the conducting path formed by the spark), the cells near the 

spark begin turning slowly and the entire energy of the distorted 

chain is geared into the spark and converted at once into heat. 

If the slip which relieves the distortion of the chain of ether cells 

is almost frictionless (low electrical resistance of the conducting 

path formed by the spark), then the energy of the distorted 

chain is used mainly in overcoming the inertia of the cells in the 

neighborhood of the spark as they are set rotating, and after a 

very short interval of time the whole of the electrical energy 

will have been converted into kinetic energy of the rotating cells 

(magneticenergy). During this conversion the energy, streaming 

along the dotted lines in Fig. 204, largely disappears from the 

regions ee and ee and is distributed mainly in the region mm. 

When the chains of ether cells have been relieved from distortion, 

the rotatory motion of the ether cells in the region mm _ will 

have reached a maximum, and the cells will continue to rotate 

because of their momenta, thus producing reversed distortion 

of each chain of ether cells. During the time that this reversed 

distortion is being produced the energy streams back from the 

region mm to the regions ee and ee, being converted again 

into potential energy of ether distortion, and the balls A and 

B become charged in a reversed sense. This reversed distortion 

of the chains of ether cells is then relieved by a reversed slip 

(a reversed current in the rods and along the spark), and the 

above described action is repeated over and over again until the 

original energy of the electric field has been dissipated. 
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When one end of a stretched rubber tube is held in the hand 

and moved up and down slowly, the entire tube has time to 

accommodate itself to the changing position of the hand. If, 

however, the hand is moved up and down rapidly, the portions 

of the tube remote from the hand do not follow the changing 

position of the hand promptly, and the result is that waves are 

produced which pass out from the moving hand. The oscillatory 

changes above described in connection with Fig. 204 take place 

so rapidly that the portions of the distorted ether which are 

remote from the oscillator do not follow the changes promptly. 

This gives rise to electrical waves which pass out from the 

oscillator. In the immediate neighborhood of the oscillator the 

action is rather complicated, but at a distance from the oscillator 

the wave motion becomes very simple.* 

PROBLEMS. 

1. A Leyden jar has walls 2 millimeters thick, the area of 

each tinfoil coating is 500 square centimeters, and the induc- 

tivity of the glass is 5. What is the capacity of the jar? Ans. 

0.0011 microfarad. 

2. The Leyden jar of problem 1 is discharged through a circuit 

which contains a coil of wire which consists of a winding of 1,000 

turns of wire on a cylindrical wooden rod 6 centimeters in diam- 

eter and 120 centimeters long. What is the inductance of the 

circuit and what is the frequency of the electrical oscillations 

which follow the discharge? Ans. 0.00296 henry; 882,000 cycles 

per second. 

Note.—The influence of resistance on the frequency is to be ignored. 

* Hertz’s researches on electric waves, experimental and theoretical, have been 

published in book form (see Electric Waves by Heinrich Hertz, translated by D. E. 

Jones, Macmillan and Company, 1893). 

A very good discussion of Hertz’s experimental researches is given by J. A. 

Fleming on pages 306-326 of his Principles of Electric Wave Telegraphy, Longmans, 

Green and Company, 1908. 

A good discussion of the mathematical theory of the Hertz oscillator is given 

by Fleming on pages 326-352 of his Principles of Electric Wave Telegraphy. This 

theoretical discussion of Fleming’s follows the original paper by Hertz which was 

published in 1889 (see pages 137-159 of Hertz’s Electric Waves). 
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3. The tension of a string is 25 million dynes and each centi- 

meter of the string has a mass of 0.2 gram. What is the velocity 

of a wave or bend on the string? Ans. 11,280 centimeters per 

second. : 

4. A transmission line consists of two copper wires each 0.5 

inch in diameter and the wires are 24 inches apart center to 

center. (a@) What is the inductance of the line per mile of the 

double line? (0) What is the capacity of the line per mile of 

double line? (c) What is the velocity of wave propagation on 

the line? Ans. (a) 0.00294 henry per mile; (b) 9.798 X 10~° 

farads per mile; (c) 186,000 miles per second. 

5. A 10,000 volt generator of negligible resistance and induct- 

ance is switched on to the end of the line of problem 4. What is” 

the voltage and current in the ribbon wave which shoots out 

along the line? Ans. 10,000 volts, 1.835 amperes. 

6. A battery of which the resistance is 1,500 ohms and of which 

the electromotive force is 10,000 volts is switched on to one end 

of the line of problem 4. What is the voltage and current in the 

ribbon wave which shoots out along the line? Ans. 7,852 volts 

and 1.433 amperes. 

Note.—Let E be the required voltage and J the required current. Then 

E/I = ALIC and E+ RI = 10,000 volts, where R is the resistance of the 

battery. 

7. The line in problem 5 is 18.6 miles long and it is open at 

the distant end. The 10,000 volt generator is switched on to the 

line and disconnected after 0.00015 second. What is the current 

and voltage distribution over the line at the instant when the 

generator is disconnected? Ans. Over the half of the line next 

the generator the voltage is everywhere 10,000 volts and the 

current is everywhere 1.835 amperes; over the distant half of 

the line the voltage is 20,000 volts and the current is zero. 

8. The distant end of the 18.6 mile line in problem 5 is short- 

circuited and the 10,000 volt generator is disconnected (leaving 

the generator end of the line open) 0.0001 second after it was 
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switched on to the line. What is the current and voltage dis- 

tribution over the line 0.0002 second after the generator is dis- 

connected? Ans. 10,000 volts opposite to generator voltage, 

and 1.835 amperes opposite to current which first starts in the line. 

9. The 18.6 mile line in problem 5 has connected across its 

distant end a non-inductive circuit of which the resistance is 

1,826 ohms. The 10,000 volt generator is connected for 0.0015 

second.. What is the voltage and current distribution over the 

line? Ans. 10,000 volts and 1.835 amperes over the half of 

the line next to the generator; and 5,000 volts and 2.752 amperes 

over the other half of the line. 

to. The distant end of the 18.6 mile line in problem 5 has 

connected across it a non-inductive circuit of which the resistance 

is 16,431 ohms. The 10,000 volt generator is connected to the 

line for 0.00010 second and then disconnected. What is the 

voltage and current distribution over the line 0.00005 second 

after the generator is disconnected? Ans. Zero voltage and 

zero current over the half of the line next to the generator; 

15,000 volts and 0.917 ampere over the distant half of the line. 

11. The value of V L/C for an air line (two wire line) is 706 

“ohms,” and the value of VY L/C for an underground cable is 

100 ‘‘ohms.”’ A ribbon wave in which E = 1,412 volts comes 

over the air line to the point where the air line connects to the 

cable. (a) What is the voltage and current in the wave which 

enters the cable, and (6) what is the voltage and current in the 

reflected wave? Ans. (a) + 349 volts and + 3.49 amperes, 

(b) — 1,063 volts and + 1.51 amperes. 

12. A battery of which the resistance is 500 ohms and of which 

the electromotive force is 8,000 volts is switched on to a line for 

which the value of V L/C is1,000 “ohms.” Find the values of 

voltage and current in the ribbon wave which shoots out on the 

line. Ans. 5,333 volts, 5.333 amperes. 

Note.—Let E and I be voltage and current in the wave. Then E/I = 1,000 

and E + RI = 8,000, where R is the resistance of the battery. 
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13. A battery of which the resistance is equal to the value of 

V L/C for a given transmission line is suddenly connected to one 

end of the line. Describe what takes place (a) when the distant 

end of the line is short-circuited, and (6) when the distant end of 

the line is open. 

14. The 10,000 volt generator of problem 5 is connected to 

the 18.6 mile line of which the distant end is open. Plot a curve 

showing the voltage across the middle of the line as a function 

of elapsed time, generator being left connected to the line. 

15. Plot a curve showing the current at the middle of the line 

in problem 14 as a function of elapsed time. 

16. Plot a curve showing voltage across the middle of the line 

in problem 14 as a function of elapsed time, the distant end of 

the line being short-circuited. 

17. Plot a curve showing the current in the line of problem 14 

at a point 10 miles from the generator as a function of elapsed 

time, the distant end of the line being short-circuited. 

18. Plot curves showing voltage and current at middle of line 

of problem 14 as functions of elapsed time, the distant end of 

the line being connected to a non-inductive circuit of which the 

resistance is 1,826 ohms. 

19. Plot curves showing voltage and current at a point 10 

miles from the generator in problem 14 as functions of elapsed 

times, the distant end of the line being connected to a non- 

inductive circuit of which the resistance is 16,431 ohms, 

20. A single-wire line with ground return has a wire 0.25 inch 

in diameter hung 25 feet above the ground. What are the values 

of the inductance per mile and the capacity per mile of this single- 

wire line? Ans. 0.00274 henry per mile; 0.0105 microfarad per 

mile. 

Note —The inductance per mile of the single-wire line with ground return is 

one-half the inductance per mile of a two-wire line consisting of wires 0.25 inch in 

diameter and 50 feet apart center to center; and the capacity per mile of the 

single-wire line is twice as great as the capacity per mile of the two-wire line as 

specified. This is on the assumption that the surface of the earth is equivalent 

to an infinite conducting sheet. 
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2t. A wave disturbance from a lightning stroke travels along 

the single-wire line of problem 20. Find the resistance of a 

lightning arrester ground connection which, if placed at the end 

of the line, would absorb the wave disturbance completely and 

reflect not at all. Ans. 511 ohms. 

22. The value of the short-circuit current in Fig. 158 is, say, 

100 amperes and the value of VL/C for the line is, say, 100 

“‘ohms.”’ The inductance of the generator is assumed to be 

indefinitely large so that line current at the generator retains its 

value of 100 amperes for a fairly long time after the short- 

circuited line is snapped open at the distant end. ‘The line is 

186 miles long. Plot a curve showing the voltage across the 

middle of the line as a function of elapsed time, neglecting 

effects of line resistance and leakage, and assuming the insulation 

strength of the line to be indefinitely great. 

23. The line of problem 20 is 93 miles long and open at both 

ends, and it is uniformly charged (one wire positively and the 

other wire negatively) so that the voltage across the line is every- 

where 10,000 volts and the current in the line is everywhere zero. 

One end of the line is suddenly closed with a switch of negligible 

resistance. Plot curves showing voltage and current at the 

middle of the line as functions of elapsed time. _ 

24. Two oppositely moving rectangular waves A and B 

each two miles long come into superposition. The voltage in 

A is + 5,000 volts and the voltage in B is + 2,500 volts, and 

the value of V L/C for the line is 100 “‘ohms.’’ What is the 

total voltage and total current in the two miles of line where the 

two waves come into exact superposition? Ans. + 7,500 volts 

and + 25 amperes. 

25. Imagine a two-mile section of the line of problem 24 to 

have + 10,000 volts across it everywhere and — 50 amperes in 

it everywhere. What is the state of affairs on the line ¢ seconds 

later, where ¢ is the time for an electric wave to travel three 

miles? Ans. A section of the line two miles long in each 



268 ADVANCED ELECTRICITY AND MAGNETISM. 

direction from the center of the initial distribution will be entirely 

devoid of voltage and current; a two mile section beyond the 

4-mile blank section and to the right will have over it a uniform 

voltage of + 2,500 volts and a uniform current of + 25 amperes; 

and a two mile section beyond the 4-mile blank section and to the 

left will have over it a uniform voltage of + 7,500 volts and a 

uniform current of — 75 amperes. 

26. Calculate the leakage resistance (insulation resistance) 

of one mile of the line in problem 4 in order that the line might 

give distortionless transmission. Ans. 670,000 ohms. 

Noie.—The leakage resistance here required is very much less than the leakage 

resistance of a well-constructed line in good condition in dry weather. In wet 

weather, however, the leakage resistance falls off and may give rise to approximately 

distortionless transmission. This is the cause of the remarkable clearness of tele- 

phonic transmission which is sometimes obtained over a moderately long line in 

wet weather. 

27. A current of 10 amperes is left to die away in a circuit of 

which the resistance is 2 ohms and the inductance is 0.01 henry. 

What is the value of the current after 0.06 second? Ans. 

0.0000605 ampere. 

Note.—See Art. 37. 

28. A 10-microfarad condenser is charged by a 100-volt battery 

and allowed to stand and lose its charge by leakage. The insula- 

tion resistance of the condenser is 1,000,000 ohms. What is the 

voltage across the condenser after 23.25 seconds. Ans. Io volts. 

Note.—Let q be the decreasing charge on the condenser ¢ seconds after it is 

left standing and let e be the corresponding electromotive force across the con- 

d d dq. 
denserterminals. Then g=Ce and = =C oa but — = is the leakage current 

and it is equal to =e where R_ is the insulation resistance of the condenser. 

e de de dt t 
Therefore moet. Cc a or se eae so that logee = CR + a constant. 

29. A 20-mile metallic circuit telephone line consists of two 

No. 14 B. & S. copper wires 18 inches apart center to center. 

Find the resistance of the line per mile. Find inductance and 

capacity of the line per mile. Find leakage resistance between 
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wires of one mile of the line to give a leakage loss equal to 2 

per cent of the wire loss in a pure wave. Ans. 0.00408 henry per 

mile, 0.00707 microfarad per mile, nnd 1,032,000 ohms. 

30. A 10,000-volt battery of negligible resistance is connected 

across the end of the line of problem 29 so as to produce on the 

line a rectangular wave 0.1 mile long. Find (a) energy of wave» 

(b) wire loss in watts, (c) leakage loss in watts, (d) total energy 

lost in wires during passage of wave to distant end of line, (e) 

total energy lost by leakage during passage of wave to distant 

end of line. Ans. (a) 0.0707 joule, (0) 485 watts, (c) 9.7 watts, 

(d) 0.0521 joule, and (e) 0.001042 joule. 

Note.—It must not be forgotten that the total energy loss is to be calculated 

approximately by assuming that the rate of loss remains constant and equal to its 

initial value. 

31. Inductance is added to the 20-mile line of problem 30 

to give a total inductance four times as great as the bare line 

alone. The 10,000-volt battery is connected fora sufficient time 

to give on this loaded line a rectangular wave 0.1 mile long, as in 

problem 30. Find (a) energy of wave, (d) wire loss in watts, (c) 

leakage loss in watts, (d) total energy lost in wires during passage 

of wave to distant end of line, and (e) total energy lost by leakage 

during passage of wave to distant end of line. Ans. (a) 0.0707 

joule, (6) 121 watts, (c) 9.7 watts, (d) 0.026 joule, and (e) 0.00208 

joule. 

32. Inductance is added to the line of problem 30 to give dis- 

tortionless transmission, and the 10,000-volt battery is connected 

so as to give on the line a rectangular wave 0.1 mile long. Find 

(a) energy of wave, (b) wire loss in watts at the start, (c) leakage 

loss in watts at the start, (d) total energy lost in wires during 

transit of wave, assuming rate of wire loss to keep its initial value, 

and (e) total energy lost by leakage during transit of wave, 

assuming rate of leakage loss to keep its initial value. Ans. (a) 

0.0707 joule, (b) 9.7 watts, (c) 9.7 watts, (d) 0.00737 joule, and 

(e) 0.00737 joule. 
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33. Calculate the exact values of (d) and (e) in problem 32. 

Ans. (d) 0.00655 joule, and (e) 0.0065 joule. 

Note.—The decay of current in a wave on a distortionless line takes place exactly 

as in an ordinary inductive circuit containing resistance, and the decay of voltage 

in a wave on a distortionless line takes place exactly as in a condenser that is 

allowed to stand. See problems 27 and 28. 

34. Two No. 14 B. & S. copper wires are laid 18 inches apart 

in pure water, and the leakage resistance between wires of 

one mile of this line is about 10 ohms. (a) Find inductance 

piida 
Fig. $33. 

and capacity of the line per mile, the inductivity of water being 

go. (b) Find capacity which would have to be added per mile of 

line (as shown in Fig. $33) to give distortionless transmission. 

Ans. (a) 0.00408 henry per mile and 0.636 microfarad per mile; 

(6) 0.857 microfarad. 

35. What fraction of the initial energy of a wave would be 

delivered to the end of a ten-mile line like that specified in 

problem 34 with capacity loading sufficient to give distortionless 

transmission? Ans. 2.17 X10~*, 

Note.—See note to problem 32. 

36. The string in problem 3 is 2 meters long between supports. 

How many vibrations per second does it make when plucked like 

a guitar string? Ans. 28.2 complete vibrations per second. 

37. A 20-mile two-wire line is uniformly charged and set 

oscillating by closing a switch at one end of the line. What is 

the frequency of the oscillations? Ans. 2325 cycles per second. 

38. What would be the frequency of the oscillations in problem 

37 if both ends of the line could be closed at the same instant? 

Ans. 4650 cycles per second. 
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39. A 20-mile transmission line consisting of two No. 8 B. & S. 

wires 18 inches apart center to center and short-circuited at the 

distant end is connected to a 10,000-cycle alternator of which 

the electromotive force is 500 volts effective. Find positions of 

voltage nodes, and find maximum voltage between the line wires 

at the voltage antinodes when the ultimate steady state of oscilla- 
tion of the line is established, line resistance being neglected. 

Also find positions of current nod es andfind maximum value 

of current in the line at the current antinodes. Ans. Voltage 

nodes at distances of 0, 9.3 and 18.6 miles from short-circuited 

end of line; maximum voltage at voltage antinodes 1,552 volts. 

Current nodes at distances of 4.65 and 13.95 miles from short- 

circuited end of line; maximum current at current antinodes 

2.293 amperes. | 

40. An electric field like that which is represented in Fig. 191 

decreases in intensity at the space-rate of 100 volts-per-centi- 

meter per centimeter of distance along the axis of reference. 

(a) Find the electromotive force around a rectangle in the plane 

of the paper in Fig. 191, the rectangle being 30 centimeters long 

(parallel to AB, Fig. 191) and 20 centimeters wide. (0) Find 

the rate at which the magnetic flux through this rectangle must 

be changing in order to produce this electromotive force around 

it. (c) Find the rate at which the magnetic field in Fig. 191 

perpendicular to the paper is changing because of the tapering 

of the electric field. Ans. (a) 60,000 volts; (6) 6 X 10” max- 

wells per second; (c) I X 10! gausses per second. 

41. Consider two line wires (ribbons) AA’, BB’, Fig. p41, 

and imagine the current in these wires (ribbons) to be distributed 

so that the current at any point # is represented by the ordinate 

y of astraight line CC. The magnetic field between the ribbons 

is a tapering field as described in connection with Fig. 193 on 

page 250, the lines of force of the field being perpendicular to the 

paper in Fig. 40 and directed away from the reader. The 

intensity of the magnetic field in gausses at any point p is equal 
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to 4m times the abamperes of current per centimeter of width 

of ribbons. The current at the point pp is 50 amperes per unit 

of width, and the current at point p’p’ is zero. Find the rate 

at which the electric field from ribbon AA’ across to'ribbon BB’ 

is increasing in volts per centimeter per second. 
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Note.—The simplest method of handling this problem is to calculate the rate 

at which charge is accumulating on each square centimeter of the inner face of the 

ribbons due to the tapering current, positive charge on ribbon AA’ and negative 

charge on ribbon BB’, and to consider, with the help of Gauss’s theorem, the inten- 

sity of the electric field which is associated with these charges as follows. Consider 

one square centimeter of the inner face of the upper ribbon. The current which 

flows into this area across one side is one ampere greater than the current which 

flows out of it on the other side according to the data of the problem, and therefore 

one coulomb of charge is collecting per second upon each square centimeter of the 

inner faces of the ribbons. The total electric flux which emanates from one 

coulomb of charge is 1.131 X 10 3 lines, where one line is the amount of flux crossing 

one square centimeter at right angles to an electric field of which the intensity is 

one volt per centimeter. Therefore, since one coulomb of charge is collecting per 

second on each square centimeter of the ribbon AA’, it follows that the electric 

field between the ribbons is increasing at the rate of 1.131 X 10% volts per centi- 

meter per second. 

42. A long wire of which the resistance per centimeter of 

length is 0.02 ohm carries a current of 30 amperes. (qa) Find the 

rate at which energy flows in upon each centimeter of length of 

the wire in ergs per second. (0) Find the intensity of the energy 
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stream in ergs per second per square centimeter at a point distant 

15 centimeters from the axis of the wire. (c) Find the intensity 

of the electric field parallel to the wire in abvolts per centimeter. 

(d) Find the intensity of the magnetic field in gausses at a point 

distant 15 centimeters from the axis of the wire. Ans. (a) 

18 X 10’ ergs per second; (b) 1.91 X 10° ergs per square centi- 

meter per second; (c) 6 X 10’ abvolts per centimeter; (d) 0.4 

gauss. 

43. Consider two line wires in the form of two flat metal rib- 

bons 50 centimeters wide and 3 centimeters apart. At a given 

point p (see Fig. $43) the electromotive force between the 

ribbons is 100 volts and the current in each ribbon is 10 amperes. 

(a) Find the rate in ergs per second at which energy flows past 

A p B 
; —1> 10 amperes 

generator 13 ems « 100 volts receiver 

| <:_10 amperes 
A : DP ‘ RB’ es 

Fig. p43. 

the point p from the generator towards the receiver using the 

ordinary formula, P= EI. (b) The electric field intensity 

between the ribbons at the point p is 33.3 volts per centimeter 

and the magnetic field between the ribbons is uniform and 

perpendicular to the plane of the paper in Fig. 43. Find the 

intensity of the magnetic field in gausses. Ans. (a) 10” ergs 

per second; (6) 0.251 gauss. 

Note.—The energy which flows past the point streams through the entire 

region between the ribbons and therefore the sectional area of the energy stream is 

I50 square centimeters. Therefore the intensity of the energy stream (ergs per 

square centimeter per second) can be calculated; and then knowing the electric 

field intensity at » the intensity of the magnetic field can be calculated from equa- 

tion (1) of Art. 134. 

19 



CHAPTER X. 

THE ELECTRON THEORY. 

136. The mechanical theory of electricity and the atomic 

theory of electricity.—The study of electricity and magnetism as 

represented in the foregoing chapters is independent of any con- 

sideration of the nature of the physical action which leads to the 

production of electromotive force in a voltaic cell or dynamo; it 

is independent of any consideration of the nature of the physical 

action which constitutes an electric current in a wire; it is inde- 

pendent of any consideration of the nature of the disturbance 

which constitutes a magnetic field; and it is independent of any 

consideration of the nature of the disturbance or stress which 

constitutes an electric field. This kind of study of electricity 
and magnetism may very properly be called electro-mechanics. 

Simple mechanics is the study of ordinary bodies at rest or in 

visible motion, and one of the most important ideas in mechanics 

is the idea of force; but the science of mechanics is not concerned 

with, and indeed it sheds no light upon the question as to the 

physical nature of force. Thus, the science of mechanics is not 

concerned with the question as to the nature of the action which 

takes place in a gas and causes the gas to exert a force on a piston; 

the science of mechanics is not concerned with the question as to 

the nature of the action which takes place in the material of a 

stretched wire causing the wire to exert a pull upon each of the 

two supports at its ends; the science of mechanics is not con- 

cerned with the nature of the action between the earth and a 

heavy weight which causes the earth to exert a force on the 

weight; the science of mechanics is not concerned with the 

nature of the action which takes place between two bodies 

which slide over each other and which leads to the production of 

the force of friction. It is sufficient for the science of mechanics 

274 
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that these actions are what may be called states of permanency 

of the respective systems. To speak of these actions as states 

of permanency is to call to mind the fact that they remain un- 

changed under given conditions. To say that a gas in a cylinder 

pushes with a force of 100 pounds on the piston thus compressing 

a spring is to refer to a state of affairs in which there is a clearly 

defined and maintained relationship between the condition of the 

spring and the condition of the gas. The science of mechanics 

owes its existence to the legitimacy and usefulness of the idea of 

force irrespective of the nature of the physical process upon 

which force action depends. 

Similarly it is sufficient for the science of electro-mechanics 

that the physical actions that underlie electromotive force, 

electric current, magnetic field and electric field are what may 

be called states of permanency. Thus to say that a dynamo 

produces a current of 100 amperes through a circuit is to refer 

to a state of affairs in which there is a definite and main- 

tained relationship between the dynamo and the circuit, the 

dynamo delivers energy at a certain rate and the circuit receives 

energy at a certain rate, and the circuit exhibits to a definite 

_degree the various effects which are associated with what we call 

an electric current. The science of electro-mechanics owes its 

existence to the legitimacy and usefulness of the ideas of electro- 

motive force, electric current, magnetic field and electric field 

irrespective of the nature of the physical actions upon which 

these various things depend. 

The superficial character of the science of simple mechanics 

and of the science of electromechanics may be further exemplified 

as follows: A sample of steel is broken by a tension of 120,000 

pounds, but the exact character of the action which takes place 

in the steel when it is placed under tension is not a matter for 

consideration. Neither does one need to consider the action 

which takes place in the furnace of the boiler which supplies 

steam to the engine which drives the dynamo which supplies 

current to the motor which drives the testing machine! A plate 
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of glass is broken down and punctured by an electromotive of 

95,000 volts, but the exact character of the action which takes 

place in the glass when it is subjected to the electromotive force 

is not a matter for consideration, nor is it necessary to consider 

the changes which take place in the battery, for example, which 

may be used to produce the given voltage. Simple mechanics 

is concerned with the correlation of what may be called lump 

effects, such as the relationship between the size of a beam and 

the load it can carry, the size of a fly wheel and the work it can 

do when stopped, the thickness and diameter of a boiler shell and 

the pressure it can stand, the size of a submerged body and the 

buoyant force which acts upon it, the size and shape of the air 

column in an organ pipe and its number of vibrations per second, 

the thickness of a glass plate and the electromotive force it can 

stand, the size of a copper wire and the current it can carry with 

a given rise of temperature and so forth. 

THE ATOMIC THEORY.—The atomic theory depends upon the 

development of more or less hypothetical conceptions of the 

minute details of physicalaction. Thus the burning of hydrogen 

is thought of as the joining together of atoms of hydrogen and 

oxygen; a gas is thought of as made up of an enormous number 

of particles which fly around at random and exert pressure on an 

exposed surface by bombardment. 

The phenomena of chemical action and those physical phe- 

nomena which have to do with the minute details of physical 

processes have been studied heretofore almost solely on the basis 

of the atomic theory. Thus nearly the whole of chemistry is 

based upon the atomic theory, the kinetic theory of gases is a 

branch of atomic theory; the theory of crystal structure is a 

branch of atomic theory, and the atomic theory is used to a very 

considerable extent in studying electricity and magnetism and 

especially in the study of the discharge of electricity through 

gases and in the study of radio-activity. 

137. Electrons and ions.—The loss of electricity by a charged 

body has long been known to be due in part to a leakage of 
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the electricity through the surrounding air and in part to a 

leakage of the electricity through the insulating supports of the 

charged body, that is to say the air conducts electricity to some 

extent. Ordinarily, however, the air is an extremely poor con- 

ductor, but there are a number of influences which cause the air 

(or any gas) to become a fairly good electrical conductor. Thus 

gas which is drawn from the neighborhood of a flame or from the 

neighborhood of glowing metal or carbon is a fairly good con- 

ductor; gas which has been drawn from a region through which 

an electric discharge has recently passed is a fairly good con- 

ductor; a gas becomes a fairly good conductor under the action 

of Roentgen rays or under the action of the radiation from radio- 

active substances. The conductivity which is imparted to a gas 

by these various agencies may be destroyed by filtering the gas 

through glass wool or by placing the gas for a few moments 

between electrically charged metal plates. This effect of filtra- 

tion seems to show that the conductivity of the gas is due to 

something which is mixed with the gas, and the effect of the 

electric field (between the two charged plates) seems to show that 

this something is charged with electricity and is dragged out of the 

gas by the electric field. From some such considerations as these 

the hypothesis was originated that the electrical conductivity of a 

gas is due to electrically charged particles floating around in the 

gas. These particles are called zoms, and the process by which a 

gas is made into a conductor is called ionization. This hypothesis 

has been used extensively and with remarkable success in the 

study of electrical discharge through gases and in the study of 

radio-activity, and it is no longer thought of as a mere hypothesis. 

The electron is a negatively charged particle of which the mass 

is about 1/800 of the mass of a hydrogen atom. The cathode 

rays, which are described later, are electrons thrown off from the 

cathode of the Crooks’ tube at high velocity, the 6-rays from a 

radio-active substance such as uranium are electrons which are 

expelled at extremely high velocity from the atoms of the sub- 

stance. 
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- An ion is an atom of a gas from which a negatively charged 

electron has been detached leaving the remainder of the atom 

positively charged, or an atom to which an extra electron has 

become attached thus giving the atom a negative charge. For 

example the canal rays in a Crooks’ tube consist of positively 

_ charged atoms of the residual gas and the a-rays which are given 

off by a radio-active substance such as uranium are positively 

charged atoms. 

138. Ionization by the electric field.—According to the kinetic 

theory of gases, a molecule of a gas travels on the average a 

certain distance between successive collisions with neighboring 

molecules. This distance is called the mean free path of the 

molecule. The mean free path of an electron in a gas is about 

4V 2 times as great as the mean free path of the molecule of the 

gas,* because of the very small size and great velocity of the 

electron, whereas the mean free path of an ion is equal to or even 

less than the mean free path of the molecule of the gas. When 

a gas is subjected to an electric field by being placed between two 

oppositely charged metal plates, a certain amount of energy is 

imparted by the electric field to the electrons between successive 

collisions, and a much smaller amount of energy is imparted 

to the ion between successive collisions (because of their shorter 

mean free path). If the energy imparted to an electron between 

successive collisions exceeds a certain value, the electron is able 

to ionize an atom of the gas at its next collision, and when an 

atom of the gas is thus ionized a new electron and a new ion are 

produced. Similarly if the energy imparted to an ion between 

successive collisions exceeds a certain value, the ion is able to 

ionize an atom of the gas at its next collision thus producing a 

new ion and a new electron. Experiment shows that an electron 

must fall freely through a difference of potential of about 30 volts 

* The discussion of the electron theory in this chapter is necessarily very brief. 

The student who is interested in the subject should read Sir J. J. Thomson's Con- 

ductivity of Electricity through Gases,.and Sir Ernest Rutherford'’s Radio-active 

Transformations. 
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in order to receive enough energy to enable it to ionize an atom of 

oxygen or nitrogen, and an ion must fall freely through a differ- 

ence of potential of about 440 volts in order to receive enough 

energy to enable it to ionize an atom of oxygen or nitrogen. 

139. The electric spark in a gas.—When a gas is subjected to 

an electric field of which the intensity is sufficient to cause both* 

the electrons and the positive ions to ionize the gas, an extremely 

rapid and unlimited increase in the number of electrons and ions 

takes place, and the result is the production of an electric spark. 

The mean free path of the positive ions in a gas is inversely pro- 

portional to the pressure of the gas so that the electric strength 

of a gas should be approximately proportional to the pressure. 

This is, in fact, the case. Thus, the dielectric strength of air at 

normal atmospheric pressure is about 32,000 volts per centimeter, 

at a pressure of 10 atmospheres the strength is about 320,000 

volts per centimeter, and at a pressure of 0.1 atmosphere the 

dielectric strength is about 3,200 volts per centimeter. The 

dielectric strength of air reaches a minimum, however, at a 

pressure of about 2 millimeters of mercury, and increases when 

the pressure falls below this value. An electromotive force, 

sufficient to produce a spark 1/8 of an inch long in air at atmos- 

pheric pressure, will produce a discharge through 18 or 20 inches 

of air at 2 millimeters pressure. 

The idea of dielectric strength is based on the assumption 

that the electromotive force required to produce a discharge is 

proportional to the length of the spark, so that the quotient, volts 

divided by spark length, may be a constant. This is only 

* When the intensity of an electric field is sufficient to cause only the electrons 

to ionize the gas, then all of the electrons form new ions and new electrons as they 

travel towards the positive electrode, and when they reach the positive electrode 

the action ceases except for the occasional formation of a stray electron by outside 

influences. When the electric field is sufficiently intense to cause electrons and 

positive ions both to produce ionization, then new ions and electrons are formed 

everywhere between the electrodes, and the number of free ions and electrons in- 

creases indefinitely. It is a well-known fact that an electric field must continue 

to act for an appreciable time before a spark is produced. 
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approximately true in gases under moderate or high pressure, 

and when the pressure is very low a greater electromotive force 

is required to strike across a short gap than is required to strike 

across a long gap. This curious behavior of gas at low pressure 

is illustrated by a famous experiment due to Hittorf. Two elec- 

trodes were sealed into the walls of two glass bulbs and the tips 

of the electrodes were one millimeter apart, as shown in Fig. 205. 

The two bulbs were connected together by a spiral tube 375 

centimeters long, and, when the pressure of the gas in the bulbs 

was reduced to a very low value, the discharge took place through 

the long tube and not across the one millimeter gap space between 

the points of the electrodes.* 

140. The Geissler tube and the Crookes tube.—The discharge 

of electricity through gases at low pressures is usually studied by 

means of a glass bulb through the walls of which are sealed 

platinum wires which terminate in metal plates called electrodes. 

The current enters at one electrode, the anode, and passes out at 

the other electrode, the cathode. This bulb, which is called a 

vacuum tube, is filled with the gas to be studied and the pressure 

is reduced to any desired value by exhausting the tube by means 

of an air pump. 

Before exhaustion the discharge through the tube is in the 

form of a sharply-defined spark similar to the spark in the open 

* This behavior of a gas at low pressure is fully explained by the atomic theory. 

See J. J. Thomson’s Conduction of Electricity through Gases, pages 430-527. 
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air. When the pressure of the gas in the bulb has been reduced 

to a few centimeters of mercury, the spark begins to be nebulous, 

and a continued reduction of pressure causes the luminosity 

ultimately to fill the entire tube. When the pressure has been 

reduced to a few millimeters of mercury the discharge presents 

the following features, as shown in Fig. 206. There is a thin 

layer of luminosity spread over the surface of the cathode C, 

and beyond this there is a comparatively dark space D called 

the Crookes dark space, the width of which depends upon the 

pressure of the gas, increasing as the pressure of the gas di- 

minishes. This Crookes dark space extends to a 

boundary which is approximately a surface traced 

out by lines of constant length drawn normally to 

the surface of the cathode. Beyond the Crookes 

dark space is a luminous region WN called the nega- 

tive glow, and beyond the negative glow is another | 

comparatively dark region F which is called the 

Faraday dark space. Beyond the Faraday dark 

space is a luminous column P extending to the 

anode A _ and called the positive column. This 

positive column usually exhibits alternations of 

bright and dark spaces which are called striations. 

The effects here descibed are exhibited at their best 

in a vacuum tube in which the pressure has been 

reduced to a few millimeters of mercury. Such a 

vacuum tube is called a Geissler tube. When the 

exhaustion of the vacuum tube is carried further, 

the dark space which surrounds the cathode (the 

Crookes dark space) expands until it fills the entire tube. The 

glass walls of the tube then show a yellowish-green or blue 

luminescence (according as the tube is made of soda glass 

or lead glass) and a slight negative glow may remain in 

portions of the tube remote from the cathode. These effects, 

which were first studied by Crookes in England and by Pliicker 

and Hittorf in Germany, are exhibited at their best in a vacuum 

Fig. 206. 
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tube in which the pressure has been reduced to a few thousandths 

of a millimeter of mercury. Such a vacuum tube is called a 

Crookes tube. 

141. Cathode rays and canal rays.—In order that a steady 

discharge may flow through a vacuum tube, it is necessary that 

the electric field intensity reach a value sufficient to impart to 

the positive ions enough energy between collisions to enable them 

to ionize the molecules of the residual gas, because if the electrons 

(negative ions), only, produce ionization, the discharge through 

the tube ceases very soon after all of the negative ions have moved 

across to the neighborhood of the anode. In fact, ionization 

by positive ions must take place in the neighborhood of the 

cathode,* and it is this necessity which gives rise to the Crookes 

dark space. The action which takes place in the Crookes dark 

space is as follows: Electrons (negative ions) are thrown off from 

the cathode at very high velocity by the intense electric field in 

the Crookes dark space, very energetic ionization takes place 

in the negative glow WN, Fig. 206, and the positive ions that are 

produced in this region attain sufficient velocity in traveling 

towards the cathode to enable them to ionize the gas in the 

immediate neighborhood of the cathode. That is, ionization by 

positive ions takes place in the faint glow which covers the 

cathode. The mutual dependence of the ionization which takes 

place in the negative glow and the ionization which takes place 

in the faint luminosity in the immediate neighborhood of the 

cathode is shown by placing a small obstacle in the Crookes 

dark space. This obstacle screens a portion of the cathode sur- 

face from bombardment by the positive ions which move from 

the negative glow towards the cathode so that the region so 

shaded is free from even faint luminosity because ionization does 

not take place there. In the same way the obstacle also screens 

a certain portion of the negative glow from bombardment by the 

electrons which are thrown from the cathode and this portion of 

* A detailed discussion of this matter may be found in J. J. Thomson's Con- 

duction of Electricity through Gases, pages 529-603. 
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-the negative glow ceases to exist because ionization is no longer 

produced there. That is to say, the obstacle casts a shadow on 

the cathode and it also casts a shadow into the negative glow. 

The electric field intensity in the Crookes dark space, being 

necessarily sufficient to enable the positive ions to produce ioniza- 

tion at the surface of the cathode, is able to impart very much 

greater velocity to the electrons than is necessary to enable them 

to produce ionization. The result is that the electrons which are 

thrown off from the cathode travel in straight lines through a long 

portion of the tube. These high velocity electrons constitute 

what are called cathode rays. The cathode rays are faintly 

visible throughout the tube because of occasional collisions with 

the molecules of the gas. 

When the cathode has a small hole through it, the positive ions 

which move towards the cathode from the negative glow pass 

Fig. 207. 

through this hole in the form of a stream of rays which is made 

visible by the luminosity which accompanies the collisions of the 

positive ions with the molecules of the gas. Such a stream of 

positive ions constitutes what has been called the canal rays. 

An object of any kind placed in the Crookes tube casts a sharp 

shadow upon the wall of the tube, as shown in Fig. 207. The 

wall of the tube shows a brilliant luminescence everywhere except 

where it is screened by the obstacle from bombardment by the 

cathode rays. 
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142. Magnetic deflection of cathode rays and canal rays.— 

A moving charged body is equivalent to an electric current, and 

when a charged body moves across a magnetic field the magnetic 

field pushes sidewise upon the charged body and causes the 

charged body to describe a curved path. The magnetic deflec- 

tion of the cathode rays is easily shown by placing a horse-shoe 

magnet with its poles placed on opposite sides of the tube shown 

in Fig. 207. The shadow of the cross is thrown up or down 

according to the arrangement of the magnet. The magnetic 

deflection of the canal rays is very slight; a very strong magnetic 

field is necessary to produce a perceptible deflection. The direc- 

tion of the magnetic deflection of the cathode rays shows that 

these rays are negatively charged particles, and the direction 

of the magnetic deflection of the canal rays shows that these 

rays are positively charged particles. The magnitude of the 

deflection of the cathode rays shows that the mass of the cathode 

particles (electrons) is very small and that their velocity is very 

great. The magnitude of the deflection of the canal rays shows 

that the mass of the canal ray particles is relatively great and 

that their velocity is less than the velocity of the cathode rays. 

This matter is explained in detail in Art. 148. 

An object upon which the cathode rays* impinge is heated, it 

may be, to a very high temperature. Many substances, how- 

ever, emit light (without being made perceptibly hot) when 

subjected to bombardment by the cathode rays. Such sub- 

stances are said to be luminescent. For example, lead sulphate 

emits a deep violet light, zinc sulphate emits white light, mag- 

nesium sulphate, with a slight admixture of manganese sulphate, 

emits a deep red light under the action of cathode rays. 

The cathode rays pass quite readily through thin metal plates, 

especially through thin plates of aluminum. By using a Crookes 

* The cathode rays produce effects which are practically important and which 

can be easily observed. The effects of the canal rays, however, are so slight as to 

be scarcely perceptible even under the most favorable conditions. Therefore 

further discussion of the canal rays is not warranted in this brief outline. 
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tube of which a portion of the wall is made of thin sheet alumi- 

num, the cathode rays may be made to pass through into the 

outside air. The properties of cathode rays thus obtained in the 

air were first studied by Lenard who found that they produce a 

very high degree of ionization of the air making it a fairly good 

electrical conductor. Lenard found the cathode rays capable of 

traversing from 10 to 20 centimeters of air at atmospheric pres- 

sure, he found them capable of exciting luminescence, and he 

found them capable of affecting a sensitive photographic plate. 

143. The Roentgen rays.—Objects upon which the cathode 

rays impinge, not only become heated and luminescent as de- 

scribed above, but they emit a type of radiant energy which was 

discovered by Roentgen in 1894. Roentgen rays are of the same 

physical nature as light rays, that is, they consist of waves in 

the ether, and they are related to light waves very much as a 

sharp “razor’’ wave on the surface of water would be related to 

a long ocean swell as shown in Fig. 208.* Helmholtz pointed out 

: a NRE SE aa r 

*‘razor wave’? ocean swell 

Fig. 208. 

in 1891 that abrupt wave pulses of this kind in the ether would 

have certain properties, the properties, in fact, which are 

exhibited by Roentgen rays, as follows: These rays are not 

reflected in a regular way by the surface of a mirror, and they are 

not refracted by alens. They pass through all substances, sub- 

jected to a certain amount of absorption which is greater the 

greater the density of the substance, and subject to a certain 

amount of diffused scattering. The Roentgen rays affect an 

ordinary photographic plate and they have a powerful ionizing 

effect on gases. 

* Very recent investigations seem to show that the Roentgen rays are not 

isolated abrupt rays but trains of waves of very short wave length. 
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The fluoroscope.—Many substances such as barium platino- 
cyanide and calcium tungstate become luminescent under the 
action of Roentgen rays. This effect is utilized in the fluoroscope 

which consists of a cardboard screen covered with a layer of 

barium platinocyanide. When the Roentgen ray shadow of an 

object, such as the hand, falls on this screen the shadow becomes 

visible; where the Roentgen rays have been greatly reduced in 

intensity by the bones of the hand the screen remains dark, 

where the Roentgen rays have been slightly reduced in intensity 

by the flesh the screen is moderately luminous, and where the 

rays have not been reduced at all in intensity the screen is highly 

luminous. The Roentgen ray shadow of an object may be ren- 

dered visible by allowing it to fall upon a photographic plate and 

developing the plate as in ordinary photography. 7 

Fig."209. 

The focusing tube.—In order that a shadow may be sharply 

defined the radiation which produces the shadow must emanate 

from a very small source. Figure 209 shows a Crookes tube with 

a concave cathode ¢ from which the cathode rays are thrown off 

in a convergent stream which strikes a small spot on a platinum 

plate pb. This small spot is the source of the Roentgen rays. 

Such a Crookes tube is called a focusing tube, and, by the use of 

such a tube, very sharply defined Roentgen ray shadows may be 

produced. The platinum plate is usually connected as shown 

to the aluminum anode a. An interesting feature of the Crookes 
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tube, which is shown in Fig. 209, is the small platinum tube ¢ 

which is sealed through the glass wall. When the vacuum in 

the Crookes tube becomes too high (presumably by the trans- 

formation of the residual gases into non-volatile products), 

the small tube ¢ is held for a few seconds in the flame of an 

alcohol lamp and a sufficient amount of hydrogen passes through 

the hot platinum to replenish the supply of gas in the Crookes 

tube. 

144. Conductivity of flames.—A flame is a fairly good elec- 

trical conductor and this conductivity has been found to be due 

to the presence of free ions.* The conductivity of a flame is 

shown by the fact that a charged glass rod may be completely 

discharged by passing the flame of a Bunsen burner rapidly 

over its surface. 

145. The electric arc.—In order to produce a perceptible 

discharge of electricity (flow of current) through a gas, a very 

high electromotive force must be used because of the necessity 

of producing ionization in the gas by the collision of the moving 

ions with the gas molecules; and the amount of current which 

can be made to flow through a gas is usually very small because 

of the comparatively small number of these ions. When, how- 

ever, metal or carbon electrodes are heated to a very high tem- 

perature they emit electrons (negative ions) in great numbersf 

and a very considerable current may then be made to flow through 

the intervening gas. Thus, a current of an ampere or more may 

be made to flow between a cold metal anode and a very hot metal 

cathode in a vacuum tube. When two carbon rods are con- 

nected to a battery or dynamo, brought into contact and then 

separated, the current which begins to flow across the indefinitely 

small gap between the two carbon rods raises the tips of the car- 

bons to a very high temperature so that electrons (negative ions) 

are emitted in great numbers. The result is that the current 

continues to flow between the carbon tips. The column of hot 

* See J. J. Thomson’s Conduction of Electricity Through Gases, pp. 228-249. 

t See J. J. Thomson’s Ccnduction of Electricity Through Gases, pp. 188-227. 
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ionized vapor between the carbon tips is called an electric arc, 

and the intense heating of the two carbon tips is due to their 

bombardment by the ions which move across the are and carry 

the electric current. The electric arc may be easily maintained 

between a hot carbon cathode and a rapidly rotating disk (a cold 

anode), but not between a cold 

cathode and a hot anode. This 

shows that the emission of nega- 

tive ions (electrons) by the hot 

cathode is essential to the forma- 

tion of the electric arc. The ap- 

pearance of the arc between carbon 

electrodes is shown in Fig. 210.* 

146. Chemical effect of the dis- 

charge through gases.—The dis- 

charge of electricity through gases 

is accomplished by the ionization 

of the gas as above explained. 

This ionization means not only 

the breaking down of the molecules 

of a compound gas but also the 

separation of electrons from indi- 

vidual atoms. The ionization of 

mixed gases promotes chemical 

combination. Thus the nitrogen and oxygen of the air combine 

slowly under the action of the electric spark. 

When oxygen (or air) is ionized, the recombination of the 

oxygen ions results in the production of ozone. Thus the 

peculiar odor which is given off by a Toepler-Holtz machine or a 

Wimshurst machine is due to the ozone which is formed. The 

action which takes place in the formation of ozone from oxygen 

Fig. 210, 

* The properties of the electric arc are discussed in great detail in a paper by 

C. P. Steinmetz, Transactions International Electrical Congress, Vol. II, pages 710- 

730, St. Louis, 1904; in a paper by W. R. Whitney, Transactions American Electro- 

chemical Society, Vol. 7, pages 291-299, 1905; and in J. J. Thomson's Conduction of 

Electricity Through Gases, pages 604-620. 
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ss as follows: Ordinary oxygen is bi-atomic, that is, it contains — 

two atoms of oxygen in the molecule. Ionization causes the 

disintegration of these bi-atomic molecules forming ions of mono- 

atomic oxygen, and this mono-atomic oxygen recombines forming 

a large proportion of bi-atomic oxygen again and a small pro- 

portion of tri-atomic oxygen, or ozone. In the production of 

ozone for commercial purposes a blast of air is driven between 

two metal plates which are connected to a high voltage alternator. 

The repeated reversals of the high electromotive force between 

the plates ionizes the intervening air repeatedly, and the re- 

combination of the ions is accompanied by the formation of a 

certain percentage of ozone, as above explained. In order to 

produce a high degree of ionization throughout the entire region 

between the two metal plates, it is necessary to place a thin 

plate of glass between the metal plates so as to prevent the 

formation of a single spark from plate to plate. The effect of 

this glass plate is to cause a corona discharge to take place 

throughout the entire region. Without the glass plate a single 

brilliant spark passes through the air; with the glass plate, a 

diffused violet luminosity is produced throughout the region 

between the metal plates. 

147. Radio-activity.*—The chemical elements uranium, tho- 

rium, and radium and their compounds have the property of 

making a surrounding gas an electrical conductor. Thus, one 

ten-millionth of a gram of radium bromide which is left as a 

residue upon a metal plate by evaporating a small quantity of a 

dilute solution of radium bromide on the plate, causes a gold leaf 

electroscope to be discharged in a few seconds when the radium- 

covered plate is held near to the metal plate of the electroscope. 

Uranium and thorium have the same effect but the discharge 

* The student is referred to the following books for a full discussion of radio- 
activity: Radioactivity, by E. Rutherford, Cambridge, 1905 (second edition); 

Radioactivity, by Frederick Soddy, London, 1904; and Radioactive Transformations 

by E. Rutherford, New York, 1906. See also Rutherford’s Radioactive Substances 

and their Radiations, Cambridge, 1913. 

520 
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which they produce is not so rapid unless a large quantity of 

material isemployed. This property of these metals and of their 

compounds is called radio-activity, a name which originated 

because of the peculiar radiations which are given off by these 

substances and to which the discharging action is due. These 

radiations are of three distinct kinds, which are called the a-rays, 

the B-rays, and the y-rays, respectively. The y-rays penetrate 

through a foot or more of solid metal or through many feet of air; 

the B-rays penetrate through a moderate thickness of a light 

metal, such as aluminum; whereas the a-rays are stopped by a 

very thin layer of aluminum or by a layer of air two or three 

inches in thickness. 

The a-rays consist of positive ions each about four times as 

massive as a hydrogen atom. These ions are projected from the 

radioactive substance at a velocity of about 20,000 miles per 

second, and each of them ionizes about 100,000 air molecules 

before it is brought to rest by repeated collision. After traveling 

two or three inches through the air, the velocity of these a-par- 

ticles is reduced to so low a value as to render them no longer per- 

ceptible by their ionizing effects. 

The £-rays consist of electrons (negative ions) each about 1/800 

as massive as a hydrogen atom. These electrons are projected 

from the radio-active substance at a velocity which in some cases 

is nearly as great as the velocity of light (186,000 miles per 

second). The §-particles also have the property of ionizing the 

gas through which they pass but not to so great an extent as the 

a-particles, and they travel several feet through the air before 

their velocity is reduced to so low a value as to render them no 

longer perceptible by their ionizing effects. 

The y-rays are extremely abrupt waves in the ether essentially 

the same in character as Roentgen rays, but much more pene- 

trating than ordinary Roentgen rays. The y-rays also have the 

property of ionizing a gas. 

The a-rays and the £-rays are deflected by the magnetic field 

and by the electric field. The direction of the deflection of the 
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a-rays is in each case opposite to the direction of deflection of 

the §-rays, and therefore it is known that the a-particles are 

positively charged and that the f-particles are negatively 

charged. The y-rays are not deflected by a magnetic field or by 

an electric field. 

The present hypothesis regarding radio-activity is that the 

atom of any substance is a system of excessively small nega- 

tively charged particles, called electrons, revolving around a 

small positive charge or in a small region containing positive 

charge, the atom of each element being a characteristic group 

or system. These systems of electrons (atoms) are supposed 

to be to some extent unstable, and when instability occurs, 

the system (atom) collapses into a new configuration, and at 

the same time expels one or more positively or negatively 

charged electrons or groups of electrons which constitute the 

Fig. 211. 

Showing the relative distances traveled by the y-wave, by the 8-particle and 

by the a-particle in a given time. 

a-rays and the 6-rays. According to this hypothesis the y-rays 

consist of abrupt ether waves which are produced by the sudden 

collapse of the atomic structure when instability occurs.* A 

clear representation of the nature of a-, B-, and y-rays is shown in 

Fig. 211. Imagine an atom of the radio-active material to 

* A very instructive discussion of the electron theory is given by Sir Oliver Lodge 

in a book entitled Electrons, published by Geo. Bell & Sons, London, 1906. The 

method of measuring the degree of radio-activity of a radio-active substance is 

explained in the books of Soddy and Rutherford above referred to. 
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collapse at a given instant sending out a y-wave, an a-particle, 

and a 8-particle. The relative positions reached by the y-wave, 

the a-particle, and the 6-particle at a given instant are shown 

in the figure. The a-particle is a large positively charged particle 

and the 8-particle is a small negatively charged particle. 

148. Determination of velocity and mass of the particles 
which constitute canal rays (or a-rays) and cathode rays (or 

6-rays).—A narrow stream of rays from a radio-active substance 

may be obtained by the arrangement shown in Fig. 212 in which 

_A__.__photographie plate’ B 

t narrow stream 
of rays 

T hole 

lead block: lead block 

| CMM 
AS 

Fig. 212. 

AB isa sensitive photographic plate upon which the narrow 

stream of rays impinges. Figure 213 shows the effect of an 

electrical field upon a thin stream of rays from a radio-active 

substance. The direction of the electric field is shown by the 

fine horizontal arrows (the lines of force of the electric field pass 

from the positively charged plate to the negatively charged 

plate). The effect of the electrical field is to deflect the a-par- 

ticles in the direction of the field and the 8-particles in the oppo- 

site direction, while the y-rays are not deflected at all. The 

amount of deflection in each case may be determined by develop- 

ing the photographic plate upon which the rays impinge. The 

effect of the magnetic field upon the rays from a radio-active 

substance is shown in Fig. 214 in which the fine horizontal lines 
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represent the lines of force of a magnetic field between the two 

large magnet poles. 

A photographic plate_ iB 

+ 

charged. *: 
plate 4 

(positive) $ 
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Lead block / ly lead block 
y ] | 

ech eae material 

Fig. 213. 

The determination of the velocity of the a- and £-particles 

is somewhat analogous to the following method of determining 

the velocity of a cannon ball. The curved line in Fig. 215 repre- 

A photographic plate _B | 
/ 

S-pole of Z Z N-pole of 
magnet Le 7 magnet | | 

Ssh 

lead block lead block 

AAAS | | 
AOE material 

Fig. 214. 

a- particles deflected towards the reader and §-particles deflected away from the 

reader. 
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sents the orbit of a cannon ball, D being the horizontal distance 

traveled by the ball in a given time and d_ being the vertical 

distance fallen by the ball under the action of gravity. If D 

Fig. 215. 

is known and d observed, then the velocity of the cannon ball 

is given by the equation: 3 | 

22 
ie a 

in which g is the acceleration of gravity. 

Action of the electrical field on a moving charged particle.— 

Consider a charged particle moving upwards through an elec- 

trical field as shown in Fig. 216. Let g be the charge on the 

+ a 

+: - 

+ a 

ob — 

+ f '~ 

lead block | lead block 

Fig. 216. 

Electric field from right to left. 

particle in abcoulombs and e the intensity of the electrical field 

in abvolts per centimeter. Then the force F in dynes pulling 

sidewise on the particle is equal to ge, so that the acceleration of 

the particle in the direction of F is ge/m, where m is the mass 

of the particle in grams. It is evident that the particle moves 
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in the same sort of an orbit as a cannon ball, and that the accelera- 

tion ge/m corresponds to the acceleration of gravity g in the 

case of a cannon ball. Therefore, using ge/m for g in equation 

(1), we have 

age (2) 
or 

gq = 2dv? 

m ~ De ©) 
Action of the magnetic field on a moving charged particle.— 

Figure 217 represents a charged particle moving upwards through 

a magnetic field, the lines of force of which are perpendicular to 

the plane of the figure. The moving particle is equivalent to an 

electric current, and the side force F is equal to quh where g 

is the charge on the particle in abcoulombs, v is its velocity in 

centimeters per second, and / is the intensity of the magnetic 

field in gausses. Therefore the acceleration of the particle in the 

direction of F is guh/m. The force F is continuously at right 

angles to v so that the particle describes a circular orbit. But 

the acceleration of a particle moving in a circular orbit is v/r, 

and the relation between the radius of the circle 7, the semichord 

D, and the versed sine d is 
D? 

r= 
2 

Therefore we have 

quh _ 2dv* 
m  D? 

whence 
gq  e2dv 
he (4) 

Determination of velocity of particles—Reduced to the 

simplest terms, the method of determining the velocity may be 

described as follows: An electric field e in the plane of the paper, 

_ Fig. 216, and a magnetic field # at right angles to the plane of 

the paper in Fig. 217 are adjusted so that together they produce 
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no deflection of the particles which are being studied. When 

this condition is realized, the force ge with which the electrical 

field acts on the moving particles is equal and opposite to the 

force guh with which the magnetic field acts on the moving parti- 

cles, so that, disregarding sign, we have 

ge = quh 
or 

v =; (5) 

that is to say, the velocity of the particles is equal to the ratio 

of the electric field intensity e in abvolts per centimeter to the 

magnetic field intensity / in gausses, on the condition that the 

fields together produce no deflection of the moving particles. 

“Electrochemical equivalent” of a- and 8-particles.—Accord- 

ing to thedissociation theory of electrolysis each atom of hydrogen, 

for example, in a dilute solution of sulphuric acid is isolated and 

carries a definite amount of charge, and the ratio m/q is called 

the ‘‘electrochemical equivalent” of hydrogen, where m is the 

mass of a hydrogen atom (ion) and g is the charge upon it. 

The ratio (m/q) of the mass of a gas ion to the charge upon the 

ion is called the ‘‘electrochemical equivalent’’ of the gas ion. 

This ratio is determined by equation (3) or (4) when the electric 

or magnetic deflection of the particle has been observed and when 

the velocity of the particle is known. The value so determined 

is given in grams per abcoulomb and it is equal to 5.36 X 107% 

grams per abcoulomb for the §-particles (electrons), from which 

it follows that the particles have a mass 1/800 as great as the mass 

of a hydrogen atom if the charge g is the same in both cases.* 

* In regard to the equality of charge on mono-valent ions in electrolytes and on 

gas ions, see Oliver Lodge’s Electrons, pages 77-90, where a simple account is given 

of the work which has been done by J. J. Thomson in the determination of the 

value of g (or m). 
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flux, 39 
Geometrical definition of, 6 

oscillation, Electric, 228 
surges, Transmission, 217 
Transmission, Forced oscillations 

of, 241 
Inductance of, 60 

Load on a telephone line, 226 
Lorenz’s method for the absolute meas- 

urement of resistance, 7I 

Magnet, Behavior of in a magnetic 
field, 8 



INDEX. 

Magnetic Field, 4 
pole, Strength of, 3 
poles, I 

Distributed and 
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circuit, Calculations of, 93 
definition of electric current, 18 
field, action of upon a coil, 28 

Action of upon a magnet, 8 
in a long coil, 24 
Mechanical conception of, 246 
near a long wire, 27 
Tapering, Electric equation of, 

249 
flux, Definition of, 39 

through iron, 85 
induction. See Flux Density. 
hysteresis, 98 
permeability, 91 
reluctance, Definition of, 95 

Magnetism of a ship, 104 
Residual, 87 

Magnetization curves, 88 
Energy of, 96 
Intensity of, 85 
of iron, 75 - 

Work required for, 96 
table, 91 

Magnetizing force in iron, 82 
Magnetomotive force, Definition of, 76 

: of a coil, 78 
Units of, 81 

Maxwell’s model of the ether, 246 
Maxwell, the, Definition of, 39 
Mechanical analogue of transformer, 62 

of electric oscillator, 258 
of energy stream, 253 
of Poynting’s theorem, 253 
of the electric current, 252 
of magnetic and electric fields, 

Concen- 

245 
and electrical parallels, 193 
conception of electric field, 247 
theory and atomic theory, 274 

Mutual inductance, Definition of, 64 

Ohm, Definition of, 20 
Oscillation of a transmission 

Electric, 228 
Oscillations, electric, 193 

forced, of a Transmission line 241 
Oscillator, Electric, Mechanical con- 

ception of, 258 
The Electric, 195 

Ozone machine, The, 288 

line, 

Permeability, Magnetic, 91 
Poles of a magnet, I 
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Potential, Definition of, 165 
due to a line doublet, 183 
Electric, Due to a line charge, 176 
values in the neighborhood of a 

charged sphere, 168 
Poynting’s theorem, 253 

Examples of, 254 
Pure waves and impure waves, 222 

Quadrantal correctors, I12 
error of ship’s compass, 108 

Radioactivity, 289 
Reluctance, magnetic, Definition of, 95 
Residual magnetism, 87 
Ribbon rave, The, 209 
Roentgen rays, 285 

Secohmmeter, The, 135 
Self induced electromotive force, 49° 
Semi-circular correctors, 107 

error of compass, 107 

Ship’s compass, Adjustment of, 116 
The, 104 

magnetism, 104 
permanent magnetism, 106 
temporary magnetism, 106 

Siemen’s Electrodynamometer, The, 31 
Simple mode of oscillation of transmis- 

sion line, 234 
Specific capacity of a dielectric. See 

Inductivity. 
inductive capacity. See Induc- 

tivity. 
Standing wave trains, clock diagram 

models of, 233 

waves, Experimental demonstra- 
tion of, 244 

Strength of a dielectric, 132 
of pole, Definition of, 3 

Superposition, Principle of, 211 
Surges on a transmission line, 217 

Tangent galvanometer, The, 22 
Tapering electric field, Magnetic action 

of, 248 
magnetic field, Electric action of, 

249 
Transformer, Alternating current, Elec- 

tromotive force relations of, 45 
Mechanical analogue of, 62 

Transmission line, Capacity of, 173 
Electric oscillation of, 228 
Forced oscillations of, 241 
Inductance of, 60 
Maximum electrical stress be- 

tween the wires of, 175 
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Transmission line, Simple mode of 
oscillation of, 234 

surges, 217 
Wave motion on, 202 
Wave train on, 209 

Travelling curve, Equation of, 196 

Unit pole, Definition of, 2 

Volt, Definition of, 20 

Wave distortion, 224 
motion, Differential equation of, 
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Wave motion on a transmission line, 202 
The ribbon, 209 
train, Electric, 209 
trains, Moving, Clock diagram 

model of, 231 
Standing, Clock diagram 

models of, 233 
Waves, Electric, 193 

Reflection of, 212 
pure and impure, 222 
Standing, Experimental Demon- 

stration of, 244 
Superposition of, 211 

Weber Electrodynamometer, The, 33 
Windings, Distributed and bunched, 75 
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